
Self‐Similarity and the Relationship between Abundance and Range Size.
Author(s): John Harte, Tim Blackburn, Annette Ostling
Source: The American Naturalist, Vol. 157, No. 4 (April 2001), pp. 374-386
Published by: The University of Chicago Press for The American Society of Naturalists
Stable URL: http://www.jstor.org/stable/10.1086/319323 .
Accessed: 25/08/2011 02:27

Your use of the JSTOR archive indicates your acceptance of the Terms & Conditions of Use, available at .
http://www.jstor.org/page/info/about/policies/terms.jsp

JSTOR is a not-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide range of
content in a trusted digital archive. We use information technology and tools to increase productivity and facilitate new forms
of scholarship. For more information about JSTOR, please contact support@jstor.org.

The University of Chicago Press and The American Society of Naturalists are collaborating with JSTOR to
digitize, preserve and extend access to The American Naturalist.

http://www.jstor.org

http://www.jstor.org/action/showPublisher?publisherCode=ucpress
http://www.jstor.org/action/showPublisher?publisherCode=amsocnat
http://www.jstor.org/stable/10.1086/319323?origin=JSTOR-pdf
http://www.jstor.org/page/info/about/policies/terms.jsp


vol. 157, no. 4 the american naturalist april 2001

Self-Similarity and the Relationship between

Abundance and Range Size

John Harte,1,* Tim Blackburn,2,† and Annette Ostling1

1. Energy and Resources Group, University of California, Berkeley,
California 94720-3050;
2. Natural Environment Research Council (NERC) Centre for
Population Biology, Imperial College at Silwood Park, Ascot,
Berkshire SL5 7PY, United Kingdom

Submitted November 22, 1999; Accepted November 30, 2000

abstract: Patterns in the relationships among the range, abundance,
and distribution of species within a biome are of fundamental interest
in ecology. A self-similarity condition, imposed at the community level
and previously demonstrated to lead to the power-law form of the
species-area relationship, is extended to the species level and shown to
predict testable power-law relationships between range size and both
species abundance and area of census cell across scales of spatial res-
olution. The predicted slopes of plots of versuslog (range size)

are shown to be in good agreement with data fromlog (abundance)
British breeding bird and mammal censuses and with data on the
distribution of fern species in old-growth forest. The predicted slopes
of plots of versus are consis-log (range size) log (area of census cell)
tent with the limited available data for British plant species. Self-sim-
ilarity provides a testable theoretical framework for a unified under-
standing of patterns among the range, abundance, and distribution of
species.

Keywords: abundance, range, distribution, species, self-similarity.

Empirical analyses of the distribution and abundance of
species carried out within broad taxonomic groups, such
as birds or plants, and within specified spatial-scale ranges
have suggested the possibility that certain patterns are well
described by simple power-law functions. The species-area
relationship (SAR) was the first pattern in ecology to which
a power-law form was attributed (Arrhenius 1921), and
it remains the most intensively explored (Rosenzweig
1995). The SAR relates the number of species, S, within
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a broad taxonomic grouping, such as birds or plants, to
the area (A) of the census tract. In its power-law form the
SAR is

zS ∝ A . (1)

Whether or not the SAR is best described by a power
law, and if so, the empirical value taken by z, has been
the subject of considerable debate (e.g., Arrhenius 1921,
1923; Gleason 1922, 1925; Connor and McCoy 1979;
Wright 1981; Williamson 1988; Palmer and White 1994;
Rosenzweig 1995; He and Legendre 1996; see “Discus-
sion”). The exponent z varies across taxa and habitat type,
but over spatial scales for which it is approximately con-
stant, z is typically in the range of 0.1–0.3 for continental
habitat patches (Rosenzweig 1995).

In earlier work (Harte and Kinzig 1997; Harte et al.
1999b), it has been shown that the power-law form of the
SAR can be derived from a self-similarity condition im-
posed on the community species. Here, we examine two
less studied examples of possible power-law behavior in
nature, one relating species geographic ranges to abun-
dances and the other relating geographic range to the area
of the census patch used to define range. We show that
the power-law form for these relationships is also a math-
ematical consequence of a self-similarity condition im-
posed at the species level and that the power-law exponents
describing these relationships are uniquely and relatively
accurately predicted by the theory.

It was recently empirically shown for British birds and
mammals that a power law describes the relationship be-
tween the abundance (measured as population size, n) of
species and their geographic range size (hereafter referred
to as “range” or R; Blackburn et al. 1997). To understand
our use of the term “range” in this case, consider a grid
of equal-area censused rectangles (hereafter called “census
windows”) laid down upon, and covering, some entire
large area, A0, of a biome. Within each of the census win-
dows, the presence or absence of each species is noted.
Then the range of a species is the total area of all the
census windows occupied by that species; that is, R p
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, where A is the area of an individual census windowWA
and W is the number of such windows occupied by the
particular species. This definition of range is analogous to
the definition of the length of a fractal coastline, as given
by the length of a measuring rod times the number of rod
lengths required to span the coastline. Clearly the values
of W and R will depend on A. For example, if the census
window is so large that it covers the entire area, A0, then
W will equal 1 for every species, and thus . At theR p A 0

other extreme, imagine A0 divided into a fine grid with N0

windows, each of area , where N0 is the total numberA /N0 0

of individuals of all species combined. If a species is dis-
tributed such that it has no more than one individual in
a census window of area , then the number of suchA /N0 0

windows occupied by a particular species will be n, the
abundance of that species, and hence, . InR p nA /N0 0

short, R is expected to be an increasing function, and W
a decreasing function, of the census window area, A.

Compilations of census data for British birds and mam-
mals, made with a -km census window (10 # 10 A p

km2), provide compelling evidence (Blackburn et al.100
1997) for power-law dependence of W on n:

yW ∝ n , (2)

where y is different for birds and mammals but is inde-
pendent of n. (Note that Blackburn et al. [1997] actually
plot the relationship with n as a function of W, as is more
conventional [Gaston 1996], but a power-law relationship
obtains either way.) Because this relation is written for a
fixed value of A, and , it is equivalent to a power-R p WA
law relation for the dependence of R on n, with the same
exponent, y.

A different power-law function was recently shown to
describe the distribution of individuals within a species
(Kunin 1998). Using British floral census data for various
species, Kunin (1998) plotted R versus the area, A, of the
census window used to determine R and found that for
each of the species he examined

′y

A
R ∝ , (3)( )A 0

where y ′ is species dependent but independent of A.
Note that equation (2) describes the number of occupied

census windows of a given area for all the species within a
broad taxonomic group (e.g., birds) as a function of their
abundance, and thus a graph of data testing equation (2)
will be a scatterplot with each point a species. In contrast,
equation (3) relates range to area of census window for each
species separately, and thus a graph of data testing equation
(3) will be a set of lines, one for each species.

Kunin (1998) pointed out that the success of equation
(3) in describing floral census data was indicative of fractal
or self-similar behavior, with y ′ related to the “box-count-
ing” dimension of the distribution of the individuals of
each species. Independently, we had shown that equation
(1) is equivalent to a self-similarity condition on the dis-
tribution of species (Harte and Kinzig 1997). This suggests
that the parameters y and y ′ in equations (2) and (3) might
both be derivable from an assumption of self-similarity at
the species level, rather than at the community level where
it leads to equation (1). In the following sections, we show
that such a species-level form of self-similarity does indeed
lead to analytical expressions for y and y ′ and demonstrate
that predicted numerical values for y and y ′ are consistent
with available data. We also show that self-similarity at the
species level is incompatible with self-similarity at the com-
munity level, unless y ′ is the same for all species. Hence
the power-law expressions given in equation (1) and in
equations (2) and (3) cannot all hold simultaneously un-
less for all species.′y p z

Derivation of Power Laws

Figure 1 illustrates some possible options for the dependence
of W on n and of R on A. To understand the location of
the two end points of each graph, denoted by the filled
circles, consider the versus graph first (fig.log (W ) log (n)
1, top panel). We assume that each species has no more
than one individual in a census window of size , al-A /N0 0

though it can be shown (A. Ostling, unpublished manu-
script) that the main conclusions derived here are unaffected
by this assumption. We also assume that the area of the
census window, A, is at least . If a species has onlyA /N0 0

one individual, then only one census window will contain
that species and W must equal 1; hence the lower-left filled
circle. At the other extreme, if there is only a single species
so that , then every census window will contain ann p N0

individual of that species, and since census windowsA /A0

cover the entire area ; hence the upper-rightA , W p A /A0 0

filled circle. Now consider the R(A) graph (fig. 1, bottom
panel) for a species with n individuals. If A is equal to the
minimum value, , such that every census windowA /N0 0

contains no more than one individual of the species, then
n of those windows will contain the species and R will equal

; hence the lower-left filled circle. At the othern # A /N0 0

extreme, if A is equal to the total area, A0, then one such
window will contain the species and ; henceR p 1 # A 0

the upper-right filled circle.
Three of the infinite possible forms for W(n) and R(A)

are shown in the graphs. The solid line, as we will see,
describes a self-similar distribution of species and consti-
tutes our prediction for both R and W. The upper-bound-
ing dashed line describes a uniform distribution of the
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Figure 1: Some possible relationships between versus ,log (W ) log (n)
where of census windows containing a species andW p number n p

of the species (A), and versus , whereabundance log (R) log (A) A p
area and (B).window R p AW

species’ individuals within A0. To see this, consider W(n)
and note that if for a particular uniformly dis-n p A /A0

tributed species, then every window contains exactly one
individual of that species. Hence, for those species with

, and with individuals uniformly distributedn 1 A /A0

throughout A0, every census window will contain at least
one, and maybe more, individuals of that species. Increas-
ing n further will not increase W. On the other hand, for

, increasing n results in a proportional increasen ! A /A0

in W. Similarly, if , then R(A) will be independentA 1 A /n0

of A because as A increases the number of occupied win-
dows will decrease at the same rate that A increases; for

, an increase in A does not result in a change inA ! A /n0

the number of occupied windows, and so R increases lin-
early with A.

The lower-bounding line describes the most tightly
clustered distribution of individuals within A0. To see
this, again consider W(n) and note that for a tightly
clustered species in which just a single census window
of area A contains all the individuals of that species, then

if . As n decreases below that value,W p 1 n p N A/A0 0

W remains constant because one and only one window
continues to contain all of the individuals in the species.
As n increases above that value, additional windows will
contain the species and so W increases. Similarly, if

, then R(A) will be independent of A because,A ! nA /N0 0

again, an increase in A is compensated by a proportional
decrease in the number of occupied windows; if A 1

and A increases, the number of occupied win-nA /N0 0

dows, W, remains constant, so increases linearlyR p WA
with A.

Random placement of individuals yields a curved line,
with decreasing slope, lying between the clustered and uni-
form distributions. This is analogous to the curved ln (S)
versus relationship found in random placement mod-ln (A)
els for SARs as shown analytically and by simulations
(Coleman 1981).

Also bounded by the clustered and the uniform distri-
butions lie the straight solid lines shown in figure 1. To
see why these straight-line forms for versuslog (W )

and versus follow from self-similar-log (n) log (R) log (A)
ity, we first review the reason why equation (1) is equiv-
alent to a statement of self-similarity. Consider sequential
bisections of the original area, A0, defined by .iA p A /2i 0

We require these bisections to be shape preserving and
thus take A0 to be a rectangle, with successiveÎ1 # 2
bisections always taken perpendicular to the longer di-
mension. Then equation (1), applied to self-similar rec-
tangles formed from the bisection procedure, can be read-
ily shown (Harte and Kinzig 1997; Harte et al. 1999b) to
be equivalent to the following community-level statement
of self-similarity:

Of the species found in an area Ai, a fraction, a, are found in

at least the left-half (or, symmetrically, at least the right-half)

rectangle resulting from bisection of Ai, and a is inde-Ai11

pendent of i.

The variable a is constrained to be between 1/2 and 1.
We also note the fraction of the species in Ai that are not
found in a particular half of Ai is , and thus the1 2 a
fraction found in both of the two that constitute theAi11

two halves of Ai is . The statement1 2 2(1 2 a) p 2a 2 1
that a is independent of i (i.e., independent of area) is our
community-level, self-similarity condition.

If the species-area exponent, z, is now defined as

http://www.jstor.org/action/showImage?doi=10.1086/319323&iName=master.img-000.png&w=227&h=384
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z p 2 log (a), (4)2

then equation (1) follows for rectangular areas, A, that are
self-similar under bisection (Harte et al. 1999b). A mod-
ification of equation (4) that is approximately valid for
non-self-similar rectangular shapes has also been derived
and tested against plant census data in subalpine meadows
(Harte et al. 1999a).

The parameter a characterizes a community-level prop-
erty of the system; it is an average property of the distri-
butions of all the individual species. Now assume that we
know the abundance of a particular species and that the
species is found in a rectangle of area Ai. Let the probability
that an individual of that species is found in the Ai11

rectangle constituting a particular half of Ai be a constant,
a, that is independent of i. Just as above, the probability
that the species is not found in a particular half of Ai is

, and the probability it is found in both halves of Ai1 2 a

is . We emphasize that the constant a can differ2a 2 1
from species to species; we will show below how the a of
each species depends on the abundance of the species.
From their definition, each a, like a, is always bounded
between 1/2 and 1. We return later to an analysis of the
possibility of compatibility between self-similarity at the
community level (scale independence of the parameter a)
and self-similarity at the species level (scale independence
of the a parameters), but in the remainder of this and the
following section (“Empirical Tests”), we restrict attention
to self-similarity at the species level.

Returning to figure 1, consider the ratio of
for a particular species. If the census windowR(A )/R(A )0 1

has the maximum possible area, A0, then the species will
lie in it and one such window will be occupied; hence

as in figure 1, bottom panel. If the censusR(A ) p A0 0

window has an area of , then the probabilityA p A /21 0

the species will be in the left-hand but not the right-
hand of the two A1 rectangles that result from bisecting
A0 is ; the probability (“prob.” in eq. [5]) it will be1 2 a

in the right-hand but not the left-hand of the two rec-
tangles is also ; and the probability it will be in1 2 a

both halves is . Hence2a 2 1

R(A ) p [(prob. 1 window occupied)(1 # A )]1 1

1 [(prob. 2 windows occupied)(2 # A )]1

p 2(1 2 a)(A ) 1 (2a 2 1)(2A ) (5)1 1

p 2aA .1

Noting that and recalling that ,A p A /2 R(A ) p A1 0 0 0

we then get , or . Us-R(A ) p aR(A ) R(A )/R(A ) p 1/a1 0 0 1

ing the same reasoning that led to equation (5), it can
also be shown that . This, in turn, gives2R(A ) p 4a A2 2

, or . More generally,2R(A ) p 2a A R(A )/R(A ) p 1/a2 1 1 2

for all i.R(A )/R(A ) p 1/ai i11

Using this result, plus the relation , we canA p A /2i11 i

readily show that a plot of versus will havelog (R) log (A)
a constant slope. In particular, between any pair of areas

and Ai the slope isAi11

[log (R(A )) 2 log (R(A ))]i i11

[log (A ) 2 log (A )]i i11

log [R(A )/R(A )]i i11p
log (A /A )i i11

21log (a )
p .

log (2)

Without loss of generality we can evaluate this expression
using to base 2, yielding a slope of . Becauselog 2 log (a)2

this value is independent of the index i, we have shown
that the slope is constant. Thus self-similarity implies an
equation (3) for each species, with

′y p 2 log (a). (6)2

Equation (6) is the species-level equivalent of the com-
munity-level equation (4).

But we can also read the constant value of the slope
directly off of figure 1, bottom panel; for a species with
abundance n,

slope of log (R) versus log (A)

[log (A ) 2 log (nA /N )]0 0 0p (7)
[log (A ) 2 log (A /N )]0 0 0

log (n)
p 1 2 .

log (N )0

Hence y ′ in equation (3) is also given by

log (n)′y p 1 2 . (8)
log (N )0

The ratio of the two logarithms is independent of the base
used, and it will be convenient in what follows to again
express all our logs in base 2, so

log (n)2′y p 1 2 . (8 ′)
log (N )2 0

If species-level self-similarity were valid across all scales
ranging from the entire biome to the area occupied on
average by a single individual, then combining equations
(6), and (8′), we would have
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log (n)22 log (a) p 1 2 , (9)2 log (N )2 0

which explicitly relates a to n.
Because , we can combine equations (3) andW p R/A

(8′) to get

′y 21 2 log (n)/ log (N )2 2 0

A A
W ∝ p . (10)( ) ( )A A0 0

Next, we note that ( ) can be written as , and2 log (A /A)2 0A/A 20

thus

log (n) log (A /A)/ log (N )2 2 0 2 0W ∝ 2 . (11)

Now using , we obtainlog (n)22 p n

log (A /A)/ log (N )2 0 2 0W ∝ n . (12)

Thus, we have also derived equation (2), with the slope
of the versus graph given bylog (W ) log (n)

log (A /A)2 0y p . (13)
log (N )2 0

As a consistency check, we note that if we read the slope
directly off the versus plot in figure 1, toplog (W ) log (n)
panel, it is in exact agreement with equation (12). We
can now combine the content of equations (2)–(4), (8′),
and (13) in a single expression encapsulating the self-
similar dependence of R on both A and n:

[log A1log (n) log (A /A)/ log (N )]2 2 2 0 2 0R ∝ 2 . (14)

Empirical Tests

We first compare our predicted exponent, y, with census
data on a 100-km2 grid for breeding birds and mammals
in Britain and, on a finer spatial scale, for ferns growing
in 1 ha of old-growth forest in Quebec. Then we compare
our predicted value for y ′ with the empirical findings of
Kunin (1998).

To predict the value of y, using equation (13), we need
to know the total number of individuals summed over all
species within a taxon (N0), the census window area with
which the box-counting measure of range was determined
(A), and the total area censused (A0). For British breeding
birds, the population sizes of the species included in these
plots sum to give values of N0 of for birds6∼ 120 # 10
and for mammals; km2 for both6∼ 285 # 10 A p 100
taxa. The correct value for A0 is less clear. The total area

of Britain is approximately 230,000 km2. However, the
uneven shape of the country means that there is some land
in a total of 2,827 squares on the 100-km2 grid used to
map range sizes. Thus, the maximum number of census
windows from which a bird or mammal species can be
recorded is 2,827. From the formula , a speciesR p WA
present in all census windows would appear to have a range
size of 282,700 km2. In fact, estimates of y using the dif-
ferent values of A0 differ only slightly. Substituting the
larger A0 value into equation (13), we get

log (2,827)
y p p 0.427

6log (120 # 10 )

for birds and

log (2,827)
y p p 0.408

6log (285 # 10 )

for mammals. Substituting the smaller A0 value into equa-
tion (13), we get for birds and fory p 0.416 y p 0.398
mammals.

Figure 2 shows versus plots of census dataln (W ) ln (n)
for these taxa. The ordinary least squares (OLS) slopes
(with 95% confidence intervals; CIs) of these relationships
are and , respec-0.429 (0.400–0.458) 0.366 (0.261–0.471)
tively. Thus, the slopes, y, predicted theoretically from our
self-similarity condition are in close agreement with those
observed from data for British birds and mammals and
fall within the range encompassed by the 95% confidence
limits of these slopes. Moreover, our theoretically predicted
power-law dependence of range on abundance explains
80% of the variance in the bird range data and 51% of
the variance in the mammal data. Possible sources of the
scatter in figure 2 are evaluated in “Discussion.”

The 12 most abundant bird species approximately sat-
urate available range at the scale of a -km census10 # 10
window, as evidenced by the flattening at the upper end of
the data in figure 2, top panel. Eliminating these 12 species
from the test of theory results in a different predicted slope
(because N0 in eq. [13] is reduced if the 12 most abundant
species are ignored) and a different fitted slope. The former
becomes 0.454 and the latter becomes 0.453; thus, our test
of the validity of the theory is unaffected by these species.
The mammal graph includes two obvious outliers, which
are the only two mammal species found in Britain only on
small islands offshore from the main island (Blackburn et
al. 1997). Excluding these increases the R2 value of the re-
lationship from 0.51 to 0.64 but hardly alters the fitted or
predicted slopes. We also carried out reduced major axis
(RMA) regression, which takes the error variances in both

and to be proportional to truelog (abundance) log (range)
variances; this yields a fitted slope of 0.48 for the bird data
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Figure 2: The relationship between and ;ln (population size) ln (W )
of occupied -km squares (on the British NationalW p number 10 # 10

Grid) for British breeding birds (top panel; adjusted , number2R p 0.80
of , ) and mammals (bottom panel; adjustedspecies p 208 P ! .0001

, number of , ). Solid lines represent best-2R p 0.51 species p 50 P ! .0001
fit ordinary least squares regression slopes through these data. The dashed
line for the mammal data is the best-fit line with the predicted slope;
for the bird data, the best-fit line is indistinguishable from the best-fit
line with the predicted slope. Bird population sizes are from Stone et al.
(1997), and range sizes are from Gibbons et al. (1993). We excluded
pelagic species (Procellariformes, Sulidae, Alcidae, and Rissa tridactyla)
because the abundances of these species are not dependent on the area
of Britain (their exclusion does not affect our conclusions). The mammal
data are the same as those used in Blackburn et al. (1997), where sources
and exclusions are given.

Figure 3: The relationship between and ;ln (population size) ln (W )
of occupied square meters for ferns in 1 ha of old-growthW p number

forest in Quebec (adjusted , number of ,2R p 0.84 species p 21 P !

). The solid line represents the best-fit ordinary least squares re-.0001
gression slopes through these data; the dashed line is the best-fit line
with the predicted slope. The data are from Richard et al. (2000).

and 0.51 for the mammal data; in both cases the 95% CI
includes the predicted slope.

Richard et al. (2000) have published distribution and
abundance data for 19 species of fern within a UNESCO
Man and the Biosphere Reserve at Mont St. Hilaire, Que-
bec. They censused the numbers of ferns of each species
in every square meter within 1 ha of old-growth forest in
the Biosphere Reserve. They found individ-N p 32,3850

uals, and so equation (13) predicts that a plot of ln (W )
versus should have a slope ofln (n)

4ln (10 /1)
y p p 0.887.

ln (32,385)

Figure 3 shows the versus plot for these 19ln (W ) ln (n)
species. The ordinary least squares (OLS) slope (with 95%
CI) of this relationship is . Thus, the0.845 (0.759–0.931)
slope, y, predicted theoretically from our self-similarity con-
dition is in agreement with the observed fern data, falling
within the range encompassed by the 95% confidence limits.
Moreover, our theoretical prediction explains 84% of the
variance in the data.

The intercept of the fitted straight line to the fern data
is 20.35, with a 95% CI of (20.83, 0.14); if the line is
constrained by the theoretical slope of 0.887, the inter-

http://www.jstor.org/action/showImage?doi=10.1086/319323&iName=master.img-001.png&w=227&h=455
http://www.jstor.org/action/showImage?doi=10.1086/319323&iName=master.img-002.png&w=226&h=227
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cept is 20.57, with a 95% CI of (21.36, 0.22). If self-
similarity were valid over the entire scale range from the
1 ha total census area to an area that contained, on av-
erage, one individual fern ( ), then4 2 210 m /32,385 ∼ 0.3 m
the intercept of the theoretically predicted straight line
would be 0. The 95% CIs encompass the value 0. In
contrast, the intercepts of both the constrained and un-
constrained fits to the bird and mammal data lie above
the 95% CIs.

Equations (3) and (8′) can be compared qualitatively at
least to British plant census data. Kunin (1998) examined
R values for several relatively rare plant species and found
straight lines on versus plots. From hislog (R) log (A)
graphs, relative abundances can actually be predicted. For
example, for Lathyrus japonica, with measured slope ∼0.8,
we predict . Lacking plant abun-log (n)/ log (N ) ∼ 0.200

dance data, we cannot actually test this, but we note that
all of the plant species that Kunin examined were relatively
rare, and thus should be small. This im-log (n)/ log (N )0

plies that the slopes should be relatively large (closer to 1
than to 0), as indeed they are.

Self-Similarity at the Species and Community Levels

Here we explore the compatibility between scale independ-
ence at the species level (the assumption that the a’s are
constant) and at the community level (the assumption that
a is constant). We define Si to be the average number of
species in all the Ai rectangles and define . Self-a p S /Si11 i11 i

similarity at the community level is equivalent to the state-
ment that ai is independent of i. Now consider an area A0

containing two species, so that . Let the alpha valuesS p 20

for the two species be a(1) and a(2) and assume they are
independent of scale.

The average number of species in the rectangles of area
A1 is given by . We can also calculate S1S p a S p 2a1 1 0 1

by using the a’s. In particular, recall that is the2a 2 1(k)

probability that species k is in both of the A1’s that result
from bisection, while is the probability that species1 2 a(k)

k is not in a particular A1. Hence, the expected number
of species in A1 is given by

S p [(2)(1)(2a 2 1)(2a 2 1)]1 (1) (2)

3
1 (2)(2a 2 1)(1 2 a )(1) (2)[ ]2

3
1 (2)(2a 2 1)(1 2 a ) (15)(2) (1)[ ]2

1 [(1)(2)(1 2 a )(1 2 a )](1) (2)

1 [(1)(2)(1 2 a )(1 2 a )].(1) (2)

In this expression, each term is simply the number of
species times the probability of that number occurring.
The first term in square brackets on the right-hand side
of equation (15) corresponds to the single configuration
in which both species are found in both A1’s, and S p1

. The second term on the right-hand side corresponds to2
species 1 occurring in both A1’s and species 2 occurring
in only one of the two A1’s. That configuration has an
average S1 of 3/2, and there are two equally probable such
configurations (species 2 is in the left-hand A1, and species
2 is in the right-hand A1). The third term is similar to the
second, with species 1 and 2 interchanged. The last two
terms in the equation correspond to species 1 located in
only one of the A1’s, species 2 only in the other, and to
species 1 and species 2 in one of the A1’s, with neither
species in the other. There are two such configurations for
each case and both correspond to .S p 11

Equation (15) is readily evaluated, and it yields S p1

. Equating this expression to the result above thata 1 a(1) (2)

, we obtain the result . Al-S p 2a a p (a 1 a )/21 1 1 (1) (2)

though our example involved only two species, the ar-
gument readily generalizes to any value of S0, and thus

, where “! 1” refers to an average over species.a p! a 11 (k)

Proceeding in this way, we can examine the relation be-
tween the ai and the a’s at every subsequent bisection.
The result is

i

iP a p! (a ) 1 . (16)j (k)
jp1

For equation (16) to be valid for all i with the ai inde-
pendent of i (so that community-level self-similarity is
valid), all the a(k) must equal the scale-independent value
of a. Hence, self-similarity at the species level is, in general,
incompatible with self-similarity at the community level.

Equation (16) implies that if the a’s are not all equal
and are scale independent over some scale range, then over
that same range ai will be scale dependent, and thus the
species-area relation will not be of power-law form. By the
same argument, if a is scale independent so that the power-
law form of the SAR holds and if the a’s are not all equal
to a, then the a’s must be scale dependent. In this case,
y and y ′ in equations (2) and (3) will not be constants,
and the range versus abundance and range versus census-
window area relationships will not be of power-law form.

In this connection, we note that for the Canadian fern
data set, which appears to satisfy species-level self-simi-
larity over the scale range accessible from the published
data, Richard et al. (2000) show that the species-area curve
does show curvature in a versus plot, and thusln (S) ln (A)
a is scale dependent, although they also show that the
curvature is considerably less than would be obtained from
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a random distribution model. To test whether the detailed
dependence of ai on i for this data set satisfies equation
(16), the a’s would have to be estimated from versusln (R)

regressions for each species, using the full unpub-ln (A)
lished data set.

Discussion

In previous work (Harte et al. 1999b) we have shown that
a self-similarity condition, imposed at the community level,
leads to the power-law form of the SAR. Here we have
started with a species-level assumption about self-similarity,
requiring that each species is distributed self-similarly and
shown that this leads to a power-law relationship between
the number of occupied census cells, W, and the area of
census cell, A, across scales of spatial resolution, as well as
a power-law relationship between the number of occupied
census cells and the abundance, n, of species. The predicted
slopes of plots of versus are in good agree-log (W ) log (n)
ment with data from British breeding-bird and mammal
censuses and from a fern census in 1 ha of old-growth forest.
The predicted slopes of plots of versus , wherelog (R) log (A)

, are consistent with the limited data for relativelyR p WA
rare British plant species.

The theory developed here highlights an inevitable
trade-off between self-similarity at the community and the
species level. The validity and generality of the predicted
relationship between the scale dependence of the param-
eter a (characterizing scaling at the community level) and
the a’s (characterizing scaling at the species level) can be
evaluated by further tests as additional sets of suitable data
become available.

Whether the results of further tests of self-similarity at
the community and species levels are in agreement with
the theory developed above will depend on the extent to
which the behavior of ecological systems is modeled by
the key assumptions of the theory—that either the param-
eter a or the parameters a are scale invariant. We will now
briefly review the evidence for and against each of these
features before closing with consideration of the source of
variance in the abundance-range relationship unexplained
by our model.

The Scale Independence of a and the SAR

A power-law form for the SAR was first suggested by Ar-
rhenius (1921), based on his study of the association in
plant assemblages. Nevertheless, the fit of this model is var-
iable and was questioned as early as 1922 by Gleason, who
thought an exponential model was(S p z log (A) 1 log (c))
more likely to be an appropriate descriptor (Gleason 1922).
The debate has continued ever since and has expanded to

encompass other theoretical forms (e.g., Williams 1995; He
and Legendre 1996).

It is relatively easy to generate data for SARs, and so a
large number of plots exist in the literature. Several authors
have reviewed the fits of different models to such data.
While some relationships do indeed seem to be better
modeled as exponential (Dony 1970; Connor and McCoy
1979; Stenseth 1979) or other functions (e.g., He and Le-
gendre 1996) and while there is normally a considerable
degree of scatter around the best-fit line, it is generally
accepted that the power-law form best describes the ma-
jority (e.g., Williamson 1988; Rosenzweig 1995). For Brit-
ish birds, relationships of this form have been demon-
strated for species in increasingly large samples of the
mainland (Gaston and Blackburn 2000), in habitat patches
of different area (Moore and Hooper 1975; Fuller 1982;
Woolhouse 1983; Rafe et al. 1985; Gaston and Blackburn
2000), and on small offshore islands around the mainland
coast (Reed 1980, 1983).

Williamson (1988) notes that “any explanation of spe-
cies-area effects must explain both the commonness and
success of the Arrhenius plot [power-law] and the reasons
for exceptions to it.” The theory set out here generates
the prediction that genuine exceptions to the power law
(i.e., those where there is good reason to believe that the
relationship is not a simple consequence of inadequate
sampling) will relate to cases where the self-similarity con-
dition is violated.

Although a majority of SARs are best described as a
power law, there is considerable variation in the model
exponent z and some evidence that z varies with spatial
scale. Rosenzweig (1995) identifies four distinct classes of
SAR: those among tiny (up to ù1 ha) pieces of single
biotas, those among larger pieces of single biotas, those
among islands of one archipelago, and those among areas
that have had separate evolutionary histories (biogeo-
graphic regions). Values of z tend to be constant across
areas and to be similar for different assemblages within
these classes (albeit that a wide range in z has been reported
for all scales: Williamson 1988) but differ systematically
between classes. Predictions of z derived from the self-
similarity condition only apply to values from relationships
where areas are nested within each other, whereas empir-
ical observations of z for islands in archipelagoes typically
are not nested. For the remaining three SARs, z values
derived from nested areas generally are lowest for larger
pieces of single biotas and higher for the other two spatial
scales (Preston 1960; Rosenzweig 1995).

Perfect self-similarity in the distribution of species would
result in a constant value for z across all scales, contra ob-
servation. As discussed in the previous section, however,
while the available evidence suggests that self-similarity may
apply across a wide range of spatial scales, it is unlikely to
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apply at all scales. At the smallest scales, it will be affected
by attraction (e.g., clumping or coloniality) or repulsion
(e.g., territoriality) between conspecific individuals. At the
largest scales, it will be affected by the differing evolutionary
histories of different biogeographic regions. Thus, self-sim-
ilarity is most likely to hold over the same range of areas
covered by SARs based on larger pieces of single biotas.
Concomitantly, the areal extents at which self-similarity is
most likely to break down are also those at which changes
in the magnitude of z are observed. Hence, variation in z
may not be inconsistent with the model developed here and
elsewhere (Harte and Kinzig 1997; Harte et al. 1999a,
1999b), given the likely real-world limitations on the extent
of self-similarity in species’ distributions.

The Scale Independence of the a’s and the Abundance-
Range Relationship

Scale independence of the a parameters introduced above
is equivalent to a power-law relationship between species
abundance and species range as measured by W. Positive
relationships between abundance and range have been
documented from a wide variety of animal and plant as-
semblages (reviews in Gaston 1996; Gaston et al. 1997a,
2000; Gaston and Blackburn 2000). Such is the consistency
of this pattern that it has been described as one of the
most general in ecology (Hanski et al. 1993; Gaston et al.
1997a, 2000; Lawton 1999). The structure of the abun-
dance-range relationship was reviewed by Gaston (1996),
who noted that it can take a variety of forms. Some of
this variation can be attributed to differences in the mea-
sures of range and abundance used. Abundance is usually
measured as population density, but the number of sites
from which densities are estimated varies widely and may
be as few as one. Range is most commonly quantified as
the number of those census sites contributing to the den-
sity estimate that are occupied by any given species. The
resulting abundance-range relationships may be linear or
triangular, and the proportion of variation explained by a
regression through the data is frequently low (20%–30%;
Gaston 1996). Often, the best-fit relationship does not
involve transformation of one or both variables (e.g.,
Blackburn et al. 1998; Gaston et al. 1998b).

The range of forms exhibited by published abundance-
range relationships suggests that many may not be ap-
propriately described by a power law. However, the pre-
dictions derived from our assumption of self-similarity
relate only to cases where abundance is measured as pop-
ulation size and where range is measured with a fractal,
or box-counting, method (equivalent to “area of occu-
pancy” in the terminology developed by Gaston [1991,
1994a]). Most abundance-range relationships published to
date are not relevant to these predictions. Although species

with large population sizes will frequently attain high av-
erage densities at occupied sites, untransformed popula-
tion densities tend to be highly right skewed (Preston 1948;
Williams 1964; May 1975; Magurran 1988; Gaston and
Blackburn 2000). Thus, species with large population sizes
in a region will be present at many sites they occupy at
low densities. This may affect their position on abundance-
range plots, especially if the number of sites contributing
to density estimates is low. Moreover, the effect of different
measures of range and abundance will differ between spe-
cies. For example, Brown and Maurer (1987) plotted pop-
ulation density against range for North American birds
and found that the data fall within a triangular region,
with a right-angle corner at large range and low density.
Their data, as plotted, do not satisfy power-law behavior,
except for the bounding region at the triangle’s hypote-
nuse. However, they defined range to be the area within
a closed curve that encompasses all locations of a species
and plotted population density rather than population size
on the vertical axis. These two differences are particularly
important for widespread, low-density species and could
account for the difference in the shape of the scatterplots.
Those species with low density and relatively large areal
range (as defined by Brown and Maurer 1987; “extent of
occurrence” in Gaston’s [1991, 1994a] terminology) are
precisely the ones whose fractal range will differ most from
their areal range. Whereas Brown and Maurer (1987) lo-
cate these species toward the right-angle corner of their
triangle, our plot locates these species in the region of our
figure 2 with low abundance and low fractal range or
intermediate abundance and intermediate fractal range, in
other words, near the regression line. The general quali-
tative effect of converting plots of density versus areal
range to plots of population size versus fractal range will
be to convert triangular scatterplots to linear ones.

As far as we aware, the only published abundance-
range plots using population size and a measure of frac-
tal range not analyzed in this article concern data for
wildfowl (Anseriformes: Gaston and Blackburn 1996).
These are well described by a power-law relationship:

explains 59% of the variance inlog (population size)
( , ). Although these data arelog (range) n p 152 P ! .001

available to us, their suitability for testing our prediction
for y, the exponent of the abundance-range relationship,
is compromised by uncertainty as to the appropriate
value for ( ). The relatively large area of the grid cellsA /A0

used to map range (611,000 km2) means that a substantial
proportion of many cells encompasses ocean. Thus, while
substituting grid cell size for A and the total ice-free land
area of the earth (136,000,000 km2) for A0 gives a value
of , there are actually upward of 375 grid(A /A) ù 2230

cells containing some land area and that may, therefore,
include the range of at least one wildfowl species. We
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would note that with a total estimated global wildfowl
population size (N0) of individuals (Captive6ù 165 # 10
Breeding Specialist Group [CBSG] 1992), and assuming
a value of ( ) of 375, equation (13) predictsA /A y ù0

. The slope of the OLS regression of on0.313 log (range)
is 0.332. However, given the uncertaintylog (abundance)

over the value of the denominator in this case, we do
not read too much into this coincidence. Nonetheless,
the key point from the standpoint of this article is that
all population size-range plots of which we are aware
conform to a power-law form. This concurs with the self-
similarity model, which in consequence should predict
their exponents.

Although self-similarity provides an explanation for the
power-law relationship between abundance and range, a
number of other mechanisms have been proposed to ex-
plain the association between these variables (Gaston et
al. 1997a, 1998a, 2000). These include hypotheses based
on niche breadth (more widespread and abundant species
can use a wider range of resources; Brown 1984), niche
position (more widespread and abundant species use re-
sources that are themselves more widespread and abun-
dant; Hanski et al. 1993; Gaston 1994b), population dy-
namics (Holt et al. 1997), metapopulation dynamics
(Hanski 1991a, 1991b; Gyllenberg and Hanski 1992; Han-
ski and Gyllenberg 1993; Hanski et al. 1993), range po-
sition (patterns in the overlap of ranges relative to the
position of census sites; Bock and Ricklefs 1983), phylo-
genetic nonindependence (Harvey 1996; Gaston et al.
1997a), and random sampling (Wright 1991). These ideas
and the evidence for them have been reviewed extensively
elsewhere (Gaston et al. 1997a, 2000; Gaston and Black-
burn 2000). We do not recapitulate those discussions here,
except to note that their conclusion that tests of these
hypotheses on a variety of assemblages have generated no
more than equivocal support for any of them.

The one attempt to address these various hypotheses
systematically for a single assemblage has concerned a set
of studies on British birds. These tests found no support
for the hypotheses based on random sampling (Gaston et
al. 1998a), phylogenetic nonindependence (Blackburn et
al. 1997, Gaston et al. 1997b), range position (Gaston et
al. 1997b), or niche breadth (Gregory and Gaston 2000).
Metapopulation dynamics have also been argued to be
unlikely to apply to bird populations at the spatial scale
of Britain (Gaston and Blackburn 2000), although they
can explain abundance-range relationships at smaller spa-
tial scales (e.g., Gonzalez et al. 1998). However, Gregory
and Gaston (2000) demonstrated that widespread and
abundant British bird species were those using resources
more typical of the British environment, while narrowly
distributed rare species tended to utilize atypical resources,
as predicted by the niche position hypothesis. Thus, the

abundance and distribution of British birds is related to
the abundance and distribution of their resources, and so
self-similarity in the distribution of the latter ought to be
reflected in the distribution of the former. We see no in-
consistency between the results of this study and those of
Gregory and Gaston (2000).

We also tested a random-placement model of the re-
lationship between fractal range, as estimated by W, and
abundance for the fern species in Richard et al. (2000).
One thousand random distributions were generated on a

grid using a spreadsheet with a random-number16 # 16
generator, and from these distributions, 50 landscapes with
20 species each were analyzed. The probability of presence
on a grid square was adjusted from run to run so as to
yield, within each landscape, a range of species abundances
for the 20 species that matched, on a percent basis, the
range of abundances exhibited by the fern species. All 50
of the simulated versus plots rose far moreln (W ) ln (n)
steeply at small n than does the power law expression (eq.
[13]) and exhibited considerable curvature (negative sec-
ond derivative) as n increased; the slope of the best
straight-line fit to the simulated data was, for 42 out of
the 50 landscapes, greater than the slope that equation
(13) predicts and, for all but one landscape, was well out-
side the 95% CI on our fitted slope for the fern data. Thus,
the assumption that the fern data are compatible with a
random distribution model is not supported. This result
is reinforced by the observation of Richard et al. (2000)
that their observed species-area relationship is inconsistent
with the species-area relationship predicted under the as-
sumption of random placement of individual ferns.

Unexplained Variation

There are three possible sources of the scatter we have
observed around the predicted regression line in our

versus plots. The first is cen-log (range) log (abundance)
susing error, which we do not explore here, although it
cannot be dismissed. Second, there is the likelihood of
some breakdown of exact self-similarity, and thus the like-
lihood that the theory, itself, is inexact. And third, even
in the unlikely limit of perfect scale independence across
all spatial scales, scatter can arise because of the statistical
nature of our definition of the parameters a, at the species
level, and a, at the community level.

If exact self-similarity does not hold across all scales, the
slope of a versus plot would not be constantlog (S) log (A)
across all scales. If the deviations from self-similarity are
systematic, then such plots might suggest either continuous
curvature or distinct regions with differing constant slopes.
Similarly, range versus abundance plots like our figure 2
would suggest either continuous curvature or discrete slope
discontinuities if scale independence breaks down. Over the
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scale range for which we have tested the theory, we see no
evidence for either continuously or discontinuously chang-
ing slope in the avian data, for which a simple, linear OLS
regression explains 80% of the variance and for which the
residuals are consistent with randomness. A nonsystematic
breakdown of self-similarity, in which, for example, a non-
self-similar random variable contributes to each species
range and/or abundance, remains a possibility. For the
mammalian data, where there is greater scatter, the possi-
bility cannot be ruled out that the scatter is the consequence
of systematic scale dependence.

Next, consider the limiting case in which scale inde-
pendence is exact at the species level across all scales. Cor-
responding to the expected abundance nexpected of a partic-
ular species is an a value given by equation (9). Among
plots of a particular area A, the distribution of abundances
of that species is determined from a recursion relation of
identical form to that in Harte et al. (1999b) but with the
parameter a for that species replacing the parameter a.
The variance of this distribution can be derived (Banavar
et al. 1999) analytically from the recursion relation defin-
ing the distribution; the resulting approximate expression
for the standard deviation of the logarithm of n is:

1/2

1 2 a
j p . (17)ln (n) ( )a

This can be evaluated for our data, using equation (9),
and averaged over all species. For example, for the avian
and mammal data, this yields an average value of ∼0.5 for
the standard deviation in equation (17). This value is an
order of magnitude less than the observed magnitude of
scatter in the horizontal direction (fixed range) in figure
2. Thus we conclude that the intrinsically stochastic nature
of self-similarity in our theory does not explain the scatter
in the data around the theoretical regression line for the
British bird and mammal data.

Hence, the variance in the avian data that is unexplained
by our theory (20%) is most likely due either to censusing
error or to nonsystematic breakdown of self-similarity;
neither the stochastic behavior expected in our theory in
the limit of perfect scale independence nor systematic de-
viation from scale independence appears to be a plausible
source of the scatter. In contrast, we cannot rule out the
possibility that systematic breakdown of self-similarity ac-
counts for the unexplained variance (49%) in the mam-
malian data.

For the fern data, all but two of the 19 data points fall
within the 95% CI on the fitted straight line. Richard et
al. (2000) group all 19 species into two categories: rhi-
zomatous (indicating that they form dense clumps that
spread vegetatively) and caespitose (indicating that they

consist primarily of distinct plants). Interestingly, 11 of
the 12 caespitose species lie above the fitted line, and all
seven of the rhizomatous species lie below. This suggests
that different aggregational preferences across bird and
across mammal species could account for some of the
unexplained variance in figure 2.
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