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ABSTRACT
A zero dimensional, mean-value, control-oriented model for

recompression homogeneous charge compression ignition (HCCI)
combustion with two discrete states representing temperature and
composition dynamics is presented. This model captures steady
state magnitudes and trends in combustion phasing, residual gas
fraction, and mass flows caused by sweeps in valve timings, fuel-
ing rate, and fuel injection timing. It is shown that the coupling
of the composition state with the mainly thermally-driven com-
bustion dynamics causes competing slow and fast dynamics that
shape the transient response of the phasing. A decoupled version
of the model, where composition does not affect combustion phas-
ing, is also developed in an effort to further simplify the model.
This version matches the steady state fidelity of the coupled model,
but has a qualitatively different dynamical behavior. Both mod-
els exhibit complex behaviors such as limit cycles at extremely
late phasing. Both realizations are valid contenders as low or-
der steady state representations of HCCI behavior. High-fidelity
transient data will be necessary to further clarify the necessity of
including composition effects on combustion phasing.

NOMENCLATURE
a/bTDC After / before top dead center
CA## Crank angle at which ##% of fuel energy is released
EVO/C Exhaust valve opening / closing
HCCI Homogeneous charge compression ignition
ibd Inert gas fraction of blowdown gases
ic Inert gas fraction of charge before combustion
IVO/C Intake valve opening / closing
m f Mass of fuel
NVO Negative valve overlap
SOC Start of combustion
∗Address all correspondence to sjade@umich.edu

SOI Start of injection
pα In-cylinder pressure at event α

Tα In-cylinder temperature at event α

Tbd Temperature of blowdown gases
xr Residual gas fraction
ω Engine speed, in RPM

INTRODUCTION
A major challenge with homogeneous charge compression

ignition (HCCI) engines is adequate combustion control. To
enable model-based control approaches this contribution develops,
validates, and analyzes control-oriented models.

Previous low-order model structures [1–5] are extended to ob-
tain satisfactory estimation results over a fairly extensive data set
from a four cylinder 2.0 liter gasoline engine with several actuator
sweeps at one engine speed. Specifically, the energy losses during
combustion are modeled as a function of the states and a semi-
empirical model of the residual gas fraction is adapted from [2].
The influence of early fuel injection on combustion phasing is
included through an Arrhenius expression. It is also shown that
the charge composition influences the transient behavior due to
the coupling between the composition and the thermal dynamics.
This dynamic influence is investigated here, as earlier sensitivity
analysis [6] showed that temperature at IVC is the dominant vari-
able for capturing the steady state combustion phasing. Hence
steady-state sensitivity is not sufficient to judge the necessity of
including composition effects on combustion phasing.

To this end, we compare here two models, one where both
temperature and composition influence combustion and a second
where only the charge temperature affects combustion. The latter
involves the tuning of less parameters and captures steady state
combustion phasing as accurately as the former. We also show
that both models are capable of predicting limit cycle behavior at
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Figure 1. INPUT / OUTPUT MODEL OVERVIEW

conditions associated with late phasing. The dynamic response,
however, of the two models is different. Namely, the temperature
and composition influenced model exhibits overshooting response,
whereas decoupling composition results in mostly damped be-
havior. Hence for effective controller design there is a need to
understand and evaluate different model parameterizations that
predict both steady state and transient behavior.

MODELING PROCESS
A control-oriented model that describes HCCI combustion

must be sophisticated enough to capture all relevant physical
trends, while being simple enough to enable effective controller
design and analysis. This work deals with recompression HCCI
[7], in which the exhaust valve is closed early and the intake valve
is opened late, thus resulting in a negative valve overlap (NVO).
The model developed is a discrete-time model with two states
– (i) the temperature of the blowdown gases (Tbd), representing
thermal dynamics and (ii) the inert gas fraction of the blowdown
gases (ibd), representing composition dynamics. An input / output
overview of the model is presented in Fig. 1.

The actuator inputs considered are the negative valve overlap
(NVO), the mass of fuel (m f ), the start of injection (SOI), and
engine speed (ω). The valve timing is controlled by a cam phasing
actuator with fixed cam profiles. The use of variable fuel injection
timing shows promising results in HCCI combustion phasing
control [5], both on a cycle-to-cycle and a cylinder-to-cylinder
basis. Fuel injection in the recompression region causes thermal
and chemical changes to the fuel due to the moderately high
temperatures and pressures.

The primary output of the model is combustion phasing. This
is quantified by the location of CA10, CA50 and CA90, which
are the crank angles at which 10%, 50% and 90% respectively
of the total heat release occur. A number of other important
outputs are calculated such as the residual gas fraction (xr), the
in-cylinder Air-Fuel ratio (AFRc), and the in-cylinder pressure
and temperature traces.

Figure 2 shows a typical in-cylinder pressure trace for a
recompression-based HCCI engine. Each engine cycle lasts for
720 ◦CA and is considered to end at EVO, that is after combustion
finishes. In each cycle 0 ◦CA is considered to be at the combustion
TDC. Figure 2 clearly shows the negative valve overlap resulting

Figure 2. TYPICAL IN-CYLINDER PRESSURE TRACE

in a recompression region of moderately high temperatures and
pressures, into which the fuel is injected at the desired time.

The parameters used in the model equations are fitted to
experimental data. The nature of the dataset and the estimation
results are presented in the section “Steady State Validation”.

Residual Gas Fraction
The mass of charge in the cylinder (mc) includes the mass

of air and fuel inducted per cycle plus the residual mass (mres)
trapped from the previous cycle. The residual gas fraction (xr) is
defined as the ratio between mres and mc. A basis function for xr
was developed for rebreathing-based HCCI in [2] by emulating
the engine as a pumping device. This has been adapted to the
residuals trapped in recompression HCCI with good results, and
is given in Equation (1)

xr(k)=
(

α1 +α2

(
ω(k)
2000

)α3

NVO(k)
)1+

α4

(
pem(k)
pim(k)

)α5√
Tbd(k)


(1)

where pim and pem are the pressures of the intake and exhaust
manifold respectively.

Composition in the cylinder
The composition in the cylinder before and after combustion

is shown in Fig. 3. At any point in the cycle, the charge in the
cylinder is assumed to be a mixture of three components – air,
fuel and inert gases. The chemical composition of these mixtures
is determined from the stoichiometric combustion equation of the
fuel considered. For example, from Eq. (17), which represents
the stoichiometric combustion of one mole of iso-octane fuel, the
constituents of the in-cylinder charge are considered to be:

1. Fuel (iso-octane) : C8H18
2. Air : O2 +3.773N2
3. Inert gases : 8CO2 +9H2O+47.16N2
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Figure 3. IN-CYLINDER COMPOSITION, BEFORE AND AFTER COM-
PLETE LEAN COMBUSTION

The inert gas fraction (IGF), which is defined to be the ratio
of the mass of inert gases to the total mass of charge, is used to
account for composition effects. Similar to [2], the IGFs before
combustion (ic) and after combustion (ibd) are related to each
other by Eq. (2) and (3).

ic(k) = xr(k)ibd(k) (2)

ibd(k+1) =
(

AFRs +1
AFRc(k)+1

)
(1− ic(k))+ ic(k) (3)

where ibd(k) is the IGF of the blowdown gases of the previous
cycle. The air-fuel ratio in the cylinder before combustion (AFRc)
is described later by Eq. (5), while the stoichiometric AFR (AFRs)
is assumed to be 14.7. The composition of the residual gases is
assumed to be the same as that of the blowdown gases. The state
update equation for ibd , presented in Eq. (4), can be derived from
Eq. (2), (3), (5) and (7).

ibd(k+1) =
(AFRs +1)m f (k)R(xr(k))

pivc(k)Vivc(k)
Tivc(k)+ xr(k)ibd(k)

(4)
where Eq. (10) and (9) give the dependence of Tivc(k) on Tbd(k).

Relationship between ibd and χO2 Instead of ibd , the mole
fraction of oxygen before combustion (χO2) can be equivalently
chosen as the composition state. This is shown in Appendix A,
where the relationship between ibd and χO2 is derived.

AFR before combustion (AFRc) As external EGR is not used
in this study, the fresh charge is assumed to consist purely of air.
This considerably simplifies the comprehensive air charge model
presented in [2]. The trapped residuals contain excess air that is
left over after lean combustion. Both of these sources of air are
considered while calculating AFRc in Eq. (5). Relative AFR in
the cylinder before combustion (λc) is calculated in Eq. (6).

AFRc(k) =
(1− ibd(k)xr(k))mc(k)

m f (k)
−1 (5)

λc(k) =
AFRc(k)

AFRs
=

(1− ibd(k)xr(k))mc(k)−m f (k)
14.7m f (k)

(6)

Mass of charge The mass of charge (mc) is estimated by the
ideal gas law. Here the gas constant varies with xr.

mc(k) =
pivc(k)Vivc(k)

R(xr(k))Tivc(k)
(7)

R(xr(k)) = 274(1− xr(k))+290xr(k) (8)

State of Charge at IVC
Estimating the state of charge at IVC is critical to the accuracy

of combustion phasing prediction, as the actuators have no control
authority after IVC. Pressure at IVC (pivc) can be approximated
as a linear function of the intake manifold pressure. Temperature
at IVC (Tivc) is calculated by a mass weighted average between
temperatures of the fresh charge from the intake manifold (Tim)
and the residual gases from the previous cycle’s combustion (Tr)
as shown in Eq. (10). Thermal effects of early injection on the
temperature of the residuals are captured in Eq. (9) based on fuel
injection timing and mass. Here f1 (m f (k),SOI(k)) is a bilinear
function that increases with larger and earlier fuel injection. This
estimates the charge cooling effects of fuel vaporization, and
possible heat release due to exothermic reactions.

Tr = Tbd(k)− f1 (m f (k),SOI(k)) (9)
Tivc(k) = xr(k)Tr +(1− xr(k))Tim(k) (10)

Combustion Process
The combustion is assumed to be complete if it is lean. For

the effects of partial fuel burn at very late phasing or when close
to stoichiometric levels, see [8, 9]. CA10 is considered to be the
start of combustion (SOC) while CA90 is considered to be the end
of combustion. The model is parameterized using experimental
data to predict the temperature and pressure of the charge at
important angles in the combustion process, such as CA10, CA50,
CA90, and EVO. The intermediate regions between these points
are assumed to be ideal polytropic or adiabatic processes to form
complete pressure and temperature traces. The in-cylinder volume
at any desired crank angle is given by standard cylinder geometry
relations [10]. The combustion process starts at IVC and can
be split into three phases – (1) a polytropic compression phase
that leads to combustion, (2) a burn phase, and (3) a polytropic
expansion phase followed by blowdown and exhaust.

Phase 1: IVC to SOC The start of combustion in the
HCCI combustion process is determined by an Arrhenius rate
reaction, given by Eq. (11) and (12). This is motivated by work
such as [11] and the expression developed for the ignition time
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delay for the autoignition of iso-octane in [12]. Sensitivity anal-
ysis of the autoignition integral in [6] suggests that temperature
is the dominant factor in determining the start of combustion.
Hence, Eq. (12) includes pressure and temperature effects only
as a simplification in determining SOC. In [5], the effect of early
fuel injection was captured by varying the Arrhenius threshold in
the autoignition integral. A more physical strategy [13] consid-
ered in this study is to compute the autoignition integral given by
Eq. (11) in the recompression region. This method is attractive as
it provides a more physical basis function for parameterizing the
phenomenon. Equation (11) is evaluated and the result is used as
the initial value for the main combustion integral in Eq. (12), thus
reducing the effective Arrhenius threshold.

∫ IVO

SOI
Arc pnp

c

(
m f (k)
mc(k)

)n f

exp
(
−Ea,rc

RTc

)
dθ

ω(k)
= ξ (11)

∫ CA10

IVC
A(pivc(k)υ

nc
ivc)

np exp

(
−Eaυ

1−nc
ivc

RTivc(k)

)
dθ

ω(k)
= 1−ξ (12)

Here υivc (θ) is defined as Vivc
Vc(θ)

. In Eq. (11), the pressure (pc)

and temperature (Tc) in the cylinder are obtained by assuming
a polytropic process from EVC to IVO with different constant
polytropic exponents before and after SOI. The parameters Ax, nx
and Ex are parameterized using data.

Phase 2: Combustion Duration Combustion duration
(∆θ) is defined to be the crank angle degrees between CA10 and
CA90. In the operating regions considered, data shows that this
can be modeled as a linear function of CA10. Further, CA50 is
estimated as

CA50 =CA10+
∆θ

2
. (13)

Heat Release The heat release due to complete combustion
in an adiabatic constant volume process would result in a tem-
perature rise (∆Tad) as shown in Eq. (14). However, this over-
estimates the actual temperature rise, and is multiplied with an
efficiency term η(CA90, ic) that lumps the cumulative effects of
heat losses and combustion efficiency

∆Tad =
Qlhvm f (k)

cvmc
(14)

TCA90 = TCA10 +∆Tad ·η(CA90, ic) . (15)

Here Qlhv is the lower heating value of the fuel, while cv is the
heat capacity of the charge at constant volume. Figure 4 shows
that the modeled combustion efficiency reduces with increasing
ic and CA90. These trends are consistent with Section 2.10.5
of [14]. The temperature and pressure between CA10 and CA90
are calculated by assuming that the temperature rise due to heat
release occurs uniformly over the burn duration.
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Figure 4. COMBUSTION EFFICIENCY η(CA90, ic)

Phase 3: Polytropic expansion followed by blow-
down and exhaust After CA90, the mixture expands poly-
tropically to EVO, thus determining Tevo and pevo. After EVO,
the exhaust temperature of the blowdown gases is considered to
be the result of an adiabatic expansion of the gas down to the
exhaust manifold pressure, with a polytropic exponent nbd .

Tbd(k+1) = Tevo

(
pem(k)
pevo(k)

) nbd
nbd−1

(16)

Decoupling composition from phasing prediction
The combustion phasing prediction is mainly thermally

driven. The only coupling between the composition state and
combustion phasing is the efficiency term η(CA90, ic) that mod-
ulates the rise in temperature due to combustion. A simplified
decoupled model was derived by replacing this with a simplified
efficiency term η1 (CA90), thus eliminating the influence of com-
position on combustion phasing prediction. This decoupling is
attractive from a control analysis and design perspective.

STEADY STATE VALIDATION
The model parameters were fitted using steady state HCCI

dynamometer data from a 2.0 liter four-cylinder gasoline engine
with a compression ratio of 10.5. The experiments were carried
out at 2000 RPM, while other conditions and actuator values var-
ied as tabulated in Tab. 1. The experimental data were processed
by a high-fidelity offline combustion analysis tool provided by
Robert Bosch, see [15]. The offline calculations for combustion
phasing, in-cylinder residual fraction and temperature, etc. were
used to tune and validate the model.

The primary aim of this study is to develop a model suitable
for combustion phasing control, and so the main performance
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Table 1. EXPERIMENT RANGES

Output / Actuator Range

CA50 -4.5→10 ◦CA aTDC

IMEP 1.4→2.7 bar

Fuel Mass 5.8→10.2 mg/cycle

Injection Timing 300→400 ◦CA bTDC

Throttle 8→100%

Lambda 0.97→1.3
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Figure 5. CA50 RESULTS – SIMULATION VS. DATA

output of the model is CA50. Secondary outputs have been vali-
dated including charge conditions at IVC and EVO, xr, and mc.
Figure 5 shows good steady state combustion phasing prediction
performance for both the composition-decoupled and the original
composition-influenced models. This is further demonstrated in
Fig. 6, 7, and 8 where sweeps in fuel mass, fuel injection timing
and NVO respectively are considered.

It is seen that steady state performance has been maintained
even after decoupling the influence of composition. The steady
state prediction of CA50 is comparable for both models, and
matches reasonably well with the CA50 predicted by the offline
combustion analysis tool. Steady state trends in model variables
during various actuator sweeps are predicted well; however dif-
ferences between the two models in the transient performance are
observed and are presented in the following and final section of
the paper.
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Figure 6. SWEEP IN MASS OF FUEL
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Figure 7. SWEEP IN INJECTION TIMING

TRANSIENT PREDICTIONS
The previous section shows that it is possible to get very

comparable steady state performance using either the composition-
decoupled or the original composition-influenced model. The
transient CA50 evolutions of the two models were compared to
determine whether IGF, and hence composition effects, should
be kept as a state. Figure 9 shows the transient response of the
two models at three different operating points. At each operating
point the NVO is stepped down and then back up again by 7◦.
The most striking difference is the presence of an overshoot in
the original composition-influenced model. Behavior similar to
the overshoot has been reported, by Shaver et al. in [1].
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Figure 8. SWEEP IN NVO

Figure 9. TRANSIENT RESPONSE TO NVO STEP AT EARLY, MID,
AND LATE PHASING CONDITIONS

The coupling that leads to overshoot
The overshoots in CA50 seen in Fig. 9 can be explained by

the interplay between the faster actuator-driven dynamics of xr
which cause the sharp initial change in Tivc and hence in CA50,
and the slower composition-driven dynamics of ic which cause
the slower relaxation to the final steady state CA50 value through
its influence on the combustion efficiency.

Figure 10 shows the changes in key intermediate variables in
the model following an NVO step. A step down in NVO causes
a near instantaneous drop in xr, and hence in Tivc, consequently
retarding CA50. Governed from Eq. (4), ic decays more slowly to
its steady state value. As ic reduces, η increases, and consequently
the temperature of the residuals increase. This leads to slightly
higher Tivc which advances CA50 to its final steady state value.

The shape of the transient response is determined by the

Figure 10. CA50 OVERSHOOT DUE TO COMPETING DYNAMICS

Figure 11. CA50 OVERSHOOT WITH Tbd UNDERSHOOT

relative magnitude of the competing effects, which in turn depends
nonlinearly on the operating condition. This is demonstrated in
Fig. 10 and 11 that show a step in NVO at two different operating
conditions. In Fig. 10, the state Tbd shows an overshoot whereas
a sign reversal and non-minimum phase behavior appear for the
step in Fig. 11.

As the coupling between the ibd state and CA50 is only via the
combustion efficiency, its shape is very important in determining
the dynamical characteristics of the response. This effect of
competing dynamics is not captured in the composition-decoupled
model, as the efficiency factor η1 does not depend on IGF. In the
operating points considered, damped responses are seen in the
composition-decoupled model.

EXTREMELY LATE PHASING CONDITIONS
Despite not being able to model the composition-driven tran-

sient overshoots, the decoupled model is able to demonstrate
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Figure 12. LIMIT CYCLE BEHAVIOR AT EXTREMELY LATE PHASING

complex non-linear dynamical phenomena such as bifurcations
yielding limit cycles of period two. These occur at extremely late
phasing conditions that form the boundary of the stable operation
region for HCCI combustion. An example of such behavior is
shown in Fig. 12. The phasing shown in the figure is very close
to the misfire region and the engine might stall before the limit
cycle is established. However, the qualitative predictions are of
greater interest than the quantitative predictions as the model has
not been validated by experiments in this region. These nonlinear
responses are exhibited by both models at the late phasing condi-
tions, and are currently being investigated. Similar results have
been shown in literature, see for example [8, 16, 17].

CONCLUSIONS

A zero-dimensional control-oriented model for recompres-
sion HCCI combustion is presented, using a temperature and a
composition state. It is shown that the use of inert gas fraction and
oxygen mole fraction are equivalent choices for the composition
state. This model captures the steady state trends for sweeps in
valve timing, fuel mass, and fuel injection timing.

It is observed that the composition influenced model demon-
strates overshoots in combustion phasing response over wide
operating range. Analysis of this physics-based model shows that
the interplay between composition-influenced slow and fast dy-
namics causes the overshoots in combustion phasing. At certain
operating points these competing dynamics cause the state Tbd to
exhibit non-minimum phase behavior.

Decoupling the composition from the combustion phasing
prediction model yields a simpler model that maintains steady-
state fidelity, but cannot capture the composition-driven compet-
ing dynamics. Both models exhibit complex nonlinear behavior at
extreme phasing conditions. Data sets with transient experimental
observations are needed to further investigate these phenomena,
and conclude on the necessity of including composition effects
on the combustion phasing.
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Appendix A: Relationship between ibd and χO2

The relationship between IGF state ibd and χO2 is derived
for iso-octane fuel (C8H18) in Eq. (22), and then extended to a
general hydrocarbon CaHb in Eq. (24).

Consider Eq. (17) which shows the chemical reaction for the
stoichiometric combustion of one mole of C8H18. From this, the
constituents of the in-cylinder charge are considered to be:

1. Fuel (iso-octane) : C8H18
2. Air : O2 +3.773N2
3. Inert gas mixture : 8CO2 +9H2O+47.16N2

Equation (18) represents the lean combustion considered in
this study. Here the coefficient of air in the reactants is 12.5λc
where λc is the relative AFR before combustion as expressed in
Eq. (6), and is greater than 1. The reactants also include NIG,res
moles of the inert gas mixture. Complete combustion of the
reactants results in NIG,exh moles of the inert gas mixture and

12.5(λc−1) moles of air.

C8H18 +12.5(O2 +3.773N2)→ (8CO2 +9H2O+47.16N2)
(17)

C8H18 +12.5λc (O2 +3.773N2)+NIG,res(8CO2 +9H2O

+47.16N2)→ NIG,exh (8CO2 +9H2O+47.16N2)

+12.5(λc−1)(O2 +3.773N2) (18)

At steady state, Eq. (19) relates the residual gas fraction (xr) to
the ratio of the moles of the inert gas mixture in the residuals and
the products. As the composition of the residual gases and the
gases after combustion is assumed to be the same, the ratio of the
moles is also the ratio of the masses. Further, balancing carbon
atoms in Eq. (18) leads to Eq. (20).

xr =
mres

mc
=

mIG,res

mIG,exh
=

NIG,res

NIG,exh
(19)

NIG,exh = 1+NIG,res (20)

The ratio of the number of moles of oxygen to the total number of
moles of reactants before combustion is defined as χO2 . Solving
Eq. (19) and (20) determines the unknown coefficients in the
combustion equation, as shown in Eq. (21). This leads to the
expression for χO2 in Eq. (22), solely in terms of λc and xr

NIG,res =
xr

1− xr
; NIG,exh =

1
1− xr

(21)

χO2 =
NO2

Ntotal
=

12.5λc(k)

1+59.66λc(k)+
64.16xr(k)

1−xr(k)

. (22)

Further, from the expressions for xr and λc given by Eq. (1) and
(6) respectively, χO2 can be calculated from the states and inputs.

Finally, χO2 can be determined for a general hydrocarbon
CaHb using Eq. (24), where the coefficients of Eq. (22) depend
on a and b. In the expression for λc given by Eq. (6), the stoichio-
metric AFR (AFRs) will be given by

AFRs =

(
a+ b

4

)
(32+3.773 ·28)
12a+b

(23)

χO2 =
λc(k)

(
a+ b

4

)
1+4.773λc(k)

(
a+ b

4

)
+ xr(k)

1−xr(k)

(
a+ b

2 +3.773
(
a+ b

4

)) .
(24)
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