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In this paper, we consider the problem of communication over a multiple-access channel (MAC) without feedback
in the discrete memoryless setting. In particular, we consider the error exponents for this channel model. In

this model, two transmitters wish to communicate reliably two independent messages to a single decoder. A
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Abstract

A unified framework to obtain all known lower bounds (random coding, typical random coding and
expurgated bound) on the reliability function of a point-to-point discrete memoryless channel (DMC) is
presented. By using a similar idea for a two-user discrete memoryless (DM) multiple-access channel (MAC),
three lower bounds on the reliability function are derived. The first one (random coding) is identical to
the best known lower bound on the reliability function of DM-MAC. It is shown that the random coding
bound is the performance of the average code in the constant composition code ensemble. The second bound
(Typical random coding) is the typical performance of the constant composition code ensemble. To derive
the third bound (expurgated), we eliminate some of the codewords from the codebook with larger rate. This
is the first bound of this type that explicitly uses the method of expurgation for MACs. It is shown that
the exponent of the typical random coding and the expurgated bounds are greater than or equal to the
exponent of the known random coding bounds for all rate pairs. Moreover, an example is given where the
exponent of the expurgated bound is strictly larger. All these bounds can be universally obtained for all

discrete memoryless MACs with given input and output alphabets.

Introduction

schematic is depicted in Figure 1.

in the literature [1-7]. The optimum error exponent E(R) at some fixed transmission rate R (also known as
the channel reliability function) gives the decoding error probability exponential rate of decay as a function

of block-length for the best sequence of codes. Lower and upper bounds on the channel reliability function

Error exponents have been meticulously studied for point to point discrete memoryless channels (DMCs)
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Figure 1: A schematic of two-user multiple-access channel

for the DMC are known. A lower bound, known as the random coding exponent, was developed by Fano [3]
by upper-bounding the average error probability over an ensemble of codes. This bound is loose at low rates.
Gallager [8] demonstrated that the random coding bound is the true average error exponent for the random
code ensemble. This result illustrates that the weakness of the random coding bound, at low rates, is not due to
upper-bounding the ensemble average. Rather, this weakness is due to the fact that the best codes perform much
better than the average, especially at low rates. The random coding exponent is further improved at low rates
by the process of “expurgation” [9-11]. The expurgated bound coincides with the upper bound on the reliability
function at R = 0 [12, pg. 189]. Barg and Forney [13] investigated another lower bound for the binary symmetric
channel (BSC), called the “typical” random coding bound. The authors showed that almost all codes in the
standard random coding ensemble exhibit a performance that is as good as the one described by the typical
random coding bound. In addition, they showed that the typical error exponent is larger than the random coding
exponent and smaller than the expurgated exponent at low rates. Regarding discrete memoryless multiple-access
channels (DM-MACs), stronger versions of Ahlswede and Liao’s coding theorem [14, 15], giving exponential
upper and lower bounds for the error probability, were derived by several authors. Slepian and Wolf [16],
Dyachkov [17], Gallager [18], Pokorny and Wallmeier [19], and Liu and Hughes [20] studied upper bounds on
the error probability. Haroutunian [21] and Nazari [22-24] studied lower bounds on the error probability.

Comparing the state of the art in the study of error exponents for DMCs and DM-MACs, we observe that
the latter is much less advanced. We believe the main difficulty in the study of error exponents for DM-MACs
is the fact that error performance in a DM-MAC depends on the pair of codebooks (in the case of a two-user
MAC) used by the two transmitters, while at the same time, each transmitter can only control its own codebook.
This simple fact has important consequences. For instance, expurgation has not been studied in MAC, since by
eliminating some of the “bad” codeword pairs, we may end up with a set of correlated input sequences, which
is hard to analyze. In this paper, we develop two new lower bounds for the reliability function of DM-MACs.
These bound outperform the bounds of [19,20].

Toward this goal, we first revisit the point-to-point case and look at the techniques that are used for obtaining
the lower bounds on the optimum error exponents. The techniques can be broadly classified into three categories.
The first is the Gallager technique [8]. Although this yields expressions for the error exponents that are
computationally easier to evaluate than others, the expressions themselves are harder to interpret. The second
is the Csiszar-Korner technique [12]. This technique gives more intuitive expressions for the error exponents in
terms of optimization of an objective function involving information quantities over probability distributions.

This approach is more amenable to generalization to multi-user channels. The third is the graph decomposition



technique using a-decoding [25]. a-decoding is a class of decoding procedures that includes maximum likelihood
decoding and minimum entropy decoding. Although this technique gives a simpler derivation of the exponents,
we believe that it is harder to generalize this to multi-user channels. All three classes of techniques give
expressions for the random coding and expurgated exponents. The expressions obtained by the three techniques

appear in different forms.

0.7
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Figure 2: Lower bounds on the reliability function for point-to-point channel (random coding —-, typical random

coding —, expurgated ——)

In developing our main result, we first develop a new simpler technique for deriving the random coding
and expurgated exponents for the point-to-point channel using a constant composition code ensemble with a-
decoding. We present our results in the format given in [25]. This technique also gives upper bounds on the
ensemble averages. As a bonus, we obtain the typical random coding exponent for this channel. This gives
an exact characterization (lower and upper bounds that meet) of the error exponent of almost all codes in
the ensemble. When specialized to the BSC, this reduces to the typical random coding bound of Barg and
Forney [13]'. Fig. 2 shows the random coding, the typical random coding, and the expurgated bounds for a
BSC with crossover probability p = 0.05, which is representative of the general case. All the three lower bounds
are expressed as minimizations of a single objective function under different constraint sets. The reasons for
looking at typical performance are two-fold. The first is that the average error exponent is in general smaller
than the typical error exponent at low rates, hence the latter gives a tighter characterization of the optimum
error exponent of the channel. For example, for the BSC, although the average performance of the linear code
ensemble is given by the random coding exponent of the Gallager ensemble, the typical performance is given
by the expurgated exponent of the Gallager ensemble. In this direction, it was also noted recently in [26] that
for the 8-PSK Gaussian channel, the typical performance of the ensemble of group codes over Zg equals the

expurgated exponent of the Gallager ensemble, whereas the typical performance of the ensemble of binary coset

!Barg and Forney gave only a lower bound in [13].



codes (under any mapping) is bounded away from the same. The second is that in some cases, expurgation
may not be possible or may not be desirable. For example, (a) in the MAC, the standard expurgation is not
possible, and (b) if one is looking at the performance of the best linear code for a channel, then expurgation
destroys the linear structure which is not desirable. In the proposed technique we provide a unified way to
derive all the three lower bounds on the optimum error exponents, and upper bounds on the ensemble average
and the typical performance. We wish to note that the bounds derived in this paper are universal in nature.
The proposed approach appears to be more amenable to generalization to multi-user channels.

A brief outline of the technique is given as follows. First, for a given constant composition code, we define a
pair of packing functions that are independent of the channel. For an arbitrary channel, we relate the probability
of error of a code with a-decoding to its packing functions. Packing functions give pair-wise and triple-wise
joint-type distributions of the code. This is similar in spirit to the concept of distance distribution of the code.
Then we do random coding and obtain lower and upper bounds on the expected value of the packing functions
of the ensemble without interfacing it with the channel. That is, these bounds do not depend on the channel.
Finally, using the above relation between the packing function and the probability of error, we get single-letter
expressions for the bounds on the optimum error exponents for an arbitrary channel.

Toward extending this technique to MACs, we follow a three-step approach. We start with a constant
conditional composition ensemble identical to [20]. Then, we provide a new packing lemma in which the
resulting code has better properties in comparison to the packing lemmas in [19] and [20]. This packing lemma
is similar to Pokorny’s packing lemma, in the sense that the channel conditional distribution does not appear
in the inequalities. One of the advantages of our methodology is that it enables us to partially expurgate some
of the codewords and end up with a new code with stronger properties. In particular, we do not eliminate pairs
of codewords. Rather, we expurgate codewords from only one of the codebooks and analyze the performance of
the expurgated code.

Contributions: In summary the key contributions of this work are

e An exact characterization of the typical error exponent for the constant composition code ensemble for
the DMC.

e A new lower bound on the optimum error exponent for the MAC.
e An upper bound on the average error exponent of the constant composition code ensemble for the MAC.
e A characterization of the typical error exponent for the constant composition code ensemble for the MAC.

This paper is organized as follows: Section 2 introduces terminology, and Section 3 unifies the derivation of
all lower bounds on the reliability function for a point-to-point DMC. Our main results for the DM-MAC are
introduced in Section 4. Some numerical results are presented in Section 5, and Section 6 concludes the paper.

The proofs of some of these results are given in the Appendix.

2 Preliminaries

We will follow the notation of [12]. For any finite alphabet X, let P(X) denote the set of all probability
distributions on X. For any sequence x € X", let Px denote its type. Let Tp denote the type class of type



P. Let P,(X) denote the set of all types on X. Let Ty denote a V-shell, and D(V||W|P) denote conditional

I-divergence. In this paper, we consider channels without feedback.

Definition 1. A discrete memoryless channel (DMC) is defined by a stochastic matriz W : X — Y, where X,
the input alphabet, and Y, the output alphabet, are finite sets. The channel transition probability for n-sequences
is given by

n

W (ylx) & [ W (wilz:),

i=1
where X 2 (1, .., Tn) € X", ¥ 2 (Y1, yn) € V™. An (n, M) code for a given DMC, W, is a set C = {(x;, D;) :
1<i< M} with (a) x; € X", D; C Y™ and (b) D; N Dy =& fori # .
When message 4 is transmitted, the conditional probability of error of a code C' is given by

e;(C, W) & W™(Df|x;).

The average probability of error for this code is defined as

M
1
A
e(C,W) £ i ;ei(C, w). (1)
Definition 2. For the DMC, W : X — )Y, the average error exponent, at rate R, is defined as:

* A e 7}
Eav(R) - hHl sup %12%( n log 6(07 W)7 (2)

n—oo

where C is the set of all codes of length n and rate R. The typical average error exponent of an ensemble C, at
rate R, is defined as:

1
ET (R) £ liminflimsup max  min—— loge(C,W). (3)
0—0 pooco CPEC)>1-6 CeC N

where P is the uniform distribution over C.

The typical error exponent is basically the exponent of the average error probability of the worst code

belonging to the best high probable collection of the ensemble.

Definition 3. A two-user DM-MAC is defined by a stochastic matric W : X x Y — Z, where X, Y, the input
alphabets, and Z, the output alphabet, are finite sets. The channel transition probability for n-sequences is given
by

n

W"(zlx,y) 2 [[W(zilvi, v), (4)

=1

where x £ (x1,...,2,) € X", ¥y 2 (y1, .., yn) €V", and z = (21, ..., 2,) € Z™.
An (n, M, N) multi-user code for a given MAC, W, is a set C = {(x;,y;,D;;) : 1 <i < M,1 <j < N} with

o x; € X", y; € yr, Dij czZr

e DijN Dyy =@ for (i,5) # (i',5').



When message (4, 7) is transmitted, the conditional probability of error of the two-user code C is given by

eij (C, W) £ W™(D5;1%i,y;)- (5)

The average probability of error for the two-user code, C, is defined as

1 M N
(CW) 2 =33 ey (C.W). (6)

i=1 j=1

Definition 4. For the MAC, W : X x Y — Z, the average error exponent at rate pair (Rx, Ry ), is defined as:

1
Ef (Rx,Ry) = limsup max —— loge(C, W), (7)

n—oo CE€Cm n

where Cpr is the set of all codes of length n and rate pair (Rx, Ry). The typical average error exponent of an

ensemble C, at rate pair (Rx, Ry ), is defined as:

1
ET (Rx,Ry) £ liminflimsup  max min —— loge(C, W), (8)
0—0 poco CCC:P(C)>1-6 CeC N

where P is the uniform distribution over C.

3 Point to Point: Lower Bounds on reliability function

3.1 Packing functions

Consider the class of DMCs with input alphabet A and output alphabet ). In the following, we introduce
a unified way to derive all known lower bounds on the reliability function of such a channel. We will follow
the random coding approach. First, we choose a constant composition code ensemble. Then, we define a
packing function, 7 : C x P(X x X) — R, on all codebooks in the ensemble. The packing function that we
use is the average number of codeword pairs sharing a particular joint type, Vy ¢. Specifically, for P € P, (X),

Vig € Pu(X x X), and any code C' = {x1,Xa,...,xpr} C Tp, the packing function is defined as:

M
RO Vi) = 37 30 S Iy (ki) 9)
i=1 j#i
We call this the first order packing function. Using this packing function, we prove three different packing
lemmas, each of which shows the existence of a code with some desired properties.

In the first packing lemma, tight upper and lower bounds on the expectation of the packing function over the
ensemble are derived. By using this packing lemma, upper and lower bounds on the expectation of the average
probability of error over the ensemble are derived. These bounds meet for all transmission rates below the
critical rate?. In the second packing lemma, by using the expectation and the variance of the packing function,
we prove that for almost all codes in the constant composition code ensemble, the bounds in the first packing

lemma are still valid. By using this tight bound on the performance of almost every code in the ensemble, we

2This is essentially a re-derivation of the upper and lower bounds on the average probability of error obtained by Gallager in a,

different form. The present results are for constant composition codes.



provide a tighter bound on the error exponent which we call the “typical” random coding bound. As we see later
in the paper, the typical random coding bound is indeed the typical performance of the constant composition
code ensemble. In the third packing lemma, we use one of the typical codes and eliminate some of its “bad”
codewords. The resulting code satisfies some stronger constraints in addition to all the previous properties. By
using this packing lemma and an efficient decoding rule, we re-derive the well-known expurgated bound.

To provide upper bounds on the average error exponents, such as those given below in Fact 1 and Theorem 1,
for every Vy¢¢ € Pp (X x X x X), we define a second packing function A : € x P(X x X x X) — R on all

codes in the constant composition code ensemble as follows:

AMC Vygx) é MZZ Z 1Tv lexjvxk) (10)

i=1 j#i k#i,j
We call this the second order packing function. As it is clear from the definition, this quantity is the average

number of codeword triplets sharing a common joint distribution in code C.

3.2 Relation between packing function and probability of error

First, we consider the decoding rule at the receiver, and secondly we relate the average probability of error to
the packing function.
Decoding Rule: In our derivation, error probability bounds using maximum-likelihood and minimum-entropy
decoding rules will be obtained in a unified way. The reason is that both can be given in terms of a real-
valued function on the set of distributions on X x ). This type of decoding rule was introduced in [25] as the
«a — decoding rule. For a given real-valued function «, a given code C, and for a received sequence y € V", the
«a — decoder accepts the codeword x € C for which the joint type of X and y minimizes the function «, i.e., the
decoder accepts x if

X = rgmelnoz(P Vylx)- (11)

It was shown in [25] that for fixed composition codes, maximum-likelihood and minimum-entropy are special

cases of this decoding rule. In particular, for maximume-likelihood decoding,
a(P-V)=DV||W|P)+ H(V|P), (12)

and for minimum entropy decoding,

a(P-V)=H(V|P), (13)
where P is the fixed composition of the codebook, and V' is the conditional type of y given x.
Relation between probability of error and packing function: Next, for a given channel, we derive an
upper bound and a lower bound on the average probability of error of an arbitrary constant composition code
in terms of its first order and second order packing functions. The rest of the paper is built on this crucial

derivation. Consider the following argument about the average probability of error of a code C' used on a channel
w.

e(C, W) = ZW" D{lx;) = Y ZW" ({y: (P Vypx,) > a(P - Vyx,) for some j # i} [x;)
i=1
M
- <2n[D<VY|xW|P>+Hv<YX>1 Z Ve ey C) ) 7 (14)
Vxxy€P, =1



where P}, and A; (Vy ¢y, C) are defined as follows
P2 {Vigy €PalX x X x V) Vi = Vg = P, a(P-Vy5) < al(P,Vaix) |
A; (Vi gy, C Hy (xi,x5,y) € Ty, onrsomej#i}‘.

From the inclusion-exclusion principle, it follows that A;(Vy ¢, C) satisfies

Bi(VX)ZyaC) - Ci(vayvc) < A ( XXYvC) < Bz‘(VX}ZyaC)7

where
Bi(Vy ¢y, C ZlTv (xi,%;5) Hy yETVY‘XX(Xi,xj)} ,
J#i
Ci(Vyzy,C) = Z Z lTV (x4, X 1TV (Xi,Xk) Hy ye TleXX(XmXJ) mTVY‘XX(Xian)}’~
J#i k#i,j

Next, we provide an upper bound on the second term on the right hand side of (14) as follows.

1Y 1 Y
M ZAz (VXXYv C) < M Z Bz (fo(yv C)

i=1 i=1

M
1
= MZ Lry (% %5) Hy 1y € Tvy‘x)?(xuxj)}’

< ﬁ i doln (x;,3;) 2" H Y IXX)
= 71(C, Vi )2 H XX
On the other hand
{y : (xi,x;,y) € Ty, forsome j #i} C Ty, (i),

so we can conclude that

M
% > Ai(Vy gy, C) < 2mvIX0,
i=1

(20a)

(20b)

(20c¢)

(20d)

(22)

Combining the above with (14), we have an upper bound on the probability of error in terms of the first order

packing function as follows.

clCw)y< S 2 nPOxIWIP iy {2*”’“5‘”')%(0, Vi), 1}
VX}ZYGP;

(23)

Next, we consider the lower bound. For that, we provide a lower bound on B; and upper bound on C; as

follows.

Vizy:C MZZlTV (xi,%5) {y YETVYlXX(Xi,Xj)}
i=1 j#i

(C V )2n [H(Y|XX)— 6]

nM:



and

1
M Ci(VXX'Yv C)

[n

1

M
ZZ Z ry (%) (i, Xk) Hy 1y €Ty, ¢ (Xix5) 0 TVY‘X;((Xink)H

i=1 j#i k#i

7

1

=

M
- Z %ZZ Z lTVX;?J%(Xi’Xj7Xk)){y:yeTvy\xf(}"((Xi’XjﬂXk)}’

Vxxxy: =1 j#i k#i,j
Vixy=Vxxvy
< Z onHYIXXX) N0V, 2 ) (25)
Vxzxy:

Vxxv=Vxxy

Combining (14), (24), and (25) we have the following lower bound on the average probability of error.

+
e(C, W) > Z o=n[D(Vy | x||W|P)+Iv (XAY|X)+d] 7(C, Vi) — Z Q—N[IV(XAY|XX)])\(C, Vizx)
Vxxy€Pn Vigxy:
Vxxy=Vxxvy
(26)

Observe that these upper and lower bounds apply for every code C. We have accomplished the task of relating
the average probability of error to the two packing functions. The key results of this subsection are given by

(23) and (26). Next we use the packing lemmas to derive the bounds on the error exponents.

3.3 Random Coding Packing Lemmas

Lemma 1. (Random Coding Packing Lemma) Fiz R > 0, 6 > 0, a sufficient large n and any type P of
sequences in X" satisfying H(P) > R. For any Vy ¢ € Pn(X x X), the expectation of the first order packing

function over the constant composition code ensemble is bounded by

2n(R,[V(X/\)2),§) S E (7T(XM )) S 2n(R7[V(X/\)~()+5), (27)

vVXX

where XM 2 (X1, Xo, ..., Xp) C Tp are independent and X;s are uniformly distributed on Tp, and on(R=0) <

M < 2"E. Moreover, the following inequality holds for the second order packing function:
E(MXM Vy ¢ ¢)) < 2BR-IVXAX) =Ty (XAXX)440] forall Vg € Pu(X x X x X).  (28)

Proof. The proof follows directly from the fact that two words drawn independently from Tp have a joint type
Vy ¢ with probability close to 2 (XAX) The details are provided in the Appendix. O

Lemma 2. (Typical Random Code Packing Lemma) Fix R > 0, 6 > 0, a sufficient large n and any type
P of sequences in X™ satisfying H(P) > R. Almost every code, C*t, with 2"(B=%) < M < 2"% codewords, in the

constant composition code ensemble satisfies the following inequalities
on[R—1Iv (X AX)—24] < W(Ct7VX)~() < on[R—Iv (X AX)+24] for all Vi ¢ € Po(X x X), (29)

and
ACH, Vg g) < 2nBR-IV (XA~ Iy (XAXX) +49] for all Vi ¢ ¢ € Pp(X x X x X). (30)



Proof. The proof is provided in the Appendix. In the proof, we evaluate the variance of the packing function
and use Chebyshev’s inequality to show that with high probability the packing function is close to its expected

value. O

Lemma 3. (Expurgated Packing Lemma) For every sufficiently large n, every R > 0, § > 0 and every type
P of sequences in X™ satisfying H(P) > R , there exists a set of codewords C** = {X1,Xa,...,Xp+ } C Tp with

M* > 2”(2_6) , such that for any Vy ¢ € Pp(X x X),
7(C%, Vi ) < 271(R—1V(X/\5()+25)’ (31)
and for every sequence x; € C*,
Ty, (%) NC| < gr(R-Iv(XAX)+25), (32)

Proof. The Proof is provided in the Appendix. The basic idea of the proof is simple. From Lemma 1 we know
that for every Vy ¢, there exists a code whose packing function is upper bounded by a number that is close to
9n(B—Iv(XAX))  Since the packing function is an average over all codewords in the code, we infer that for at
least half of the codewords, the corresponding property (32) is satisfied. In the Appendix, we show that there

exists a single code that works for every joint type. O

3.4 Error Exponent Bounds

Now, we obtain the bounds on the error exponents using the results from the previous three subsections. We
present three lower bounds and two upper bounds. The lower bounds are the random coding exponent, typical
random coding exponent and expurgated exponent. All the three lower bounds are expressed as minimization
of the same objective function under different constraint sets. Similar structure is manifested in the case of

upper bounds. For completeness, we first rederive the well-known result of random coding exponent.

Fact 1. (Random Coding Bound) For every type P of sequences in X™ and 0 < R < H(P), 6 > 0, every
DMC, W : X — Y, and 2ME=9) < M < 2"E_ the expectation of the average error probability over the constant

composition code ensemble with M codewords of type P, can be bounded by

9~ nlEL(RPW)+30) <« B < 27n[ET(R,P,W)725]’ (33)

whenever n > ny (|X], |V|,§), where

E.(R,P,W) £ min_ D(Vyx|[W|P)+ |[Iv(X AXY) - R|T, (34)
VXXYGP,
E.(R,P,W) 2 min _ D(Vyx|[W|P) + Iy(X A XY) — R, (35)
VX)'(YG'PT:
Iv(XAXY)>R
and
Pr2{Vygy EP(X XX xY):Vx =V =P, a(P,Vyg) < a(P,Vyx)}. (36)

In particular, there exists a set of codewords C" = {x1,Xa,...,xp} C Tp, with M > 27(B=9) " such that for every
DMC, W : X = Y,
e(CT, W) < o—n[E(R,P,W)-30] (37)

10



Proof. The proof is straightforward and is outlined in the Appendix. O

It is well known that for R > R, the random coding error exponent is equal to the sphere packing error

exponent, and as a result the random coding bound is a tight bound. In addition, the following is true.

Corollary 1. For any R < R,

max FE,.(R,P,W)= max E.(R,P,W). (38)
PEP(X) PEP(X)
Proof. The proof is provided in the Appendix. O

Next we have an exact characterization of the typical performance of the constant composition code ensemble.

Theorem 1. (Typical random Coding Bound) For every type P of sequences in X™, § > 0, and every
transmission rate satisfying 0 < R < H(P), almost all codes, C* = {x1,X2,...,xp} with x; € Tp for all i,
M > 27(E=9) * satisfy

9—nlBrr(R,PW)+46] < e(Ct, W) < 9-nlEr(R.PW)=33] (39)

for every DMC, W : X — Y, whenever n > ny(|X|,|Y|,08). Here,

Er(R,P,W) 2  min_ D(Vyx|[W|P) + |[Iv(X A XY) — R|T, (40)
xxy€P?
Ero(RPW) £ min_ D(Vyx|[WIP)+ Iv(X AXY) - R, (41)
VXJ“(Y Pt
Iv(XAXY)>R
where
P2 {Vigy €EPX XX XY): Vx =V =P, Iv(X A X) <2R, a(P,Vy3) < a(P, Vyx)}- (42)
Proof. The proof is provided in the Appendix. O

In Theorem 1, we proved the existence of a high probability (almost 1) collection of codes such that every
code in this collection satisfies (39). This provides a lower bound on the typical average error exponent for
the constant composition code ensemble as defined in Definition 2. In the following, we show that the typical

performance of the best high-probability collection cannot be better than that given in Theorem 1.

Corollary 2. For every type P of sequences in X™, 6 > 0, and every transmission rate satisfying 0 < R < H(P),
Er(R,P,W) < EL (R) < Erp(R,P,W), (43)

for the constant composition code ensemble.

Proof. The proof is provided in the Appendix. O

Clearly, since the random coding bound is tight for R > R..;:, the same is true for the typical random coding

bound. For R < R..;; we have the following result.

Corollary 3. For any R < R¢rit,

max FErp(R,P,W)= max Er(R,P,W). (44)
PEP(X) PeP(X)

11



Proof. The proof is very similar to that of Corollary 1 and is omitted. O

It can be seen that the typical random coding bound is the true error exponent for almost all codes, with
M codewords, in the constant composition code ensemble. A similar lower bound on the typical random coding
bound was derived by Barg and Forney [13] for the binary symmetric channel. Although the approach used here
is completely different from the one in [13], in the following corollary we show that these two bounds coincide

for binary symmetric channels.

Corollary 4. For a binary symmetric channel with crossover probability p, and for 0 < R < Repit
ET(R7 P7 W) = ETRC (R)? (45)
where Erpc is the lower bound for the error exponent of a typical random code in [13].

Finally, we re-derive the well-known expurgated error exponent in a rather straightforward way.

Fact 2. (Expurgated Bound) For every type P of sequences in X™ and 0 < R < H(P), 6 > 0, there exists a

set of codewords C°* = {x1,Xa,...,Xp+} C Tp with M* > 2n(§75) , such that for every DMC, W : X — Y,
e(C, W) < 2~ "lBea(RPW)=35] (46)
whenever n > ny(|X|,|Y|,0), where
Eo(R,P,W)2 min  D(Vyx||[W|P)+ [Iy(X ANXY) - R|T (47)

xxyEP”

where
Peré{VX;(YEP(XXXXy): Vx =V =P, Iy(X AX) <R, a(P,VY‘X)Sa(P,VwX)} (48)
Proof. The proof is provided in the Appendix. O

Note that none of the mentioned three bounds have their “traditional format” as found in [12], [9], but rather
the format introduced in [25] by Csiszar and Korner. It was shown in [25] that the new random coding bound
is equivalent to the original one for maximum likelihood and minimum entropy decoding rule. Furthermore, the
new format for the expurgated bound is equivalent to the traditional one for maximum likelihood-decoding and

it results in a bound that is the maximum of the traditional expurgated and random coding bounds.

4 MAC: Lower Bounds on reliability function

Consider a DM-MAC, W, with input alphabets X and ), and output alphabet Z. In this section, we present
three achievable lower bounds on the reliability function (upper bound on the average error probability) for this
channel. The method we are using is very similar to the point-to-point case. Again, the goal is first proving
the existence of a good code and then analyzing its performance. The first step is choosing the ensemble. The
ensemble, C, we are using is similar to the ensemble in [20]. For a fixed distribution, Py Px v Py v, the codewords
of each code in the ensemble are chosen from Tp,, (u) and T, ,(u) for some sequence u € T, . Intuitively,

we expect that the codewords in a “good” code must be far from each other. In accordance with the ideas of
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Csiszar and Korner [12], we use conditional types to quantify this statement. We select a prescribed number
of sequences in X™ and Y™ so that the shells around each pair have small intersections with the shells around
other sequences. In general, two types of packing lemmas have been studied in the literature based on whether
the shells are defined on the channel input space or channel output space. The packing lemma in [19] belongs to
the first type, and the one in [20] belongs to the second type. All the inequalities in the first type depend only
on the channel input sequences. However, in the second type, the lemma incorporates the channel output into
the packing inequalities. In this work, we use the first type. In the following, we follow a four step procedure
to arrive at the error exponent bounds. In step one, we define first-order and second-order packing functions.
These functions are independent of the channel statistics. Next, in step two, for any constant composition
code and any DM-MAC, we provide upper and lower bounds on the probability of decoding error in terms of
these packing functions. In step three, by using a random coding argument on the constant composition code
ensemble, we show the existence of codes whose packing functions satisfy certain conditions. Finally, in step four,
by connecting the results in step two and three, we provide lower and upper bounds on the error exponents. Our
results include a new tighter lower bound on the error exponent for DM-MAC using a new partial expurgation
method for multi-user codes. We also give a tight characterization of the typical performance of the constant
composition code ensemble. Both the expurgated bound as well as the typical bound outperform the random

coding bound of [20], which is derived as special case of our methodology.

4.1 Definition of Packing Functions

Let Cx = {x1,X2,...,Xny } and Cy = {y1,y2, ..., Y;m, } be constant composition codebooks with x; € TpX‘U(u)
and y; € TpY‘U(u), for some u € Tp,. In the following, for a two-user code C = Cx x Cy, we define the

following quantities that we will use later in this section.

Definition 5. Fiz a finite set U, and a joint type Vi vy 5y € Pu(U x (X x Y)?). For code C, the first-order

packing functions are defined as follows:

| Mx My
Ny (C,Vyxy) & ity 2 Zl lry,  (0,xi,55), (49a)
o
Nx(CVyxyx) = Mxdy Z; z; kz lry (WX, y5,Xk), (49b)
e
Ny (C,Vyxyy) = m;;;lﬂ/{]xy{/ (W,Xx4,¥5,¥1)s (49c)
Nxv(C,Vyxyzy) £ MMy Z Z Z Z Iy (WX, ¥, Xk, Y1) (49d)

i=1 j=1 k#i I#£]

Moreover, for any Vi, vy 5y 3¢y € Pn (L{ x (X x JJ)?’), we define a set of second-order packing functions as
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follows:

1
Ax(C, Vyxyxx) < Mx My Z Z Z lTvuxy).(X (W, %4,y Xk, X ), (50a)
i kFi K ik

1
Mx My DD Ay, (WX YY), (50Db)

6,J U#5 U#4,1

1
mzz Z lTvuxyX?)'(Y(u7xi’yj’xk’yl7xkl?yl/)' (50(3)
1,J kF K ik
#7151

(1>

Ay (C, VUXYY/Y)

[l

Axy(C,Vixyzyxy)

The second-order packing functions are used to prove the tightness of the results of Theorem 2 and Theorem 3.
Next we will obtain upper and lower bounds on the probability of decoding error for an arbitrary two-user code

that depend on its packing functions defined above.

4.2 Relation between probability of error and packing functions

Consider the multiuser code C' as defined above, and a function @ : P(U x X x Y x Z) — R. Taking into account

the given u, a-decoding yields the decoding sets

Dij ={z: a(Paxiy,z) < &(Paxyy,z) for all (k1) # (i,5)} . (51)

The average error probability of this multiuser code on DM-MAC W, can be written as

1 n c
e(C,W) = YT ZW (D§;1xi,¥5)
4,J

1 1 1
= Wn Dy Xi Y + Wn Dz Xi Y + Wn D Xi Yi)-
1#]

(52)
The first term on the right side of (52) can be written as
1

MLy ; W"(gi Dyjlxi,y5)

1
Mx My Lz]: Wn( {Z a(Pux,y;z) < (Puxy;a), for some k # Z} |U7Xi’Yj)

= MX1MY Z Z W™ (z|lu, x;,y;)

i,j z:
a(Pwakvy]‘:Z)Sa(Pu,xisijZ)
for some k#1i

1 n
= MXMY Z Z Z 1TVUXY)~(Z(uaXi7yj7Xkaz)W (Z|u7xiayj)

7 Vuxyxz€V%n

z:
O‘(Pu.xk,yjVZ)SQ(Pu,xi,,yJwZ)
for some k#1i

n 1
= Z 2 [D(VZ‘XYU||W‘VXYU)+HV(Z‘XYU)] . |:MXMY 12]: lTVUXY (uv Xy Yj) : AZ),(j (VUXYXZ7 C) :| )

Vixyxz€VXm

(53)
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where

A (Vuxyxz0) = {z: (0, xi,y5, %5, 2) € Ty, ., for some k # i} |

Vin = {Vuxyzz  a(Vuxyz) > a(Vyzy 2), Vox = Vyx = Pux,Voy = Poy}.

(54)
Note that VY , is a set of types of resolution n, therefore, we use a subscript n to define it. Similarly, the second
and third term term on the right side of (52) can be written as follows:
1 n
Mx My ;W (ZL#J Dalxi,y5)
; J

2.

Y 1
9 [D(VZ‘XYUHWWXYUHHV<z\xyv>1,[m S n, ., (Wxiy;).AY (VUXY?Z,C)}, (55)
VbXY?ZEV;n %,J
where
AL Vuxyyvz:C) 2 {2 (w,xi,y5.y1,2) € Ty, o for some | # j}|
VW & (Vuxyyz : a(Vuxyz) 2 a(Vyxy ), Vux = Pox,Voy = Vg = Puv}, (56)
and,
1
wn D Xi Y
eay S0 D)
1#]
3 9—nID(Vz xyullW|Vxyu)+Hy (Z|XYU)] [
Vuxyxvz€V%vn

1 XY
A[XAA,E:]qun(u”X“Yj)ALJ(VbXYX?Z7C)}
2,7

(57)
where
Ai)ij Vuxyxvz 0) L ’{z C(w, x4, Y5, Xk, y1,2) € Ty, oo for some k # i,1 # ]}’
Vv & Voxyxvz : aVoxyz) > aVygyz), Vox = Vyx = Pux, Vuy = Vyy = Pov}- (58)
Clearly, AY; (Vi xy x z) satisfies
Bsz (VUXY)ZZa C) - Cng (VUXY)ZZa C) < Af(g (VUXYXZa C) < B’;Xj (VUXYXZv C) ) (59)
where
X
%,J

(VUXYXZ7C) = Z 1TVUXY)"( <u7Xi7yj’Xk)"{Z S TVZ\UXY)"( <u7xi7yjaxk}
k#i

OzXJ (VUXYXZvC) 2 Z Z 1,

UXYX
k#i k'#k,i

; (60)

(u7 Xis yj,xk)lTVUXYf( (ua XiyYis Xk/)

fz:z€ TV, ey < (WX, ¥ Xp) 0 TVZ\UXY)_((u7xi’yj’Xk,)}|' (61)
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Having related the probability of error and the function B;Y;, BY; and B;Y}"", our next task is to provide a simple

upper bound on these functions. This is done as follows.

1
MMy Z TVUXY(U XuYJ)B  (Voxyiz:C)

MxMyZZ TVUXYX(u waj7xk) {Z ZETVZ‘UXYX(uaxiayﬁXk)}’

i,j k#i
2nH(Z|UXYX) .
MXMYZZ Tv (uXaYJ7Xk)
0,j k#i

Similarly, we can provide upper bounds for BY and BX Y Moreover, we can also provide trivial upper bounds

on A(-) functions as was done in the point-to-point case.

AX v, C) < onHy (Z|XYU)

UXYZXZ»
The same bound applies to AY and AXY . Collecting all these results, we provide the following upper bound on

the probability of error.

e(C,W) < Z 9= n[D(VzixyullWIVxyu)l ipin {Q*WIV(X/\ZLXYU)NX(C, VUXY)?)7 1}

Vixyxz
VX

+ Y 2 D(VZ\XYUHWIVXYU)]min{Q—HIV(Y/\ZP(YU)NY(C)VUXYY/)71}

VUXYYZ

GVYn

n Z 9= n[DVzixyullWIVxyu)l 1hin {27MV(XY/\ZIXYU)NXY(C’ VUXYX?)’ 1} (63)
VUXYXYZ

EVXY n

Next, we consider lower bounds on B(-) functions and upper bounds on C(+) functions. One can use a similar
argument to show the following
MxMy Z Tvyxy (u, Xz,YJ)B Voxyxz:C) 2 QR[H(ZlUXYX)fé]NX(Cv Vuxyx)-

Similar lower bounds can be obtained for BY and BXY. Moreover, we have the following arguments for bounding
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from above the function C¥X.

1 X
m ZZJ: ]'TVUXY (0,%,y5) - Ci,j (Vuxw”(z)

1
= MXMY E 1TVUXY (11, X?nY]) E E ITVUXYX (ua Xi7yj7xk)1TvuxY}? (u7xiayjaxk/)
inj ki k' Ak

' HZ z < TVZ|UXYX (u, Xi7ijxk) N TVZ\UXYX (uaX17Yj7Xk’)}’
MXMY Z Z Z Z Tvxvxx u’Xi’yj’xhxkl) ‘{Z s TVZIUXYXX (U7X¢,yj',Xk,Xk/)H

Voxyxxz: ki k' #k,t
VUXYXZ_ UXYXZ

< Z onH(Z|UXY XX MXMY ZZ Z v g (W, X, Y, Xpgy Xir)

Voxyxxz i,J k#i k'#k,i
Voxyxz=Vuxvyxz
_ nH(ZIUXY XZX) L
= E 2nH izl AX(C’VUXYXX)' (64)
Vuxyxxz:
Vv

UXYXZTYUXYXZ

Similar relation can be obtained that relate C¥ and Ay, CXY and Axy. Combining the lower bounds on
B(-)-functions and upper bounds on C(-)-functions, we have the following lower bound on the probability of

decoding error.

e(C,W)
+
> Z 9= UDVz xyullWViyu)+Iv (XAZIXYU)+6] |y Z gl (XAZIUXYX) 5
VUXTYXZ Voxyzxxz:
EVX.n Voxyxz=Vuxyxz
+
+ E 2—H[D(VZ‘XYUHW|VXYU)+Iv(Y/\Z|XYU)+5] NY _ E znl(Y/\Z‘UXYY)AY
VUX}_"PZ Vuxyyyz:
€VY,n Voxyyz=Vuxyvz
+
n Z 9DV ixvulWIVayv)+Iv (XY AZIXYU)4] | N o Z gl (XYAZIUXYXV) A
VUX?{}"(}.’Z Vuxyxxyvz:
EVxyvn Vioxyxvz=Vuxyxvz
(65)

This completes our task of relating the average probability of error of any code C' in terms of the first and the
second order packing functions. We next proceed toward obtaining lower bounds on the error exponents. The
expressions for the error exponents that we derive are conceptually very similar to those derived for the point-
to-point channels. However, since we have to deal with a bigger class of error events, the expressions for the
error exponents become longer. To state our results concisely, in the next subsection, we define certain functions
of information quantities and transmission rates. We will express our results in terms of these functions. The
reader can skip this subsection, and move to the next subsection without losing the flow of the exposition. The

reader can come back to it when we refer to it in the subsequent discussions.
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4.3 Definition of Information Functions

In the following, we consider five definitions which are mainly used for conciseness.

Definition 6. For any fix rate pair Rx, Ry > 0, and any distribution Vi; vy 33 € P (Z/l x (X x y)2), we define

FU(Vny) £ I(X /\Yv|Uv>7 (663.)
Fx(Vyxys) 2 IIXAY|U) + Iv(X A XY|U) — Rx, (66b)
Fy(Vyxyy) 2 X AY|U)+1(Y AXY|U) - Ry, (66¢)
Fxy(Vyxysy) 2 IXAYU)+ (X AY|U) + (XY AXY|U) — Rx — Ry. (66d)

Moreover, for any Vi, vy sy xy € P (U x (X x V)?), we define
E¥(Vyxysg) 2 IXAXYX|U)+ (X AXY|U)+I(X ANY|U) - 2Rx, (67a)
EY(Vyxyse) 2 IV AXYY|U)+I(Y AXY|U) + (X AY|U) — 2Ry, (67b)

Eg‘(Y (VUXYXY/XY) =

IXYANXYXY|U)+ (XY AXY|U)+ (X AY|U)+ (X AY|U)+ (X AY|U) - 2Rx — 2Ry. (67c)

Definition 7. For any given Rx, Ry > 0, Pxyy € P (X x Y xU), we define the sets of distributions Vi, Vi

and V- as follows:

Vi & (Vuxvxz:aVoxvz) 2 a(Vygy ) Vox = Vyx = Pux,Voy = Puv}, (68a)
Vi 2 (Vuxyyz :a(Vuxyz) 2 a(Vyxyz), Vox = Pox, Voy = Vyy = Puv}, (68b)
Viy £ VoxyvxyvzalVuxyz) = (V vz Vox =Vyg = Pux,Voy = Vyy = Puv}. (68c)

r,L r,L r,L . . .
Moreover, V™, Vy~ and Vyy are sets of distributions and defined as

VR 2 Vixyss € Vi IR AXYZIU) > Rx ), (692)
Vo 2V oyp, €V IV AXYZIU) > Ry b, (69D)
Vit 2 {Vixy vz € Viy  IXY AXYZ|U) + I(X AY) = Rx + Ry | (69¢)

Definition 8. For any given Rx, Ry >0, Pxyy € P (X x Y x U), we define the sets of distributions V¥, VL,
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and VL as follows

<N
>

<~
(1>

Voxyx: Vxuv=Vgy=PFPxv,VWwuv="Pru
Fo(Vuxy), Fu(Viygy) < Rx + Ry
Fx(Vyxyx) < Bx + Ry
a(Voxyz) 2 a(Vygyz)
Voxyy: Vxu =Pxuv,VWwu =Vyy = Pru
Fo(Vuxy), Fu(Vyxy) < Rx + Ry
Fy(Vyxyy) < Rx + Ry

T,L
V.

T,L
Moreover, V7™, Vs

, and

a(Vuxyz) 2 a(Vyxyz)

Vuxy ey : Vxu =Vzy = Pxu,Vvv = Vyy = Pyu

Fo(Vuxy), Fv(Vy sy ), Fu(Vyxy ) Fu(Vy 3y) < Rx + Ry
Fx(Vuxyx), Fx(Vyxyx) < Rx + Ry
Fy (Vyxyy), Fy Vpgyy) < Bx + Ry
Fxy(Vpxyxv), Fxy(Vpgyxy) < Bx + Ry
a(Vuxyz) 2 ae(Vyxyz)

V):C}é are sets of distributions and defined as

VPR 2 {Vuxyxz € VE IR AXYZ|U) 2 Ry},

T,
VY

vy

L a

{VUXYY/Z €Vy: I(?AXYZ|U) > RY},

La {VUXYX?Z e VI, (XY AXYZIU)+ I(X AY) > Ry + Ry} .

(70a)

(70b)

(70¢)

(71a)
(71b)

(71c)

Definition 9. For any given Rx,Ry > 0, Pxyy € P (X x Y xU), we define the sets of distributions VE
V¥, and Vs as follows

154

ex
3%

er A
VXY -

(1>

[I>

VUXY

Voxyx: Vxu = Vixy = Pxu, Vwu = Pyu
Fo(Vuxy), Fu(Vy zy) < min{Rx, Ry}
Fx(Vyxyx) < min{Rx, Ry}
aVuxyz) > a(Vygyz)
Vixyy - Vxu = Pxu,Vyv = Vs = Pyu
Fo(Vuxy), Fu(Vyxy) < min{Rx, Ry}
Fy (Vyxyy) < min{Rx, Ry}
a(Vuxvz) =2 a(Vyxyz)

e Vxv =Vgzy = Pxu,Wwu = Vyy = Pyu
Fy(Voxy), Fu( ny), v(Vuxy) Fu(Vyxy) < min{Rx, Ry}
FX( v Fx(Vyxy ) <min{Rx, Ry}
Fy (Voxyy ), Fy (Vi gyy) < min{Rx, Ry }
v),

Fxy(Viygyxy) < min{Rx, Ry }
aVuxyz) 2 ao(Vyzgy )

Fxy(Vixyxy
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Definition 10. For any given Rx,Ry > 0, Pxyy € P(X x Y xU), and V; vy 5y € P (Z/{ x (X x y)Z), we
define the following quantities

Ex(Rx,Ry, W, Pxyu,Vyxyx) = D(VzixyulW|Vxyu) + Iv(X AY|U) + [I(X AXYZ|U) — Rx|T, (73a)
Ey(Rx,Ry. W, Pxyu,Vyxyy) 2 D(VzixyullW|Vxyu) + Iv (X AY|U) + |[I(Y AXYZ|U) — Ry|", (73b)
Exy(Rx,Ry, W, Pxyu,Vyxyxy) =
D(VyixyulWVxyv) + (X AY|U) + [[(XY AXY Z|U) + Iv(X AY|U) — Rx — Ryt (73c)
Moreover, we define
Iy(X AY|U)+I(X ANXYZ|U) - Rx, (7T4a)
(X AY|U)+I(Y AXYZ|U) — Ry,  (74b)

E%(Rx, Ry, W, Pxyu,Vyxyx) = D(VzxyullW|Vxyu) +

Ey(Rx, Ry, W, Pxyu, Vyxyy) £ DVzixyullW|Vxyo) +

E%y(Rx, Ry, W, Pxyu, Vi xy 557) =
D(VzixyulW|Vxyu) + Iv(X AY|U) + I(XY AXYZ|U)+ Iv(X AY|U) = Rx — Ry, (T4c)

and,
Eg(RX7Ry,VV,PXYU,VE) =S min Eg(Rx,Ry,WPXYU,VUXYB) (75&)
Voxysz€VE
Eg’L(RX, Ry, W, Pxyy,V§) & min Ef(Rx, Ry, W, Pxyu, Vuxys) (75b)
VUXY[}ZEV;L,L

forae{r, T ex}, and 8 € {X,Y, XY}.

4.4 Packing Lemmas

As we did in the point-to-point case, here we perform random coding and derive bounds on the packing functions.
The results will be stated as three lemmas, one for the average and one for the typical performance of the
ensemble, and finally one for the expurgated ensemble. These results will be used in conjunction with the
relation between the packing functions and the probability of error established in Section 4.2 to obtain the

bounds on the error exponents.

Lemma 4. Fix a finite set U, Pxyy € Pp(X x Y X U) such that X —U —Y, Rx >0, Ry >0, § > 0,
n(Bx=0) < My < 2nfix on(By=9) < My < 2"By gnd u € Tp,. Let XMx & (X1, Xy, ... Xar } and
YMy 2 {V1,Ys,...Yun, } are independent, and X;s and Yjs are uniformly distributed over Tpy,, (u) and
Tpy ., (u) respectively. For every joint type Vi xy 5y € Pl x (X x V)?), the expectation of the packing

functions over the random code XMx x YMy qare bounded by

9=nlFu (Vuxy)+3] < ]E{N (XMX 5 YMY Vi oy } < 9Py (Voxy)=23] (762)
9= nUFx (Vi xy 5)+36] < IE[N (XMx x Yy My y )} 9= nlFx (Vyxy x) =48] (76b)
9= Py (Vyxys)+30] < E[Ny(XMX xYMY y o) n(Fy (Vyxys)=49] (76¢)

9=nlFxy (Vyxy x3)+40] < ]E{NXY(XMX % YMY’VUXYXY)} < 9~ nlFxy (Vuxy sv)—46] (76d)

20



whenever n > no(|U|, |X1],|Y|,6). Moreover, for any Vi, vy sy vy € PnUd x (X x V)3)

E{AX(XMX XYM Vixyx X)] < 27 (P Vv ) =00), (77a)
E[AY(XMX x Y M VUXYYY>] < Q_R(Eg(VUXY‘?’})_M), (77b)
E{AXY(XMX % YMY’VUXYXYXY)} =2 n(Eee UXYXYXY)?G&)’ (77¢)
whenever n. > no([U|, | X], |V, ).
Proof. The proof is provided in the Appendix. O

Lemma 5. Fiz a finite set U, Pxyy € Pp(X x Y X U) such that X —U —Y, Rx >0, Ry >0, > 0,
on(Bx—=0) < Ny < onfix on(By—=0) < Nfy, < 97By  gpdu e Tp, . Almost every multi-user code C' = CX x Cy,
Cx = {x1,%X2, ..., X0x } C Tpy,(0) and Cy = {y1,y2,..,¥ymy } C Tp,,(u), in the constant composition code

ensemble, C, satisfies the following inequalities:

27n[Fu(Vny)+35] g NU(C, VUXY) S 27n[Fu(VU)(y)735]’ (783,)
2_"[FX(VUXYX)+55] < NX(C’ VUXY)E') < 2_n[FX(VUXYX)_56] (78b)
2—’IL[FY(VUXy{/)+55] < Ny(C VUXYY) <2- n[Fy (Voxyxv)— 55] (780)
9~ n[Fxy (Vyxyxv)+59] < Nxvy(C, VUXYXY) <92” nFxy(Vyxyxy)— 55]’ (78d)
for all Vi vy 5y € Pu(U x (X x V)?), and

Ax(CVyxygx) <27 (B Vi) =59), (79a)
Ay (C Vi yypg) <27 n(BS (Vuxysy)=59) (79b)
Axy(C, Vyxygysy) <27 MBS Vi 5£)T0) (79¢)

for all Vi, vy 5y %5y € Pn (Z/{ x (X x y)3), whenever n > no(|U], | X|, |V], ).
Proof. The proof is provided in the Appendix. O

Lemma 6. For every finite set U, Pxyy € Pn(X x Y X U) such that X —U —Y, Rx >0, Ry > 0,
§d > 0, and u € Tp,, there exist a multi-user code C* = C% x Cy, C% = {XI,XQ,...,XM)*(} - TpX‘U(u)
on(Rx =)

and Cy = {y1,y2, - ¥Ymy } C Tpy, (0) with My > >, My > QH(RQY%), such that for every joint type
Vixyxy € Pald x (X x V)?),

Ny (C*, Vyxy) < 27 nFu(Vuxy)—69] (80a)
Nx(C*,\Vyxyx) <27 n[Fx (Vy xy x)—69] (80D)
Ny (C*, Vi yyy) < 27 Y Voxeyy) =60l (80¢)

Nxy (C*, Vi xy gy) < 27" Woxyxy) =69 (80d)
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and for any 1 <i < M%, and any 1 < j < My,

1TVUXy (11, Xi, Yj) < 27n[FU(VUXY)*min{RX,RY}*G(;] (81&)
Z Iy (W,Xi,y5,%Xk) < 27X (Vuxy ) —min{fx, Ry } ~69] (81b)
ki
Z 1TVUXYS7 (ll, XiyYis yl) S 2_n[FY (Voxyy)=min{ Ry, Ry }=67] (81C)
1#]
SN n (e yg e yr) < 27 () mmin{R Ry} —69] (81d)
k#i 1#£]
whenever
n = no([U], X1, 1Y, 6).
Proof. The proof is provided in the Appendix. O

As it is shown in the Appendix, the above property is derived by the method of expurgation. Unlike the
point-to-point case, expurgation in the MAC is not a trivial procedure. To see that, observe that expurgating
bad pairs of codewords results in a code with correlated messages, which is hard to analyze. Instead, what
we do is a sort of “partial” expurgation. Roughly speaking, we start with a code whose existence is proved in
Lemma 4 and eliminate some of the bad codewords from the code with the larger rate (as opposed to codeword

pairs). By doing that, all messages in the new code are independent, and such a code is easier to analyze.

4.5 Error exponent bounds

We can now proceed in a fashion that is similar to the point-to-point case and derive a series of exponential
bounds based on Lemmas 4, 5, and 6. In the following, we present three lower bounds, the random coding, the
typical random coding, and the expurgated bounds. As in the case of point-to-point channels, here too, all the
lower bounds are expressed in terms of the optimization of a single objective function under different constraint

sets.

Theorem 2. Fiz a finite set U, Pxyy € Pp(X x Y xU) such that X —U —Y, Rx >0, Ry >0, >0,
on(Bx—8) < My < onhx on(By=8) < My < "By gnd u € Tp,. Consider the ensemble, C, of multi-
user codes consisting of all pair of codebooks (Cx,Cy), where Cx = {xX1,Xa,....,Xpy} C TleU(u) and Cy =

{y1,¥2, -, ¥Ymy } C TPY‘U(u). The expectation of the average probability of error over C is bounded by

Q—H[ErL(RX7RY7W7PXYU)+85} < }58 < 2—n[Er(RX7RY7W:PXYU)_65] (82)

whenever n > ny(|Z|,|X], V|, U], d), where

E.(Rx, Ry, W, Pxyy) £ ming=x v,xy Ej(Rx, Ry, W, Puxy,Vj), (83)
E.r(Rx,Ry,W, Pxyy) = ming_xy.xy EE’L(RX7 Ry, W, Pyxy, VE’L)- (84)
Proof. The proof is provided in the Appendix. O

Corollary 5. In the low rate regime,
E..(Rx, Ry,W, Pxyv) = E.(Rx, Ry, W, Pxyu). (85)

We call this rate region as the critical region for W.

22



Proof. The proof is similar to the proof of corollary 1 and is omitted. O

Theorem 3. Fiz a finite set U, Pxyy € Pp(X x Y xU) such that X —U —Y, Rx >0, Ry >0, >0,
on(Bx=0) < My < onfix on(By—=0) < Ny, < 278y gpdu e Tp,. The average probability of error for almost all
multi-user codes C = Cx x Cy, Cx = {X1,X2, ..., XMy } C TpX‘U(u) and Cy = {y1,¥2, - Ymy } C TPY‘U(U);

in ensemble C, satisfies the following inequalities

9—n[Err(Rx Ry ,W,Pxyu)+74] ~ 6(0, W) < 9—n[Er(Rx,Ry ,W,Pxyu)—64] (86)

whenever n > ny (| 2], |X|, |V|, U], ), where

Ep(Rx, Ry, W, Pxyy) £ ming—x y.xy E} (Rx, Ry,W, Puxy,V}) (87)
Erp(Rx,Ry, W, Pxyy) £ ming—x y,xy E}"(Rx, Ry, W, Puxy,V3'"). (88)
Proof. The proof is provided in the Appendix. O

Corollary 6. For every finite set U, Pxyy € Pn(X x Y xU) such that X —U —Y , Rx >0, Ry >0,
Er(Rx, Ry, Pxyu,W) < EL (Rx,Ry) < Er(Rx, Ry, Pxyu, W). (89)
Proof. The proof is very similar to the proof of Corollary 2. O
Corollary 7. In the low rate regime,
Eri(Rx, Ry, Pxyu, W) = Er(Rx, Ry, Pxyu, W). (90)
Proof. The proof is similar to the proof of Corollary 1 and is omitted. O

Theorem 4. For every finite set U, Pxyy € Pn(X x Y xU) such that X —U —-Y , Rx >0, Ry >0, >0,

and u € Tp,, there exists a multi-user code

C:{(X“yj,Dlj) Z:].,M;(,]: ].,M)*/} (91)
with x; € Tpy ,(0), yj € Tp,,(0) for all i and j, My > Qn(R;Fé), and My > 2”(R2Yfé>, such that for every
MACW : X xY — Z

B(C, W) S 27n[Eez(RX,Ry,W,PXYU)755] (92)

whenever n > ny(|Z|, | X, |V, U], ), where
Ee(Rx, Ry, W, Pxyy) & ming_x y xy Eg*(Rx, Ry, W, Puxy, V§"). (93)
Proof. The proof is provided in the Appendix. O

This exponential error bound can be universally obtained for all MAC’s with given input and output alpha-
bets, since the choice of the codewords does not depend on the channel.
In the following, we show that the bound in Theorem 2 is at least as good as the best known random coding

bound, found in [20]. For this purpose, let us use the minimum equivocation decoding rule.
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Definition 11. Given u, for a multiuser code
C={(xi,yj,Dij):i=1,..Mx,j=1,. My}
we say that the Dy; are minimum equivocation decoding sets for u, if z € Dy; implies
H(x;y;|zu) = rl;cl,llIl H(xpyi|zu).
It can be easily observed that these sets are equivalent to a-decoding sets, where a(u,x,y,z) is defined as
a(Vuxyz) £ Hy (XY |ZU). (94)
Here, Viyxy z is the joint empirical distribution of (u,x,y,z).

Theorem 5. For every finite set U, Pxyy € P(X x Y xU) , Rx >0, Ry >0, and W : X x Y — Z, and an

appropriate a-decoder (minimum equivocation),

Ej(Rx, Ry, W, Pxyu) > EF*(Rx, Ry, W, Pxyv) B=X,Y XY, (95a)
Ef(Rx, Ry, W, Pxyu) > EF*(Rx, Ry, W, Pxyu) B=XY,XY, (95b)
EF*(Rx, Ry, W, Pxyu) > E,«Léu(RX,R% W, Pxyu) B=XY, XY. (95¢)

Hence
E.(Rx, Ry, W, Pxyy) > EX™(Rx, Ry, W, Pxyu), (96a)
Er(Rx, Ry, W, Pxyy) > EE"(Rx, Ry, W, Pxyuv), (96b)
E..(Rx,Ry,W, Pxyy) > EX™(Rx, Ry, W, Pxyv), (96c¢)

for all Pxyy € P(X x Y xU) satisfying X —U — Y. Here, EF™ is the random coding exponent of [20]. ETL/%.“
are also defined in [20] for 3 = X,Y, XY .

Proof. The proof is provided in the Appendix. O

We expect our typical random coding and expurgated bound to be strictly better than the one in [20] at low
rates. This is so, because all inequalities in (70a)-(70c) and (72a)-(72c) will be active at zero rates, and thus
(due to continuity) at sufficiently low rates. Although we have not been able to prove this fact rigorously, in the

next section, we show that this is true by numerically evaluating the expurgated bound for different rate pairs.

5 Numerical result

In this section, we calculate the exponent derived in Theorem 4 for a multiple-access channel very similar to the
one used in [20]. This example shows that strict inequality can hold in (95¢). Consider a discrete memoryless
MAC with X =Y = Z = {0, 1} and the transition probability given in the following table.
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0 0 O 0.99
0 0 1 0.01
0 1 0 0.01
0 1 1 0.99
1 0 O 0.01
1 0 1 0.99
1 1 0 0.50
1 1 1 0.50

First, we choose some time-sharing alphabet U/ of size [U/| = 4. Then some channel input distribution Py Px |y Py v
is chosen randomly. The following table gives numerical values of the random coding exponent of [20], and the

expurgated exponent we have obtained for selected rate pairs.

Rx Ry || Eew(Rx,Ry,W,Pyxy) EL™“(Rx,Ry,W,Pyxy)
0.01 0.01 0.2672 0.2330
0.01 0.02 0.2671 0.2330
0.01  0.03 0.2671 0.2330
0.02 0.01 0.2458 0.2230
0.02 0.02 0.2379 0.2230
0.02 0.05 0.2379 0.2230
0.03 0.01 0.2279 0.2130
0.03 0.03 0.2183 0.2130
0.04 0.01 0.2123 0.2030
0.04 0.04 0.2040 0.2030
0.05 0.05 0.1930 0.1930
0.06 0.01 0.1856 0.1830
0.06 0.06 0.1830 0.1830
0.07 0.01 0.1740 0.1730
0.07 0.07 0.1730 0.1730

As we see in the table, in the low rate regime, we have strictly better results in comparison with the results
of [20]. For larger rate pairs, the inequalities containing min{ Rx, Ry } will not be active anymore, thus, we will

end up with result similar to [20].

6 Conclusions

We studied a unified framework to obtain all known lower bounds (random coding, typical random coding and
expurgated bound) on the reliability function of a point-to-point discrete memoryless channel. We showed that
the typical random coding bound is the typical performance of the constant composition code ensemble. By
using a similar idea with a two-user discrete memoryless multiple-access channel, we derived three lower bounds

on the reliability function. The first one (random coding) is identical to the best known lower bound on the
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reliability function of DM-MAC. We also showed that the random coding bound is the average performance of
the constant composition code ensemble. The second bound (typical random coding) is the typical performance
of the constant composition code ensemble. To derive the third bound (expurgated), we eliminated some of
the codewords from the codebook with a larger rate. This is the first bound of its type that explicitly uses
the method of expurgation in a multi-user transmission system. We showed that the exponent of the typical
random coding and expurgated bounds are greater than or equal to the exponent of the known random coding
bounds for all rate pairs. By numerical evaluation of the random coding and the expurgated bounds for a simple
symmetric MAC, we showed that, at low rates, the expurgated bound is strictly larger. All these bounds can

be universally obtained for all discrete memoryless MACs with given input and output alphabets.

Appendix

1. Point to Point Proofs

This section contains the proof of all lemmas and theorems related to point to point result.
Proof. (Lemma 1) We use the method of random selection. Define M such that

In the following, we obtain the expectation of the packing function over the constant composition code ensemble.

The expectation of (X, Vy ;) can be obtained as follows:

E (n(X™M,Vy ZZE(lTv (X0 X)) = MZZIP’(X € Ty (X))

i=1 j#i i=1 j#i

= (M —1)P (X2 €Ty, (Xl)) < (R (XAR)+9) (97)
Similarly, it can be shown that for sufficiently large n,
E (W(XM,VXX)) 2 2n(R7[V(X/\X)75). (98)

The expectation of A over the ensemble can be written as

E(AXM, Vygg) ZZZ (X;, X, Xp) €Ty, . )- (99)

i=1 j#i k#i,j
Since
AN b 6 S e g b
2nH(X)2nH(X) < P((X; k) € Tvey) on[H (X)) gn[H (X)—0] (100)
it can be concluded that
2”[ES(R7VX)?X)_25] S E (A(XM’ VXXX)) S 2n[ES(R,VX5{)‘()+2§]’ (101)
where
Es(R,Vygg) 22R—I(X AX) - I(X A XX). (102)
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By using (97) and markov inequality, it can be concluded that

; E (7(XM,Vy %)) 5
M . n(R—Iv (X AX)+26) . . Z » VXX —nd
¥ (W(X Vxx) 22 ' for some VXX) = ATy (XAK) 120) = 45 (103)

XX

[V

therefore, there exists at least one code, C", with M codewords satisfying
71_(07" VXX') < 2‘!L(R—IV(X/\)2)+25). (104)
O

Proof. (Lemma 2) To prove that a specific property holds for almost all codes, with certain number of code-
words, in the constant composition code ensemble, we use a second-order argument method. We already have
obtained upper and lower bounds on the expectation of the desired function over the entire ensemble. In the
following, we derive an upper bound on the variance of the packing function. Finally, by using the Chebychev’s
inequality, we prove that the desired property holds for almost all codes in the ensemble.

To find the variance of the packing function, let us define Uy £ 17, (X, X;), and Y5 £ Uy + Uji. We

can rewrite m(X M,V ) as
1 1 1
RESROREES 3 SRS 3 RS 3o o 0
i=1 ji i=1 j<i i=1 j<i

It is easy to check that Yj;’s are identically distributed pairwise independent random variables. Therefore, the

variance of (XM, V, ¢) can be written as
1 1 (M
Var (m(XM,Vyg)) = e Z Z Var(Y;;) = W( 5 )VCLT(Y21). (106)
i=1 j<i
To find the variance of Y51, let us consider the following two cases for V ¢:

e V% is a symmetric distribution. In this case Uz = U1, therefore,

)

Yor = 2 with probability p < 9—nll(XAX)=]
T o0 with probability 1 — p

and the variance is upper bounded by
Var(Ya1) < B(YZ) = 4 x 2 "I (XAX)=d] (107)
e V¢ is not a symmetric distribution. In this case, if U;; = 1 = Uj; = 0. Therefore,
P(Yia=1)=P(Uiz=10r Uy =1) =P (U1a = 1) + P (Up; = 1) < 2 x 27 "IXAX)=4] (108)

therefore,

Var(Ya) < E(Y2) = 2 x 27 "H(XAX)=d], (109)
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By using (107), and (109), we have

Var (’/T(XM,VXX)) < 1

< (1\24>4 w 9P (XAK)=0] < 9 o 9g=nlI(XAK)=3] (110)

for any Vy ¢ € P(X x X). Now, by using Chebychev’s inequality,

P (|m(XM, Vyg) —E(7(XM,Vyg))| > 2™ for some Vy ¢)
< D P (XM Vi) — E (r(XM, Vig))| > 2%)
Vxx

Var (m(XM,Vy5)) 2 x 2~ (XAX)—d]
= Z 22né < Z 22né

Vxx
= Z 2 x 2 MUI(XAX)+9) < 9=n3 for sufficiently large n. (111)

Vxx

Moreover, by using (101) and Markov’s inequality, it can be concluded that

EMXM, V¢ )
M Es(RVy%x ) — 5
F (/\(X Vixx) 2 218V 40 for some LX)ZX) = Z on[Bs(R, Vxx)i))(félé] 2 (112)

XXX
Now, by combining (111) and (112) and using the bound on E (7(X*,Vy ¢)), we conclude that for any Vy ¢ €
P(X x X), any Vy ¢ € P(X x X x X), for sufficiently large n

2n(R—1(XA5<)—5) < 7r(XM VXX) < on(R— I(X/\X)+6)
AXM V¢ ¢) < 2715 (RVxxx)+49], (113)

with probability > 1 — 2 x 2-"3. We put all the codebooks satisfying (113) in a set called CT.
O

Proof. (Lemma 3) Consider the code C" £ {x;,Xa,...,X5s} whose existence is asserted in random coding

packing lemma. Let us define

Z 92— n(R—Iy (XAX)+36) (Cr ) (114)

3

Note that using Lemma 1 and using the fact that II(C") = 47 ZZ\il {Z  NTvg (k) ner2Tn n(R—Iv(XAX)+35) },

it can be concluded that

m(cr) < Z g—n(R—Iy (XAX)+38)gn(R—Iv (XAX)+25) _ L (115)

\V]

Vxx
As a result, it can be concluded that there exists M* > % codewords in C" satisfying
3 Ty (i) N CT[27 BV (XAK)#30) g (116)
Vxx
Let us call this subset of the code as C°*. Without loss of generality, we assume C°* contains the first M*

sequences of C", i.e., C°" = {x1,Xa, ..., Xps+ }. Since

Ty, (%) NC < [T

X|x

(x;) NC| Vx; € C°®, (117)
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it can be concluded that for all x; € C°,

3Ty, (xi) N Cerfpm(BoIv(XAK)530) < (118)
Vxx

Since all the terms in the summation are non-negative terms, we conclude that

|TV~ (Xz) n Cew| < 271(1%—1‘/(X/\)~()-"-3§)7 (1].9)

X|x

for all Vy ¢ € P(X x X), and all x; € C°*. Also, by (119), it can be concluded that for all Vi ¢ € P(X x X)

M
1 -
71_(Ceaxc7 VXX) — W Z |TV)"<|X (Xi) N Ceac| < on(R—Iv (XAX)+38) (120)
i=1

O

Proof. (Fact 1) We will use the result of Lemma 1 and the relation between the probability of error and the
packing functions. Let XM £ (Xl,Xg, vy X M) be independent sequences of independent random variable,
where X;s are uniformly distributed on Tp.

(Upper Bound): Taking expectation on both sides of (23), using Lemma 1 and using the continuity of

information measures, it can be concluded that

E(e(XM,W))S Z 9—n[D(Vy | x|[W|P)+|I(XAXY)=R|* —4]

Vxxy€P,
S 277’L[E,.(R,P,W)725] (121)
whenever n > ny(|X], Y|, ), where
E.(R,P,W) 2 min D(Vyx|[W|P) + Iy (XY A X) — R|T, (122)
XXY

and P7 is defined in (36).

(Lower Bound): Taking expectation on both sides of (26), and using Lemma 1 we have

P, = EB(XM’W) > Z an[D(Vy‘X||W\P)+IV()~(/\Y\X)+5] Qn(Rfl(XAf()fé)i

Vxxv€Py
Z o—nlIv(XAY X X)]gn(2R—I(XAX)~I(XAXX)+45)| (123)
Vxxxy:
Vxxy=Vxxy
+
= Y PG IWIPH RAXY Ry N gl (RAXKY) R3] (124)
Vxxvy€Py Vxxxy:
Vxzxv=Vxxvy
Toward further simplification of this expression, we have the following lemma.
Lemma 7.

min (X AXXY)=I(XAXY). (125)

Vxxxy:
Vixy=Vxzvy
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Proof. Note that, for any Vy ¢ ¢y

I(XAXXY)=I(X AXY)+ (X AX|XY) > I(X AXY), (126)
therefore,
min (X AXXY)>I(XAXY)=1(XAXY). (127)
Vxxxy:
Vixy=Vxzv

Now, consider V7 %3 defined as

XXXY
Vizxy @2, 8,y) = Vi xy (22, )V xy (@2, 9) Vxy (2, y). (128)
Note that V.. =V and X — (X,Y) — X. Therefore,
Iv-(XANXXY)=Iy(X AXY)=Iy(X AXY). (129)
By combining (127) and (129), the proof is complete. O

Therefore, using the above lemma, (124) can be rewritten as

P > Z 9—n[D(Vy|x|[W|P)+Iv(XAXY)—~R+34] (130)

in(yep:z
I(XAXY)>R+36

By using the continuity of information measures, it can be concluded that

E (e(XM, W)) > 9 EL(R,PW)+49] for sufficient large n (131)
where
EL(R,P,W)%& min_ D(Vyx|[W|P)+Iy(XY AX) - R. (132)
Vigy€EPT
I(XAXY)>R

Now, by using Markov inequality and (121), we conclude that

E (e(XM,W))
M —n[En(R,P,W)—36] ) —né
P (e(X W) >2 ) < sowm e <2 (133)

Therefore, with probability greater than 1 — 27", any selected code with M codewords form the constant

composition code ensemble satisfies the desired property. Let us call one of these codebooks as C". O

Proof. (Corollary 1) Consider the input distribution P* € P(X) maximizing the random coding bound, i.e.,

pr s E.(R,P,W). 134
arg max ( ) (134)
Let us define
S5y = arg min E.(R, P*,W). (135)
XXY

For any R < R, the random coding bound is a straight line with slope —1, and the term in |- |T is active.

Therefore,

E.(R, P*,W) = D(Vy x||W|P*) + Iy- (X A XY) - R. (136)
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Here, Iyy- (X AXY) > R. Tt is clear that V% 5y 18 the minimizing distribution in E..(R,P*, W), and as a result

E.(R,P*,W) = E.(R, P*,W). (137)
O

Proof. (Theorem 1) In the proof of Fact 1, we used the lower and upper bounds on the expected value of he
first-order packing functions and an upper bound on the expected value of the second-order packing functions.
In the following, we use similar techniques on the packing function of almost every codebook in the ensemble by
using the bounds obtained in Lemma 2. Consider the code C whose existence is asserted in the typical random

coding packing lemma. For all V¢ € P(X x X), we have
= Z Ty, ()N C| < on(R—Iv (XAX)+28) (138)

By multiplying both sides of inequality (138) by M, and using the proper upper bound on the number of

sequences in C, we conclude that
[Ty, (x:) N O] < 2nCRZIVEXADH20) =1, (139)

for all Vy ¢ € P(X x X). We will obtain a higher error exponent for almost all codes by removing certain types
from the constraint set P7. Consider any Vy ¢ € P(X x X) satisfying Iy (X A X) > 2(R +4). By (139),

Ty,

XX

(x;))NC|=0foralli = 7(C,Vyg)=0. (140)
Upper bound: Hence, by using (23) on C, and by using the result of Lemma 2, we have

e(C,W) < Z o—n[D(Vy | x|[WIP)+|Iv (XY AX)~R[* ~24]

VX}?YEPZ((;)

where
Pr(0) & {Vygy €EPu(X x X xY): Vx =V =P, Iv(X A X) <2R+ 25, a(P,Vy ) < a(P, Vy|x)}. (141)

Using the continuity of information measures, the upper bound as given by the theorem follows.
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Lower bound: Using (26) on C' and using Lemma 2, we have

+
e(C, W) > Z 9—n[D(Vy | x||W|P)+Iv (XAY|X)+d] (O, Vyx) — Z Q*n[lv(X/\lex)])\(C’ Vizx)
Vxxy€Py Vxzxy:
Vixy=Vxxy
> Z 9—n[D(Vy | x ||[W|P)+Iv (XAY |X)+3] [gn(R—I(XAX)=6) _
VXXYGPZ(d)
Z Q—n[IV(XAY\XX)]2n(21~2—1(X/\)2)—1(XAX5<)+25) +
Vxxxy:
Vixy=Vxzy
(142)
+
_ Z 2—n[D(Vy‘XHW\P)+IV()~(/\XY)—R+26] 1— Z Q—n[IV(XAX)Zy)—R—sa] (143)
- T Visxy:
> Z 2—n[D(Vy‘X||W\P)+IV(XAXY)—R+36], (144)
VXXYGPE(é)
I(XAXY)>R+56
Here, the last inequality follows from Lemma 7.
By using the continuity argument, and for sufficient large n,
o(C, W) > 2~ BLr(RPW)+18] (145)
where
Epr(R,P,W) %  min - D(Vyx||W[P) + Iv(XY A X) - R. (146)
Vxxvy€P
I(XAXY)>R
O

Proof. (Corollary 2) Fix R > 0, 6 > 0. By the result of Theorem 1 and for sufficiently large n, there exists a
collection of codes, C*, with length n and rate R, such that

e P(C*)>1-34,
o 2 BETL(RPW)H] < o(C, W) < 27 nEr(REW)=30] for a]] C' € C*.

Note that

max Ininfl loge(C, W) > min ! loge(C,W) > Ep(R, P,W) — 30. (147)
n

CP(C)>1-8 CeC 1N cec*

Now, consider any high probability collection of codes with length n and rate R. Let us call this collection as
C. Note that

P(C*)>1-4§ . A v A
BE) > 16 }:HP’(C NC)>1—-20=C*"NC # ¢. (148)
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Consider a code C(C) € C* NC. Tt can be concluded that
1 1 -
_max min——loge(C,W) < max ——loge(C(C),W) < Epr(R,P,W)+ 46. (149)
CP(C)>1-§ CceCc TN C:P(C)>1-6 n

The last inequality follows from the fact that C'(C) € C*. By combining (147) and (149), and by letting § goes

to zero and n goes to infinity, it can be concluded that

Er(R,P,W) < EL (R) < Erp(R,P,W). (150)

Proof. (Fact 2) First, we prove the following lemma.

Lemma 8. Let C° be the collection of the codewords whose existence is asserted in Lemma 3. For any
distribution Vy ¢ € Pp(X x X), satisfying Iy (X A X) > R+90, the following holds:

m(C% Vi) = 0. (151)

Proof. By (32),

|TV— (Xz) N Cew| < 2n(R71V(X/\X)+2§)’ (152)

X|x

for every x; € C**. Since Iy (X A X) > R+ 26, it can be concluded that

Tvg,, (xi) NC| = 0 for every x; € C°F = w(C*, Vy ) =0 (153)
O
The rest of the proof is identical to the proof of random coding bound. O

2. MAC Proofs

Proof. (Lemma 4) In this proof, we use a similar random coding argument that Pokorny and Wallmeier used
in [19]. The main difference is that our lemma uses a different code ensemble which results in a tighter bound.
Instead of choosing our sequences from Tp, and Tp, , we choose our random sequences uniformly from Tr,, (u),
and Tp,, (u) for a given u € Tp,. In [20], we see a similar random code ensemble, however, their packing lemma
incorporates the channel output z into the packing inequalities. One can easily show that, by using this packing
lemma and considering the minimum equivocation decoding rule, we would end up with the random coding
bound derived in [20].

Fix any U, Pxyy € Pp(U x X x Y) such that X —U —Y, Rx >0, Ry > 0,9 >0, and u € Tp,. Define
Mx, My such that

271/(RX75) S MX S 21’LRX, 27’L(Ry*§) S MY é QTLRY.
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First, we find upper bounds on the expectations of packing functions for a fixed a and Vi, 5y, with respect
to the random variables X; and Yj. Since X;s and Y;s are i.i.d random sequences, we have

1
M M N v
E[NU(X XYY, DUXY)} _E[MXMY ;j 7, oy (U,Xzﬂj)}

= E[]'TVUXY (uv Xla Yl)]
= Z 1TVXY\U (x,y[0)P(X; = x|u)P(Y; = y|u)

Xy
< Y gl Xyl (vI0)~d
Y€V y 1y (u)

< gnHy (XY |U)g=n[Hy (X|U)=6]g—n[Hy (¥ |U)=3]

— 27n[Iv(X/\Y‘U)725] — 2*”[FU(VUXY)*26]' (154)

On the other hand,

E[No (XM Y V)| = 3 1y, (6 yIW)P(X = X[)P(Y: = y]u)
X,y
> Z g—nHv (X|U)g—nHv (Y|U)
(x’y)ETvxyw(u)

> gulHy (XY |U)=8)g=nHy (X|U)g=nHy (¥|U)

— 9—nlIv(XAY|U)+3] _ 9—n[Fu(Vuxy)+d] (155)
Therefore, by (154) and (155),
9-nlFu(Vuxy)+0] < ]E[NU(XMX x YMY7VUXY)} < 9~ nlFu(Vuxy)=23], (156)
By using a similar argument,
IE[NX(XMX X YMY,VUXY;()} > 9 nlFx (Vyxy x)=4d], (157)

On the other hand,

E[Nx (XM x Y Vyy )] 2 (Mx = DE[Lry, (0, X1,Y2) (w, X1, Y3, X5)

1
Tvyxy %

= (Mx — 1) Y B(Xy = x[wB(Y; = ylu)lzy, , (4,x,y)

X,y

: ZP(XQ = ihl)lTVUXY;} (uvan75()

Z (MX _ 1) Z 27nHv(X|U)27’rLHv(Y|U)

xYETv vy (W)

3 9—nHy (X|U)

iGTv}-(lUXY(u,xyy)
> (Mx —1) on[H(XY|U)=8lg—nHy (X|U)g—nHy (Y|U)
onlHy (X|UXY)—=6]lg—nHy (X|U)
> Tn[IV(XAY\U)HV()‘(/\Y|U)+1v (XAX|UY)—Rx+36)

— 9 nlFx (Vyxy ) +39] (158)
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Therefore, by (157) and (158),
2 nlFx (Vyxyx)+30] < E[NX(XMX ~ YMY’VUXYX):| < 27 Fx (Vo xyx) =48], (159)

By using a similar argument for Ny (XMx x YMy Vo o) and Nxy (XMX x Y™V}, ¢y ¢y ), we can show
that

2y (Vuxy9) 430 < ]E[NY(XMX X YMY,VUXYy)] < 27y (Vuxyy) =49 (160)

2_7L[FXY(VUXY)?§’)+45] < ]E|:ny<XMx % }/JWY7 < 2_n[FXY(VUXY}2Y’)_46]. (161)

VUXY)?Y/)}
We can obtain an upper bound for E [Axy(XMX x Y My VUXYXY/XY)] as follows

i [AXY (XM y My VUXYXYXY)]

1
MXMY Z Z Z 1TVUXY)'()7XY (u7 Xi’}/;7Xk7 }/Z’Xk/’}/ll)
i ki K ik
I#3 1#5,0

< MEMEE |1y, (u, X1, Y1)1n,

UXYXYXY

=E

(0, X1, Y1, Xo, Ya, X37Y3)}

=MiMy > PXi=xY1=y,X;=%Y,=§ X3 =%Y;=y|u)
Xy, XY, X,y

: 1TVUXY (u7 X, y).lTVUXY)“(YXY’ (uv Xy, ia 5’, 5(7 )A()

= MYMP ) P(X) = x[w)Pr(Yi =ylu) - 1z, (u.xy)
xy

: ZP(XQ = i|u)1T (U,X,y,i) ZP(}/Q = y|u)1TVUXY o (ua Xayaia y)

- Xy
y

(u7 X, Y, i7 SI’ )A() Z P(Y?) = y‘u)lTv
y

Vuxy X

w,X,y,X,y,X,¥
UXYXYX ny)'n'/;"n?( XY, X, Y, 7}’)

Y P(Xs = %)l

<MiME Y omnlEVEXID)-dlg-nlAv(vi)-d 3 g-—n[Hy (X|U)~]

x,yGTVXY‘U(u) ieTV}'ﬂUXY (u,x,y)

Z o—n[Hv (V|U)-3] Z 9—n[Hy (X|U)~0]

YTy yxy % (u,x,y,%) xeTv,

Z (u, X,y,f(7$/’§()2—n[Hv(Y|U)—5]
S’ETv.

YIUXYXYX

sy g5 (WXYET)

< M)Q(M)% . QnH(XY\U)an[HV(X\U)fzi]?fn[Hv(Y|U)76]2nHV()~(|UXY)27n[HV()~(|U)76]2nHV(f/\UXY)~()
. 27n[HV(}7\U)76]2nHV()A(\UXYX'}7)27n[HV(X’|U)75]2nHV(Y|UXY)~()~/X)2fn[HV(f/|U)76]
< 2—n[1()2?AXY|U)+1(X?AXYXY|U)+1(XAY\U)+1()2A?|U)+1(XAY\U)—QRX—2Ry—65]

— 9B (Vyxyxvxv)—68] (162)
By using a similar argument, we can obtain the following bounds

E[Ax (XM x Y™ Vi vy 21)] < 27 IES (Vixyx)—40] (163)

E [Ay (XM 5 YNV pp)] < 2758 Cierys) =40 (164)
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Here, B, EY and EZY are defined in (67a)-(67c).
By using Markov inequality, it can be concluded that

P (NU(XMX X YMY,VUX)/) Z 2_n[FU(VUXY)_36] for some Vny)

E (Ny(XMx x YMY Viyxy)) b o
S Z Z—H[FU(Vuxy)—S(S] S Z 2 S 2 2 (165)
Vuxy: Vuxy:
Vux=Pux Vux=Pux
Vuy=FPuy Vuy=Pyy
Similarly, it can be shown that
P (NX(XMX X YMY Vv g) > 27X (Voxy2)=59) for some VUXYX) <273, (166)
PNy (XM VMV g 2 27 Voxr 2079 for some Vyyy ) <2778, (167)
P (NXY(XMX X YMY Vs op) > 27y Vuxyxv) =5 for some V) oy xv) <2773, (168)
Now, by combining (165)-(168), and using the union bound, it can be concluded that
IP(NU(XMX X YMY,VUXY) > 2~ nlFu(Vuxv) =30 fo1 some Vi xy or
Nx(XMx x yMy v oo o) > 277 Fx (Vuxyx) =% for some Voxyx or
Ny (XM x YMY v ve) > 27 Y (Voxyv) =5 for some Vuxyy or
Nxy (XMx x YMY v oeo) > 27y (Voxyx9) =591 for some VUXY)W) <4x27"3, (169)
therefore, there exists at least a multi-user code with the desired properties mentioned in (76)-(77).
O

Proof. (Lemma 5) To prove that a specific property holds for almost all codes, with certain number of code-
words, in the constant composition code ensemble, we use a second order argument method. We already
have obtained upper and lower bounds on the expectation of the desired function over the entire ensemble.
In the following, we derive an upper bound on the variance of the packing function. Finally, by using the
Chebychev’s inequality, we prove that the desired property holds for almost all codes in the ensemble. To find
the variance of Ny (XMx x YMy Vi;xy ), let us define Wi, L Iry, o\ (u, X;,Yj). Therefore, the variance of

Ny (XMx x YMY Virxy) can be written as

1
MXMY Z 1TVUXY (u7 Xi7 }/J)
2y

Var (NU(XMX X YMY,VUXy)) =Var

1
=——Var Wi | - (170)
g\

Since W;;’s are pairwise independent random variables, (170) can be written as

1
Va?" (NU(XMX X YMY, VUXY)) = W ZV@T (WZJ)
XY 4

1

S WEME ;E( i)

1
< .2*”[FU(VUXY)*25] < 27'”'[FU(VUXY)+RX+RY*26]' 171
- Mx My - (171)
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By defining @7, 2 lr, (u,X; Y} X), the variance of Nx (XMx x YMY V) can be upper-bounded

as follows

Var (Nx(XMx x YMy v, . \% X, Y, X
C”’( X( X s nyx)) ar MXMY;]CZ# Tv, u y Y, k)

1
=V ZZ ry, (W X5, Y5, X)
XY i,j ki

1 ,
“ (2022

J i ki
1
~ iV (DX | Vo | DY)

(172)

where Jij & = zk + Qii, k < i. One can show that Jij . s are identically pairwise independent random variables.
Therefore, the Var (Nx (XMx x YM¥ V1 ¢)) can be written as

Var (Nx (XM YV 5)) = 3 M2 ZZZVCLT (7)) < —Var (Jh).  am)

i k<i
To find the variance of J3 ;, let us consider the following two cases for V;; vy ¢:

I . . . . . S _ . 1 _ 1
o Vi xyx is a symmetric distribution, i.e., Vi, vy ¢ = Vy gy x- In this case Q15 = Q3,, therefore,

b

= 2 with probability p ~ 2~V (XAYU)+Iv (XAXY|U)]
0 with probability 1 — p

and the variance is upper bounded by

Va’r(JQl,l) S E(Jl 2) —4x2 n[]v(XAYlU)+Iv(XAXY|Y)] (174)

e Vxyx is not a symmetric distribution. In this case, if ka =1= Qii = 0. Therefore,

]P(J21,1:1):P(Q%2:10TQ%1:1):P(Q%2:1)+P(Q%1:1)

<92 x 27n[IV(X/\Y\U)+IV()?/\XY\U)]7 (175)
therefore,
VGT(J211) < E(Jl 2) -9 x 2—n[IV(X/\Y\U)+IV(X/\XY|U)] (176)
By combining the results in (173)-(175), it can be concluded that
Var (NX(XMX « Y My Vixyz) < 9—n[lv (XAY|U)+Iv (XAXY|U)+Ry —36] (177)
Similarly, it can be shown that

Var (Ny(X]\/IX % YMY7 VUXY{/)) S 2—71[[\/(X/\YlU)-Q—Iv(Y/\YXlU)-Q—RX—35]. (178)
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By defining szc = lny o (0, X;,Yj, Xy, Y]), the variance of Nyy (XM x YMv V1 ¢v) can be upper-

bounded as follows

Mx My - ) — LY.
Var (NXY(X XY 7VUXYXY)) = Var MXMY 2}; Tv, Yuxyxv u X“Yj’Xk’Yl)

I#7
1
= vz Z]j; Tv, oy oe (W X0 Y5, X, V)
I#j
1 .
-V R
v\ 22 2 2

1
:va ZZZZ{RﬁﬁR +RY + RY }

i J k<il#j

1 )
ZWVCLT S >S5 (179)

i j k<ij<l

where S]l = Rﬂ + R ; T Rl ,ﬂ, k < i, 1 < j. It is easy to check that Sf”,i’s are identically pairwise
independent random Varlables. Therefore, the Var (NXy(XMX x Y My VUXY)?{/)) can be written as

Var (Nxy (XM <YM Vi iy 59) T MZMZ M2 ZZ Z Z Var (ka) = iVar (Sig) ' (180)

j ok<il<j

By using a similar argument to (174)-(175), the variance of To find the variance of Si’g,can be upper bounded
by

Var (5113) <16 x 2PV (XAY U1y (RAY [U)+1v (XY AXY [U)—=43] (181)
and therefore,
Var (ny(XMX % YMY,VUXYXY)) <4x o—n[ly (XAY|U)+Iv (XAY |U)+1v (XY AXY |U)—46] (182)
Now, by using the Chebychev’s inequality, we can obtain the following

P (|NU(XMX X YMY,Vny) —E (NU(XMX X YMY, Vny))| > 22n6 for some Vny)

< Z P (|Ny (XM x Y™ Vixy) — E (Ng (XM < Y™ Vyxy))| > 2200)

Vuxy
VCL’I" NU XMX XY Y Vny))
- Z 24né
Vuxy
< Z2fn[FU(V)+Rx+RY+25] < 9nd, (183)
v
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Similarly, it can be shown that
P (|Nx (XM x Y™ Vi y5) —E(Nx (XM x Y™V, o0 2))| > 22 for some Vi gy ) <2770 (184)
P (|Ny (XM x Y™ Vi vyy) = E (Ny (XM < YMY V] yp)) | = 227 for some Vi yyp) <270 (185)

P (|Nxy (XM x Y™ Vi oy ey) — E (Nxy (XM x Y™ Vi oy 5v)) | = 227 for some Vi vy gy) <2770

(186)
Now, by using the result of Lemma 4 and Markov’s inequality, it can be concluded that
P (AX(XMX xMY Vv wx) =27 n(B5 (Vuxyx2)=59) for some VUXYXX>
= Z (AX (XM Vv xz) 227 (B3 (Vuxyyy)= 55))
UXYXX
E (Ax (XMxxMy v, o 5
2_”(Es Vuxyxx)— )
Voxvyxx Voxyxv Ry
Similarly,
<Ay(XMX x Y™ Vovey) > 9= (B3 (Vv 7)=59) for some VUXYY/Y/) <273, (188)
and
P (AXY(XMX ) YMY Voo ooy > 2B (Vuxy sy x3)779) for some VUXYX?XY) <27"%. (189)

Therefore, with probability > 1 — 7 x 2*”%, a code C = Cx x Cy from random code ensemble satisfies the

conditions given in the lemma. O

Proof. (Lemma 6) Let C% = {x1,X2,....,xp, } and C} = {y1,¥2,...,yYm, } be the collections of codewords

whose existence is asserted in Lemma 4. Let us define

MCx x Cy) 2 S {Nu(Cx x Oy, Vipsey )2l (Vo) =64

Voxyxy
+Nx(0§( X C{’7VUXY)~()2 n[Fx (Vg xy x)—69]

+ Ny (C% x C, Vi oy ) 20 Vo y)=63]

+ Nxy (C X Oy, Vi xy 32" e Vo) =601 (190)
1
< 4 2—n6 -
< > 4x <3 (191)
Vuxyxvy

For C" = C% x CY5,, and the sequence u defined in random coding packing lemma, we define

Ly(C"\ Vuxy,ij) = lry, (0,%i,y5), (192)
LX(CT7VUXY)Z',iaj) £ ZITVUXY}? (ll, Xi,yjaxk)v (193)
ki
LY(CTaVUXY?,iaj) £ Z Tv ll Xivijyl)7 (194)
I#5
LXY(CTvVUXYf(Y/vZ’aj) £ ZZ Vo xy 27 ll Xian»Xkayl)~ (195)
k#i l#£5
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By definition of N,, (190) can be written as

Mx
1
I(cr) = e > G(i), for a = U, X,Y, XY, (196)
=1

where G(i) is defined as follows:

i éMyZ Z {LU C Vny,Z,])Q”[FU(VUXy)—ﬁ(S]

+LX (CT7 VnyX, ) j)2n[FX(VUXYX)_65]
+Lx (C7, Vi xyy» iy )2 Vo) =60]
+Lxy(C", Voxyxys i,j)Q"[FXY(VUXYX?)—G‘S] } (197)

By using (191), we see that the average of G(i) over C% is upper bounded by %7 therefore, there must exist

My > % codewords, x; € C%, for which
G(i) < 1. (198)

Let us call this set of codewords as C%*. Without loss of generality, we assume C'§’ contains the first My
sequences of C%, i.e., C¢ = {x1,X2, ..., XMX}. Consider the multiuser code Cf* £ C$* x Cy. By definition of
Ly, a=UX,Y, XY,

La(CT*, Vi, j) < La(C, Vi, j) YV (xiy;) € CT". (199)

By combining (198) and (199), we conclude that for all i € {1,2,..., Mx}

M Z Z {LU Cl ,VUXY’Z7J)27"[FU(VUXY) 6]
Y

UXYXY
+Lx(C17, VUXYX,i §)271Fx (Ve xy %) =63]
FLx(CF, Vi oyys iy )27y Voxys)=69]

+Lxy(CT", UXYva%J)Qn[FXY(VUXYX?)_G&]} <1, (200)

which results in

UXYXY

+LX(C UXYX;Z ])Qn[FX( Vi xyx)— Ry —69]
+Lx (C17, UXY?,Z,J)TL[FY( Vuxyy) =Ry —69]

+Lxv (CT7, UXYXY7Z)J)2R[FXY(VUXYX‘7)7RY766]} <L (201)
Since all terms in the summation are non-negative, we conclude that

Lo (CS, Vi, )27 MFa (V) =Ry =60] (202)
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for all ¢ € {1,2, ...,MX}, je{l,2,. My}, alVePUXxXxYxXx)Y),and all a = U, X,Y, XY. Therefore,
Lo(C$® Vi, ) < 27" Fa(V) =Ry —63] (203)

On the other hand, (191) can also be written as
My
I(CT) = L > H(j) for o = U, X,Y, XY, (204)
MY - ) ) ) ) b
where H(j) is defined as

Mx
H(j) = ML Z Z {LU(CT’VUXYJ’]')Q"[FU(VUXY)—G&]
X i1 Voxyxvy
FLx(C7, Vi oy 41, 4) 21 Voxy ) =60
+Lx (C7, Vi sy gy §) 271 Voxyy)=60]

+ Ly (C7, Vigsey s+ )27 Ve x3)=69] } (205)
By a similar argument as we did before, we can show that there exist My > % codewords, y; € Cy,, for which
H(j) < 1. (206)

Let us call this set of codewords as Cy*. Without loss of generality, we assume C§* contains the first My
sequences of C, i.e., C¥F = {y1,¥2, .-, yMy}. Consider the multiuser code C§* £ Cx x C¢*. By definition of
L,,a=UX,Y, XY, we have

La(C3", Vi, j) < La(C7, Vi, j) ¥V (xiy;) € C3°. (207)
By a similar argument as we did before, we can show that
Lo (C5%, Vi, j) < 27 Fa(V)=Rx—63] (208)

forallie {1,2,....Mx}, j € {1,2,...7My}, alVePUXXxYxAXxY),and alla =U, X,Y, XY.
By combining (203) and (208), we conclude that, there exists a multiuser code C°* = C% x C§- with M% x M5
messages

27L(Rx—5) 2’n(Ry—5) QH(R}(-‘:-Ry—Q(S)
5>

M > M x My > = (209)

. M .

= 2 9 Y — 2 )

such that for any pair of messages (x;,y;) € C,all V e PUX X x Y x X x}Y),and all a =U, XY, XY,
LOL(C«ez7 V,i,j) < 27n[Fa(V)7min{RX,Ry}766]' (210)

It is easy to check that

Im(Ccer) <2 xI(C") < 1, (211)

therefore, C°*, satisfies all the constraints in (80a)-(80d).

Here, by method of expurgation, we end up with a code with a similar average bound as we had for the
original code. However, all pairs of codewords in the new code also satisfy (81a)-(81d). Therefore, we did not
lose anything in terms of average performance, however, as we will see in Theorem 2, we would end up with a

tighter bound since we have more constraints on any particular pair of codewords in our codebook pair. O
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Proof. (Theorem 2) Let us do random coding. Fix any U, Pxyy € Pp(X x Y x U) such that X —U - Y,
Rx >0, Ry >0,0 >0, and u € Tp,. Define Mx, My such that

Let XMx £ (X17 Xo, .., XMX) and Y My £ (Yl, Yo, ..., YMY> be independent random variables, where X;s are
uniformly distributed on Tp (1), and Yjs are uniformly distributed on Tp, , (u).

Upper bound: By taking expectation over (63), applying Lemma 4, and using the continuity of information
measures, we get the desired upper bound.

Lower bound: By taking expectation over (65), applying Lemma 4, we get

Ee(C, W) > Z 27n(E;L(+46) 1— Z 27n(lv()"(/\XY)~(Z\U)7R1776)
VUXTY)"(Z Voxyxxz:
€EVX.n Voxyxz=Vuxvxz
+ Z 2—n(E§+46) 1— Z 2—n(JV(YAXYf/Z|U)—Ry—75)
VUX}(Y/Z Vuxyeyz:
Y,n Vuxyyz=Yuxvyvz
+ Z 2—n(E}L{Y+46) 1— Z Q—n(IV(X?AXYX?ZW)—RX—Ry—m) (212)
VUXX)’({/Z Vuxyxxyvz:
€V%v,n Voxyxvz=Vuxvxvz

Toward further simplification of this expression, we use the following lemma.

Lemma 9.

min Iv(X AXYXZ|U) =Iy(X A XY Z|U) (213)
Voxyxxz:
Voxyxz=Vuxvyxz

Proof. Note that, for any Vi, vy 5 %5,

Iv(X ANXYXZ|U) =TIy (X AXY Z|U) + Iv(X AX|UXY Z), (214)
therefore,
min I(XAXYXZ|U)>TIy(X AXYZ|U) = Iv(X AXY Z|U). (215)
Now, consider V; XZRYZ defined as
JXYXXZ(u,x,y,i,;i’, z) = VX‘UXYZ(ﬂu,x,y, Z)VXlUXYZ(Jﬂu, x,y,2)Vuxyz(u,x,y, 2). (216)
Note that V¥ o=V o . and X — (U, X,Y,Z) — X. Therefore,
Iy« (X NXYXZ|U) = Iv(X AXY Z|U) = Iy (X A XY Z|U). (217)
By combining (215) and (217), the proof is complete. O
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Using the above lemma, the average probability of error can be bounded from below as

P, > > 27 nBx 4 3 9 nBy 4 3 9-nExy

5 VUXY)?ZEV;,W, 5 VUXYY’ZGV{’,W 5 ~VUXY)~(S7Z€V§(2’,W~
I(XAXY Z|U)>Rx+128 I(YAXY Z|U)>Ry 4126 Iv(XYAXY|U)+Iv (XAY |U)>
Rx+Ry+146
Using the continuity argument, the lower bound on the average error probability follows. O

Proof. (Theorem 3) As was done in Theorem 1 for the point-to-point case, here, we will obtain higher error
exponents for almost all codes by removing certain types from the constraint sets V%, V§ and VY%, . Let us

define the sets of n-types Vi, Vi and Vi, as follows:

Voxvx: Vxu=Vgzy=Pxv,Vyv=Pvu
Vin = Fu(Vuxy),Fu(Vysy) < Rx + Ry (218)
Fx(Vyxyx) < Bx + Ry
Vixyy: Vxvu =Pxv,VWwuv=Vyy = Pru
W, & Fu(Vuxy), Fu(Vyxy) < Rx + Ry (219)

Fy (Vyxyy) < Bx + Ry

Vi, 2 Voxyxy © Vuxvx Vuxvx €V Voxve: Voxyy €W (220)
" Fxy(Vuxyxv) Fxy(Vugyxy) < Bx + Ry

Lemma 10. Let C'= Cx x Cy be one of the multiuser codes whose existence is asserted in the Typical random

coding packing lemma. The following hold:

If VUXYX € (Vg(m,)c = Nx(C, VnyX) =0, (221)
If Viyxyy € (ng,n)c = Ny (C, Vyxyy) =0, (222)
If Vixysy € Vsyn) = Nxy(C,Vyxy gy) = 0. (223)

Proof. Consider Vj;yy ¢ € (Vﬁgn)” If Vxu # Pxu or Vg # Pxu or Vyu # Pyy, it is clear that
Nx(C,Vyyys) =0, (224)

Now, let us assume Fyy(Viyxy) > Rx + Ry + 30. In this case, by using (78a), we conclude that

MX My MX MY
NU(C7 VUXY) < 2_n(RX+RY) = Z Z lTVUXY (u,xi,yj) <1l= Z Z lTVUXY (U,Xi,y]‘) = 0, (225)

i=1 j=1 i=1 j=1
and as a result, Ny (C, Vyxy) = 0. Now, note that

Mx My
1
Nx(C.\Vyxyz) = My ;;g ITVuxyx (W, %4,y;,Xk)
Mx My

1
= M x My ZZZ 1TVny (u’ Xi7yj)

i=1 j=1 k#i

= "BX Ny (C, Vuxy) = 0, (226)
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therefore, Nx (C,V},; xy ) = 0. Similarly, if Fi;(V,, ¢y ) > Rx + Ry + 39,

Mx My Mx My
Nu(C,Vygy) < 27mIxty) o 353" I, (X)) <1= SN Iy, (w,xi,y;) =0, (227)
i=1j=1 i=1j=1

and as a result, Ny (Cx,Cy,V}; gy ) = 0. Also, note that

Mx My

1
NX(C7 VUXYX) = MXMY ZZZITvuxyX (ua Xi7yj7xk)
i=1 j=1 k#i
1 MX My
< 1 X, yi) =0, 228
S Wy 2 2 2 vy (0509 (228)

therefore, Nx(C,V;, vy %) = 0. If Fx(V};xy z) > Rx+ Ry +56, by the property of the code derived in Lemma 5,
we observe that Nx (Cx,Cy,V};xy ) = 0. Similarly, by doing a similar argument, it can be concluded that

If Vixyy € (fo,n)c = Ny (C, Vi xyy) =0, (229)

and
If VUXY)?Y’ S (Vﬁ(y’n)c = ny(c, VUXY)?Y’) =0. (230)
O

Upper bound: We will follow the techniques used in Theorem 2 to provide lower and upper bounds on the
average probability of error of almost all codes in the random coding ensemble. For this, we will use the results
of Lemma 6. Consider any typical two-user code C' = Cx x Cy whose existence was established in Lemma 5.

Applying (63) on C, and using the continuity argument, we conclude that

e(C,W) < Z 9= n[D(VzixyulIWI[Vxyu)+Iv (XAY |U)+[Iv (XAXY Z|U) = Rx | " ~56]
VUXY)?ZEV;(,an§<,n
+ E 277L[D(VZ‘XYU‘|W|VXYU)+I\/(X/\Y‘U)+‘IV(?AXYZ'U)*RY‘+755]
VUXY?ZEV;;,an;,n,
+ > 9= nD(VzixyulIWIVxyv)+Iv(XAY [U)+|Tv (XAY [U)+Tv (XY AXY Z|U) = Rx — Ry | =53]
Vuxyxvz

t
EV%y n Wiy n

< 9—nlEr(Rx,Ry ,W,Pyxy)—6d] (231)

whenever n > ni(|Z|, |X|, |V, [U|,d), where Er(Rx, Ry, W, Pxyy) is defined in the statement of the theorem.
Lower bound: In the following, we obtain a lower bound on the average error probability of code C' = Cx xCy .
Applying (65) on O, then using (a) Lemma 5 and (b) the fact that for V' ¢ V§ ,, we have A, >0, and similar
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such facts about AY and AXY, we get

+
e(C,W) > E o—n(Ex+48) |1 _ E : o= n(Iv (XAXY X Z|U)~ R, —75)
Vuxyxz Vioxyxxz:
V% WV Vuxyxz=Vuxvxz
+
+ Z 27n(E)L/+46) 1_ Z 27n(IV(Y/\XYYZ\U)7Ry776)
VQXYYZ Vuxyyyz:
vy ,,NVy, Vioxyyz=Vuxvyyz
+
+ E 2—n(E)L(Y+45) 1 _ E 2—n([v(XY//\XYX{/ZlU)—Rx—Ry—'hs) (232)
Voxyxvz Vuxyxxyvz:
GV)T(Y,an)féy,n Voxyxvz=Vuxvyxvz

This expression can be simplified as follows.

e(C,W) = > 2 "EX | > 9—nBy | 3 g-nEky

VgXY).(Zev;(,nmv)t(,n Vyxy{/zev;,nmvxt’,n Vg)gyid/zev)r(y,nrlv)tiy,n
I(XAXY Z|U)>Rx+128 I(YAXY Z|U)>Ry +128 Iv (XY AXY|U)+Iy (XAY|U)>
Rx+Ry+145
Using the continuity argument, the lower bound on the average error probability follows. O

Proof. (Theorem 4) Fix U, Pxyy € Po(X x Y xU) with X —U -Y, Rx >0, Ry >0,0 >0, and u € Tp,,.
Let C* = C% x C§ be the multiuser code whose existence is asserted in Lemma 6. Taking into account the

given u, the a-decoding yields the decoding sets
D;j ={z:a(u,x;,y;,2) < a(u,xx,y;, z) for all (k,1) # (4,7)}

Let us define the collection of n-types Vx .. Vy,, and V., as follows:

Vixyx: Vxv =Viy = Pxvu,Vyu = Pyu
Vin = Fy(Vuxy), Fu(Vyxy) < min{Rx, Ry } (233)
Fx(Vyxyx) < min{Rx, Ry}
Vixyy : Vxuv = Pxvu,Vyuv = V¢ = Pyu
VY, £ Fy(Vuxy), Fu(Vyxy) < min{Rx, Ry } (234)
Fy (Vyxyy) < min{Rx, Ry}
Ve, 2 Voxvxy: Voxvie Voxvx €V% Voxyy:Vuxyy € V¥ (235)
" FXY(VUXYXY)a FXY(VUXYXY) < min{Rx, Ry}

Lemma 11. For the multiuser code C* = C% x C5, the following holds:

If Vyxyx € Vxn) = Nx(C*, Viyxyx) =0, (236)
If Viyxyy € W) = Ny (C*, Vi xyy) =0, (237)
If Vixyxy € Vxyva) = Nxy(C*, Vyxyxy) = 0. (238)
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Proof. The proof is very similar to the proof of lemma 10.

O

The average error probability of C* can be obtained as follows in a similar way that used in the proof of

Theorem 2 and Theorem 3.

6(0*,W) < g 9—n[D(VzixyullW|Vxyu)+Iv(XAY|U)-30]
VUXY)E’ZEV;(,nﬂv;:(,n
+ E 9~ n[D(Vz i xyullW|Vxyu)+iv(XAY|U)=36]
Voxyvyz€Vvn Wy

+ Z 9= n[D(VzixyullW|Vxyu)+Iv(XAY|U)=368]

KUXY)“(Y/SUZ
EVxynMWxy,n

Now using the continuity argument the statement of the theorem follows.
Proof. (Theorem 5) For any V, vy 5, € V.
Hy(XY|ZU) > Hy (XY |ZU),
therefore, by subtracting Hy (Y'|ZU) form both sides of (240), we can conclude that
Hy(X|U) = Iy(X AY Z|U) = Hy (X|U) = Iv(X AY Z|U),
Since Vxy = Vi, = Pxu, the last inequality is equivalent to
Iv(X ANYZ|U) < Iy(X AY Z|U).
Since Iy (X A XY Z|U) > I (X AY Z|U), it can be seen that for any Vi, vy 55 € Vi
(X AXYZ|IU)> Iyv(X ANY Z|U).
Moreover, since
Vi S{Vuxvxz  Vuxyvz € V(Puxy)}
it can be easily concluded that
E%(Rx, Ry, W, Pxyu) > EX*(Rx, Ry, W, Pxyu).
Similarly, for any V;; vy v, € Vv,
Hy(XY|ZU) > Hy (XY |ZU).
By using the fact that, Vyy = V5, = Pyy, it can be concluded that
Iy(Y ANXYZ|U) > Iy(Y AXZ|U).
Since

Vv S{Vuxyyz  Vuxyz € V(Puxy)},
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(239)

(240)

(241)

(242)

(243)

(244)

(245)

(246)

(247)



we conclude that
Ey(Rx, Ry, W, Pxyy) > E5*(Rx, Ry, W, Pxyu). (248)

Similarly, we can conclude that, for any V;, vy 5y, € Vxy>
(XY AXYZIU)+ (X AY|U) > Iy(XY A Z|U) + (X AY|U). (249)
Since
Viv S {Vuxyxyz: Voxvz € V(Puxy)}, (250)
it can be concluded that
E%y(Rx, Ry, W, Pxyu) > E;3% (Rx, Ry, W, Pxyv). (251)

By combining (6), (248) and (251), we conclude that (96a) holds. Similarly, we can prove that (96b) and (96¢)
hold. O
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