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1. Introduction

Main result. The first non-zero Laplace eigenvalue λ1 of a hyperbolic
surface controls the speed of mixing of geodesic flow, the error term in the
Geometric Prime Number Theorem, and measures the extent to which the
surface is an expander.

In high genus, the best one can hope for is that λ1 is close to 1
4 . Indeed, if

Λ = lim supg→∞ Λg, where Λg denotes the maximum value of λ1 over Mg,

then we have Λ ≤ 1
4 [Hub74, Che75].

It is natural to conjecture that λ1 is typically close to this optimal value
of 1

4 in large genus, especially since the corresponding statement for regular
graphs is true [Fri08, Bor20]. Despite extensive study of Selberg’s related
eigenvalue 1

4 conjecture, it was only proven recently, by Hide and Magee

[HM21] after this paper was written, that Λ = 1
4 . However, the behavior

of λ1 for Weil-Petersson typical random surfacs of large genus remains an
open problem.

In this paper, we study this conjecture by averaging the Selberg trace
formula over Mg and using ideas originating in Mirzakhani’s thesis. We
establish the following:

Theorem 1.1. For all ε > 0, the Weil-Petersson probability that a surface
in Mg has λ1 <

3
16 − ε goes to zero as g →∞.
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The same result was obtained independently by Wu and Xue [WX21].

Previously Mirzakhani showed the same result with 3
16 replaced with 1

4

(
log(2)

2π+log(2)

)2
≈

0.002 [Mir13]. Related results for random covers of a fixed surface, again
with 3

16 appearing, were obtained for closed surfaces by Magee, Naud, and
Puder in [MNP20] and for convex cocompact surfaces by Magee and Naud
[MN20].

Idea of the proof. Our work is inspired by and builds on recent work of
Mirzakhani and Petri [MP19]. They fix a constant length L, and consider
geodesics of length at most L. As the genus goes to infinity, they show in
particular that, averaged over Mg,

(1) most geodesics of length at most L are simple and non-separating,
and

(2) the number of simple non-separating geodesics of length at most L
can be estimated using Mirzakhani’s integration formula.

This paper extends these observations to lengths scales L that grow slowly
with genus. As the error term in the Geometric Prime Number Theorem
suggests, bounds on the number of geodesics translate into bounds on λ1.

The starting point for the first observation above are computations that
show, on average, there aren’t too many subsurfaces which a non-simple
geodesic of length at most L can fill. Given this, one must show that most
such subsurfaces don’t have too many closed geodesics. This is more difficult
when L grows with genus, and requires that we establish new bounds in
Section 2.

Even though our analysis shows that the contribution of the non-simple
geodesics is a lower order term at the length scales we consider, it may be
nescessary to better understand this term to move beyond the 3

16 barrier.

Broader significance. Our results are broadly applicable to any problem
that relates to counting geodesics or that might be studied by averaging the
Selberg Trace Formula over Mg, and provide tools towards improved error
terms in limit multiplicity laws [Mon20, ABB+17], calculations with error
terms for the average number of geodesics with lengths in intervals with sizes
growing or shrinking with the genus, and first steps towards understanding
eigenvalue spacing [Sar95].

Additionally, we believe our results concerning the nature of geodesics
of different lengths scales are just the tip of the iceberg. We suggest the
following as an accessible starting point for further investigation.

Conjecture 1.2. As g goes to infinity, on most surfaces in Mg most
geodesics of length significantly less than

√
g are simple and non-separating,

and most geodesics of length significantly greater than
√
g are not simple.

Because error terms are central in our analysis, a proof of this conjecture
will not necessarily yield any improvements to Theorem 1.1. However it
would improve our understanding of high genus surfaces.
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Structure of the proof. The proof of Theorem 1.1 is divided into a
geometric bound on geodesics and an argument using the Selberg Trace
Formula. We state these results now.

Given a compactly supported real function F , define Fall : Mg → R by
setting Fall(X) to be the sum of F over the lengths of all oriented closed
primitive geodesics on X. When not otherwise specified, we refer to the
Weil-Petersson measure on Mg.

Theorem 1.3. For any constants D > 0 and 1 > κ > 0, there are subsets
M′g of Mg such that

(1) Vol(M′g)/Vol(Mg)→ 1,
(2) every surface in M′g has systole at least 1/ log(g), and
(3) for any non-negative function F with support in [0, D log(g)], the

average of Fall over M′g is at most

(1 +O(g−1+κ))IF ,

where

IF =

∫ ∞
0

F (`)`
sinh(`/2)2

(`/2)2
d`.

Theorem 1.4. Fix D > 4 and 1 > κ > 0. Let µ be a Borel probability
measure on Mg such that

(1) µ is supported on the e−g
o(1)

-thick part of Mg, and
(2) for any non-negative function F with support in [0, D log(g)], the

µ-average of Fall is at most

(1 +O(g−1+κ))IF .

Then the µ-probability that λ1(X) ≤ 1
4 − b

2 is at most

O
(
g1−4b(1−

κ
2 )+o(1)

)
,

where the implicit constant in the big O notation depends only on D, κ, and
the implicit constant in O(g−1+κ).

Proof of Theorem 1.1 given Theorems 1.3 and 1.4. Let µg be the restriction
of the Weil-Petersson measure to M′g, normalized to be a probability mea-

sure. Theorem 1.4 proves that the µg probability that λ1 <
3
16 − ε goes to

zero as g →∞. Since the complement ofM′g has probability measure going
to zero as g →∞, this gives the result. �

Additional context. Mirzakhani pioneered the study of Weil-Petersson
random surfaces [Mir13], and devoted her ICM address to this topic [Mir10].
Building on her previous study of Weil-Petersson volume polynomials, she
proved in particular that the probability that the Cheeger constant is smaller
than 0.099 goes to zero as the genus goes to infinity.
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More recent works motivated by the problem of understanding λ1 of typi-
cal high genus surfaces include results on Weil-Petersson volume polynomials
[AM20] and the geometry of typical surfaces [MT20].

For some additional open problems related to random surfaces, see [Wri20,
Section 10.4]. In analogy with regular graphs [Alo97], we expect that Rie-
mann surfaces of high genus have Cheeger constant bounded away from 1,
and that Theorem 1.1 cannot be obtained using the Cheeger inequality. See
[NWX20, PWX20] for a recent study of separating geodesics.

Additional results on small eigenvalues can be found in [WX18, Dub19].

Prerequisites. In Sections 3 and 4, we assume the reader is familiar with
the formula Mirzakhani gave in her thesis for integrating certain functions
overMg [Mir07]. See [Wri20, Section 4] for a short introduction sufficient
for our purposes.

Let Vg,n denote the volume of Mg,n, and Vg,n(L1, . . . , Ln) denote the
volume of the moduli space of genus g hyperbolic surfaces with boundary
geodesics of lengths L1, . . . , Ln. Given a compactly supported real function
F , define Fsns : Mg → R by letting Fsns(X) be the sum of F over the
lengths of all oriented simple non-separating geodesics on X. A special case
of Mirzakhani’s integration formula is∫

Mg

Fsns =

∫ ∞
0

`F (`)Vg−1,2(`, `)d`.

It is also nescessary to know the statement of asymptotics of Vg,n in
[MZ15, Theorem 1.8].

Organization. In Section 2 we give bounds on the number of closed
geodesics on surfaces with boundary, showing that often there are vastly
fewer geodesics than one expects on closed surfaces. (In particular, the
critical exponent is often close to 0.)

These bounds however require a lower bound on the systole. For this rea-
son, we require estimates for a version of Mirzakhani’s Integration Formula
over the thin part of Mg, which we obtain in Section 3 via an inclusion-
exclusion argument. This section also gives more precise estimates for the
volume of the thin part than were previously known.

Sections 4 and 5 prove Theorems 1.3 and 1.4 respectively.
Our arguments in Sections 3 and 4 crucially rely on estimates of Mirza-

khani [Mir13], Mirzakhani-Zograf [MZ15], and Mirzakhani-Petri [MP19].
For the convenience of the reader, we revisit the proofs of these estimates
in Appendices A and B to verify some results on uniformity that were not
explicitly included in the original statements. Similarly, in Appendix C we
review a standard local Weyl law argument used in Section 5.

Acknowledgements. We thank Farrell Brumley, Andrew Granville, Rafe
Mazzeo, Peter Sarnak, and Scott Wolpert for helpful conversations. We also
especially thank Paul Apisa for detailed comments on an earlier draft.



TOWARDS OPTIMAL SPECTRAL GAPS IN LARGE GENUS 5

During the preparation of this paper, the first author was partially sup-
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2. Surfaces with few geodesics

Throughout this paper, all hyperbolic surfaces and subsurfaces are as-
sumed to be compact, and are either closed or have geodesic boundary. The
purpose of this section is to show the following theorem.

Theorem 2.1. For any A > 0, there exists a C > 0 such that if X is a
hyperbolic surface of area A and L0 > 1 and 1

2 > ε > 0 are such that

(1) X does not have any pants or one-holed tori of total boundary length
less than L0, and

(2) X has systole at least ε,

then for all ` > 0, the number of closed geodesics on X of length at most `
is at most (

CL0 log(1/ε)

ε

)C`/L0+3

.

Remark 2.2. When getting upper bounds of the form O(eδ`) on the number
of closed geodesics on a general hyperbolic surface, it isn’t possible to do
better than δ = 1. But, for fixed A and ε, Theorem 2.1 gives such a bound
with δ a multiple of log(L0)/L0.

It is easy to see that L0 can only be large ifX has long boundary, assuming
a bound on ε and A. We think of Theorem 2.1 as saying that many surfaces
with long boundary have very few geodesics.

Surfaces satisfying the first condition in Theorem 2.1 are studied in [MT20],
where they are called L0/2-tangle-free.

2.1. The thin part. If X is a hyperbolic surface with boundary, then we
may form the double Xd of X by gluing together two copies of X along
their boundary to obtain a closed surface. The double is equipped with an
involution whose quotient is X. For any δ, the δ-thin part of Xd is defined
to be the subset where the injectivity radius is less than δ, and the δ-thin
part of X is the image of this set in X.

For δ small enough, the δ-thin part of Xd is a disjoint union of collars
around short geodesics. Each such collar is either fixed by the involution or
exchanged with another collar. In the fixed case, if the two boundary circles
of the collar are exchanged we call the quotient of the collar a half-collar,
and otherwise we call the quotient of the collar a thin rectangle. Below we
will treat half-collars as a special case of collars. (In fact is harmless to
assume there are no half-collars, since half-collars contain short boundary
geodesics, and Theorem 2.1 can only be applied with all boundary geodesics
are long.)
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We thus see that the δ-thin part of X is a union of collars and thin
rectangles. Thin rectangles correspond to regions of X where two segments
of the boundary of X are very close to each other. We define the width
of a rectangle to be the minimal distance between the components of its
boundary in the interior of X, so very thin rectangles have very large width.

From now on, we fix δ and refer to the δ-thin part simply as the thin part.
Its complement is called the thick part. Recall the following standard fact.

Lemma 2.3. For all A > 0 there exists a constant C such that if X is a
hyperbolic surface of area at most A with boundary, then there is a set of at
most C points on X such that every point in the thick part is within distance
1 of one of these points.

From this we immediately get the following, keeping in mind that a curve
of length ε has a collar of size O(log(1/ε)).

Corollary 2.4. For all A > 0 there exists a constant C such that that if X
is a hyperbolic surface of area at most A with boundary, L0 > 1 is arbitrary,
and the systole of X is at least ε > 0, then there is a set of at most

C + C log(1/ε)/L0

points on X such that every point not in a thin rectangle of width at least
L0 is within distance L0/48 of one of these points.

For the remainder of this section, given a surface X as in Theorem 2.1,
and a choice of L0, we fix a set Net(X) of points as in Corollary 2.4.

Each thin rectangle has two boundary components in the interior of X,
which we think of as the two ends of the rectangle. For each end of each
rectangle of width at least L0, add a point on this end to Net(X). These
points will be distinguished in that we will remember that that each such
point is associated to the end it lies on. Since the number of thin rectangles
is bounded linearly in terms of A, we have added at most a constant (linear
in A) number of points to Net(X).

2.2. Good segments. Define a good segment to be a geodesic segment
joining two points in Net(X) that either

• has length at most L0/12, or
• is contained in a thin rectangle of width at least L0 and starts and

ends at the chosen points on each end.

The zero length geodesic joining a point in Net(X) to itself will be considered
a good segment.

The purpose of this subsection is to show the following.

Proposition 2.5. Let X be as in Theorem 2.1. For any two points p1, p2 ∈
Net(X), there are at most

3 +
L0

6ε
good segments joining p1 and p2.
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Lemma 2.6. Let γ ∈ Isom+(H) have translation length T > 0. Then, for
any two points in H/〈γ〉, there are at most

2 +
2`

T
geodesic segments of length at most ` joining these two points.

Proof. The projection from H/〈γ〉 onto its unique closed geodesic is distance
non-increasing, so it suffices to assume the two points lie on this geodesic.
In each of the two possible directions along this geodesic, the segment must
first go from one point to the other, and then can make at most `/T complete
loops around the geodesic. �

The following elementary observation applies both when X is closed and
when it has geodesic boundary and cusps.

Lemma 2.7. Suppose that a hyperbolic surface X doesn’t have any pants
or one-holed tori with total boundary length less than L0. Then the ball B
of radius R = L0/12 centered at any point p ∈ X is isometric to either a
subset of H or to a subset of H/〈γ〉 for some γ ∈ Isom+(H).

A version of this lemma appears in [MT20, Proposition B].

Proof. It suffices to consider the case when X doesn’t have boundary.
In order to find a contradiction, assume that B is not homeomorphic to

a ball or an annulus.

Sublemma 2.8. B contains two simple loops α1 and α2, each of length at
most 2R, that intersect at most once.

Proof. Slowly grow an open ball centered at p, starting with small radius
and then increasing the radius to R = L0/12. Let R1 < R be the maximum
radius where this ball is embedded, so the closure of the ball of radius
R1 contains a point q1 that appears with multiplicity at least two in the
boundary circle of the ball. Define α1 to be the simple loop that travels from
q1 to p and then back out to the other appearance of q1 on the boundary of
the ball. See Figure 1 (left).

If q1 is not unique, then we can similarly define α2. If q1 appears with
multiplicity greater than 2, we define α2 as in Figure 1 (right).

Otherwise, the ball of radius slightly larger than R1 is topologically an
annulus. Let R2 < R be the maximum radius where this remains true. So
there is a point q2 which appears at least twice on the boundary of the ball
of radius R2 and isolated among such points. We now define α2 analogously
to α1. �

If α1 and α2 intersect once, then the boundary of the neighborhood of
their union can be tightened to a geodesic of length at most

2`(α1) + 2`(α2) ≤ 8R,

and this geodesic bounds a torus.
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Figure 1. Finding α1 and α2.

If they don’t intersect, we can form a simple curve α3 by going around
α1, then taking a minimal length path β to α2, going around α2 once, and
then going back to α1 along β. This α3 has length at most

`(α1) + `(α2) + 2`(β) ≤ 8R.

The geodesic representatives of α1, α2, α3 bound a pants with total boundary
at most 12R. �

Proof of Proposition 2.5. Call the two points p1 and p2. There is at most 1
good segment joining p1 and p2 of length greater than L0/12; this segment
can only exist if p1 and p2 are the points associated to opposite ends of a
thin rectangle.

So we now count the number of geodesics joining p1 and p2 of length at
most L0/12. Any such geodesic is of course contained in the ball of radius
L0/12 about p1.

By Lemma 2.7, this ball is isometric to a subset of H or to a subset of
H/〈γ〉. In the first case, there is only one geodesic from p1 to p2, and in the
second case Lemma 2.6 (with T ≥ ε and ` = L1/12) gives the necessary
bound. �

2.3. Loops of good segments. We now relate closed geodesics to good
segments.

Lemma 2.9. Every closed geodesic γ of length at most ` is homotopic to a
loop of at most

2 +
24`

L0
.

good segments.

Proof. There is some point p1 ∈ Net(X) of distance at most L0/48 from a
point p′1 of γ. Pick an orientation along γ. Having defined pi ∈ Net(X) and
p′i ∈ γ, define p′i+1 and pi+1 as follows:
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(1) If pi is within distance L0/24 of p1 in the forward direction along γ,
set pi+1 = pi and p′i+1 = p′i, and conclude the construction.

(2) If the point distance L0/24 along γ is not in a thin rectangle of width
at least L0, then define p′i+1 to be this point. Pick pi+1 to be any
point of Net(X) within distance L0/48 of p′i.

(3) In the remaining case, if pi is not the the point of Net(X) associated
to the entry end of this this rectangle, set pi+1 ∈ Net(X) to be this
point on the entry end; and otherwise let pi+1 ∈ Net(X) be the point
associated to the exit end of the rectangle. In either case, let p′i+1
be a point in γ of distance at most 1 away from pi+1.

For each i, fix a path from pi to p′i of minimal length; this length must be
at most L0/48 in all cases. Define γi be the geodesic representative of the
path which goes from pi to p′i, then goes along γ to p′i+1, then goes to pi+1.
So, by definition γ is homotopic to the concatenation of the γi.

Sublemma 2.10. Each γi is a good segment.

Proof. Since 1/48 + 1/24 + 1/48 = 1/12, γi can only have length greater
than L0/12 in the final case above, when it crosses a thin rectangle, and in
this case γi is good by definition. �

It now suffices to bound the number of segments γi, or equivalent the
number of points p′i ∈ γ. Suppose the number of such points is n. The fact
that the distance from p′n to p′1 may be arbitrarily small slightly complicates
the bound, since it means the last segment of γ is unusual.

If i ≤ n − 2, then either the distance along γ from p′i to p′i+1 is exactly
L0/24, or the distance from p′i to p′i+2 is at at least L0. In this way we see
that the average length of either the first n − 2 or the first n − 1 of these
distances is at least L0/24, and hence we get (n− 2)L0/24 ≤ `. �

Proof of Theorem 2.1. By Lemma 2.9, it suffices to bound the number of
loops consisting of at most n = b2 + 24`

L0
c good segments. We will actually

bound the number of loops with a choice of basepoint in Net(X), which is
larger. Since we allow zero length good segments, we can assume there are
exactly n good segments in the loop.

The number of paths in Net(X) that can be traced out by such a loop is
bounded by |Net(X)|n. Hence, Proposition 2.5 gives that the total number
of such loops is at most

|Net(X)|n
(

3 +
L0

6ε

)n
.

It now suffices to note that, since ε < 1 and L0 > 1,

|Net(X)|
(

3 +
L0

6ε

)
=

(
C +

C log(1/ε)

L0

)(
3 +

L0

6ε

)
can be bounded by

C ′L0 log(1/ε)

ε
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for some different constant C ′. �

3. Integrating over the thin part

LetM<ε
g denote the subset ofMg where the surface has a closed geodesic

of length less than ε. The purpose of this section is to prove the following
result.

Theorem 3.1. There is a constant ε0 > 0 such that for ε < ε0 and F
a non-negative function with support in [0, go(1)], the average of Fsns over
M<ε

g is at least

(1− g−1+o(1))IF .

More formally, this means that for any function s(g) ∈ o(1), there exists a

function p(g) ∈ o(1) such that if the support is in [0, gs(g)] then the average

is at least (1− g−1+p(g))IF . The function p(g) does not depend on ε.

Corollary 3.2. With the same assumptions, the average of Fsns over M>ε
g

is at most
(1 + g−1+o(1))IF

Proof. Let δ denote the measure of M<ε
g divided by the measure of Mg, so

the desired average is

1

1− δ

(
1

Vg

∫
Mg

Fsns −
δVg
Vg

1

δVg

∫
M<ε

g

Fsns

)
.

Mirzakhani’s integration formula gives

1

Vg

∫
Mg

Fsns =
1

Vg

∫ ∞
0

F (`)`Vg−1,2(`, `)d`.

The volume asymptotics with error term in [MZ15, Theorem 1.8] imply
that

(3.0.1)
Vg−k,2k
Vg

= 1 +O

(
k2

g

)
.

This statement with k = 2 together with the sinh upper bound (Lemma
B.1) gives that

1

Vg

∫
Mg

Fsns ≤ IF (1 + g−1+o(1)).

Theorem 3.1 gives that

1

δVg

∫
M<ε

g

Fsns ≥ (1− g−1+o(1))IF .

Thus the desired average is at most

IF
1− δ

(
1− δ(1− g−1+o(1))

)
=

IF
1− δ

(
1− δ + δg−1+o(1)

)
,

giving the result. (Since ε is small we can assume δ < 1/2.) �
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The average in Theorem 3.1 is the integral overM<ε
g divided by the mea-

sure of M<ε
g , and we estimate the numerator and denominator separately.

We will always assume ε is small enough so that geodesics of length at most
ε are simple and pairwise disjoint.

Proposition 3.3. There is a constant ε0 > 0 such that for ε < ε0, the
volume of M<ε

g is(
1 +O

(
g−1+o(1)

))
· (1− exp(−Iε))Vg,

where

Iε =
1

2

∫ ε

0
δ

sinh(δ/2)2

(δ/2)2
dδ.

The implicit o(1) function does not depend on ε. When ε is small, Iε is
about ε2/4. For fixed ε, this agrees with the asymptotic for the volume of
M<ε

g obtained in [MP19].

Both g−1+o(1) and O(g−1+o(1)) denote terms within a sub-polynomial fac-
tor of g−1, but the later does not specify the sign of the term.

Proof. Let Ak be the integral over Mg of the function which counts the
number of sets S of k disjoint unoriented geodesics, each of length at most
ε, on a surface X ∈Mg.

Lemma 3.4. If n(g) = 3g − 3, then the volume of M<ε
g is exactly

n(g)∑
k=1

(−1)k+1Ak.

The same sum with n(g) any odd integer gives an upper bound, and with
n(g) even it gives a lower bound.

Proof. This follows directly from the inclusion exclusion principle, or equiv-
alently the identity

n∑
k=1

(−1)k+1

(
r

k

)
= 1− (−1)n

(
r − 1

n

)
,

where
(
r−1
n

)
is defined to be zero if n ≥ r. Every surface in M<ε

g has some
number r of geodesics of length at most ε, where 1 ≤ r ≤ 3g − 3. �

Let n(g) be the floor of log g/ log log log g. For each i, write Ak = Gk+Bk,
where the good contribution Gk is the integral of the number of sets S of k
disjoint unoriented geodesics, each of length at most ε, where the comple-
ment of S is connected, and the bad contribution Bk is defined similarly for
sets where S is separating.

Lemma 3.5. There is a constant ε0 > 0 such that for ε < ε0,

n(g)∑
k=1

(−1)k+1Gk = Vg(1 +O(g−1+o(1)))(1− exp(−Iε)).
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Moreover Gn(g)+1 = O(Vgg
−1+o(1)(1− exp(−Iε))).

Proof. Mirzakhani’s integration formula gives

Gk =
1

2kk!

∫ ε

0
· · ·
∫ ε

0
δ1 · · · δkV2g−k,2k(δ1, δ1, . . . , δk, δk)dδ1 . . . dδk.

Since k ≤ n(g), the sinh approximation (Lemma B.1) gives

Gk = (1 +O(g−1+o(1)))
Vg−k,2k
k!

Ikε .

As in equation (3.0.1), the volume asymptotics with error term in [MZ15,
Theorem 1.8] give that Vg−k,2k is very close to Vg, so this implies the same
statement with Vg−k,2k replaced by Vg. Hence

n(g)∑
k=1

(−1)k+1Gk = Vg

n(g)∑
k=1

(−1)k+1

k!
Ikε +O

Vgg−1+o(1) n(g)∑
k=1

1

k!
Ikε

 .

Taylor’s Theorem implies that

n(g)∑
k=1

(−1)k+1

k!
Ikε = 1− exp(−Iε) +O

(
(Iε)

n(g)+1

(n(g) + 1)!

)
.

We think of 1−exp(−Iε) as being the main term, and note that it is approx-
imately Iε when ε is small. We need to compare the error here and above
to this main term. We start by noting that

n(g)∑
k=1

1

k!
Ikε ≤ exp(Iε)− 1.

Since this is also about Iε when ε is small, we have

Vgg
−1+o(1)

n(g)∑
k=1

1

k!
Ikε = O

(
Vgg
−1+o(1)(1− exp(−Iε))

)
,

bounding with the first source of error above.
Next we consider the error the Taylor approximation, namely

(Iε)
n(g)+1

(n(g) + 1)!
≤ Iε

(n(g) + 1)!
=
O(1− exp(−Iε))

(n(g) + 1)!
,

where we assume in particular that ε is small enough to get Iε < 1. This
error term is small enough when (n(g) + 1)! > g. Using Stirling’s formula,
this is certainly true when

(n(g)/e)n(g) = e(log(n(g))−1)n(g) > g,

which is guaranteed by our choice of n(g).
The final statement follows from the arguments above, and can also be

obtained by summing up to n(g) + 1 instead of n(g) and then subtracting
the two sums to isolate the k = n(g) + 1 term. �
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Lemma 3.6. There is a constant ε0 > 0 such that for ε < ε0,

n(g)+1∑
k=1

Bk ≤ Vg · g−1+o(1)(1− exp(−Iε)).

Proof. By Mirzakhani’s Integration Formula and the sinh upper bound in
Lemma B.1, Bk is at most Ikε times a sum of products of Vgi,ni , summed over
all ways of pinching k curves to a get a surface with at least 2 components,
where the components have genus gi and ni nodes.

Lemma B.5 states that there are at most 2k+q
2
gq
′−1 ways to pinch a

collection of k curves and get a nodal surface with q components, q′ of
which aren’t spheres with three marked points or tori with one marked
point. Lemma B.2 states that for each such configuration,

q∏
i=1

Vgi,ni ≤ Vg
(
C1

g

)q+q′−2
.

Note that

2k+q
2
gq
′−1
(
C1

g

)q+q′−2
=

2k+q
2
Cq+q

′−2
1

gq−1
≤ (2C2

1 )k−1

(
go(1)

g

)q−1
,

where the final inequality uses that 2q ≤ 2n(g)+1 = go(1).
For each q, there are at most q values of q′. Also, q is at most k+1. Thus,

n(g)+1∑
k=1

Bk ≤ Vg
n(g)+1∑
k=1

Ikε (2C2
1 )k−1

k+1∑
q=2

(
go(1)

g

)q−1
.

If ε0 is small enough, then Iε · (2C2
1 ) < 1/2, so this is bounded by

VgIε

n(g)+1∑
k=1

1

2k−1

n(g)+1∑
q=2

(
go(1)

g

)q−1
= VgIεg

o(1)−1.

Since 1− exp(−Iε) is comparable to Iε, this gives the result. �

To conclude the proof of the proposition, first note that the alternat-
ing over/underestimate of the truncated inclusion exclusion bounds from
Lemma 3.4 shows that the error in the truncated inclusion exclusion is at
most An(g)+1 = Gn(g)+1 +Bn(g)+1. Lemma 3.5 bounds Gn(g)+1, and Lemma
3.6 overestimates Bn(g)+1, since the sum goes up to n(g) + 1.

Hence Lemmas 3.5 and 3.6 give the proposition. �

Proposition 3.7. There is a constant ε0 > 0 such that for ε < ε0 and F
a non-negative function with support in [0, go(1)], the integral of Fsns over
M<ε

g at least

Vg(1− g−1+o(1)) · (1− exp(−Iε)) · IF .
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Proof. The proof is almost identical to the previous proposition, so we only
give a sketch. Let n(g) be an even integer closest to log g/ log log log g.

Let A′k be the integral over Mg of the sum over simple non-separating
geodesics γ on X ∈Mg of F (`X(γ)) times the number of sets S of k disjoint
geodesic of length at most ε all of which are disjoint from γ.

As in Lemma 3.4, since n(g) is even, the desired integral is bounded below
by

n(g)∑
k=1

(−1)k+1A′k.

Indeed, if γ is a simple non-separating geodesic, let r denote the number of
geodesics of length at most ε disjoint from γ. If r = 0, γ does not contribute
to this sum, and if r > 0 then, since n(g) is even, the proof of Lemma 3.4
shows that γ contributes at most once.

For each i, decompose A′k = G′k +B′k, where G′k is the contribution from
S ∪ γ non-separating, and Bk is contribution from S ∪ γ separating.

Lemma 3.8. There is a constant ε0 > 0 such that for ε < ε0,

n(g)∑
k=1

(−1)k+1G′k = Vg(1 + g−1+o(1)) · (1− exp(−Iε)) · IF .

Moreover G′n(g)+1 = O(Vgg
−1+o(1) · (1− exp(−Iε)) · IF ).

Proof. In this case, because of our assumption on the support of F , the sinh
approximation gives

G′k = (1− g−1+o(1))Vg
k!
Ikε IF ,

and otherwise the proof proceeds as in Lemma 3.5, since this expression for
G′k is IF times the expression for Gk that appeared in Lemma 3.5. �

Lemma 3.9.
n(g)+1∑
k=1

B′k ≤ Vg(g−1+o(1)) · (1− exp(−Iε)) · IF .

Proof. The proof is similar to Lemma 3.6. �

The proposition follows from Lemmas 3.8 and 3.6. �

4. Proof of Theorem 1.3

Fix κ and D, and consider the locus Ng ⊂Mg where

(1) there are no separating multi-curves of total length less than (κ/2) log(g)
whose complement has two components, and

(2) there are no separating multi-curves of total length less than 2D log(g)
whose complement has two components, each of area at least 2π(4D+
1).
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Lemma 4.1. The measure of the complement of Ng is

O(gκ−1Vg).

Proof. Corollary B.6 states that, for integer a ≥ 0, the probability that a
surface in Mg has a multi-geodesic of length at most L cutting the surface
into two components each area at least 2πa is

O(e2L · g−a).

Thus, the probability of having a separating multi-curve of total length less
than (κ/2) log(g) is

O(gκ · g−1)
and the probability of having a separating multi-curve of total length less
than 2D log(g) cutting the surface into two components each area at least
2π(4D + 1) is

O(g4D · g−(4D+1)).

This proves the lemma. �

Define N>ε
g = Ng ∩M>ε

g . For now we require only that ε is smaller than
some universal constant, but ultimately we will take ε to zero as g → ∞.
Throughout this section, we assume F is supported on [0, D log(g)].

Lemma 4.2. The average over N>ε
g of Fsns is at most(

1 +O(gκ−1)
)
IF .

Proof. Compute

1

Vol(N>ε
g )

∫
N>εg

Fsns =
Vol(M>ε

g )

Vol(N>ε
g )
· 1

Vol(M>ε
g )

∫
N>εg

Fsns

≤
Vol(M>ε

g )

Vol(N>ε
g )
· 1

Vol(M>ε
g )

∫
M>ε

g

Fsns.

We will separately give bounds in the first and second factor of this expres-
sion.

Corollary 3.2 states that the second factor is at most (1 + g−1+o(1))IF .
Note that

Vol(M>ε
g )

Vol(N>ε
g )

= 1 +
Vol(M>ε

g \ N>ε
g )

Vol(N>ε
g )

≤ 1 +
Vol(Mg \ Ng)

Vol(N>ε
g )

≤ 1 +
2 Vol(Mg \ Ng)

Vg
,

where in the last line we used the extremely weak bound Vol(N>ε
g ) ≥ Vg/2.

So Lemma 4.1 gives that the first factor is at most 1 +O(gκ−1). �
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Proposition 4.3. The average over N>ε
g of Fall − Fsns is at most

O(go(1)−1IF ).

A union of closed geodesics is said to fill a hyperbolic surface if every
component of the complement is either a contractible polygon or an annular
region around a boundary geodesics. Recall the following.

Lemma 4.4. Suppose a union γ of closed geodesics of total length ` fills a
hyperbolic surface X of area A with boundary of length B ≥ 0. Then B < 2`
and ` > A/4.

Proof. Each boundary geodesic can be obtained by tightening a path of
segments of γ, and each segment can contribute at most twice in this way.
So B < 2`.

A version of the isoperimetric inequality gives that, for each component
of the complement of γ, the length of the boundary of this component is
greater than the area [Bus92, page 211]. So 2`+B > A. �

Corollary 4.5. If g is larger than a constant depending on D, then any non-
simple geodesic of length at most D log(g) on a surface in Ng is contained in
a subsurface with boundary at most 2D log(g) and area at most 2π(4D + 1)
and with connected complement.

Proof. By Lemma 4.4, any non-simple geodesic of length at most D log(g)
fills a subsurface S with boundary of length at most 2D log(g) and area at
most 4D log(g). A surface of that area has at most 2D log(g)/π boundary
circles, so the complement of S can have at most that many components.
Let C be the component of the complement of S with largest area, so C has
area at least

2π(2g − 2)− 4D log(g)

2D log(g)/π
.

Assume g is large enough so that this quantity is greater than 2π(4D + 1).
Let S′ be the complement of C. Note that S′ is connected, because it

contains S, which is adjacent to every component of the complement of S.
By the second condition in the definition of Ng, we see that S′ must have

area at most 2π(4D+1), since its complement is connected and area greater
than 2π(4D + 1).

Since the geodesic is contained in S′, this gives the result. �

Proof of Proposition 4.3. We will use that F has support in [0, D log(g)].
Since D is fixed, there are only a finite number of possible topological

types for a subsurface of area at most 2π(4D + 1). Thus Corollary 4.5
motivates the following.

Lemma 4.6. For fixed g1 and k, if ε is such that 1/ε is go(1), then the
average over N>ε

g of the sum of F over geodesics contained in a subsurface
of genus g1 with k boundary components and connected complement is at
most

O(g−1+o(1)IF ).



TOWARDS OPTIMAL SPECTRAL GAPS IN LARGE GENUS 17

Proof. We estimate the average number of such geodesics of length at most
L, assuming L ≤ D log(g). Each such geodesic is contained in a subsurface
of boundary at most 2L.

Corollary B.6 (with a = 2g1 − 2 + k fixed) gives that the average number
of such subsurfaces is at most

O(e(2L)/2(2L)pg−1)

for some p. Note that, since the volume of N>ε
g is certainly at least half

that of Mg, the average over N>ε
g is at most twice the average over Mg.

Theorem 2.1 gives that the number of geodesics of length at most L in
each such subsurface is at most(

CL0 log(1/ε)

ε

)CL/L0+3

where L0 = (κ/2) log(g). Given L ≤ D log(g), the exponent CL/L0 + 3 is

O(1). Given the restriction on ε, this whole expression is go(1), with little o
function depending on D and κ.

So the average over N>ε
g of the number of geodesics of length at most L ≤

D log(g) contained in a subsurface of genus g1 with k boundary components
is

O(eLLpg−1+o(1)).

Given the bound on L this is

O(g−1+o(1)L sinh2(L/2)/(L/2)2).

Integrating this against F (L) gives the result, since the probability density
function for the number of geodesics in question of length exactly L is cer-
tainly bounded by the probability density function for geodesics of length
at most L. �

Lemma 4.7. The average over N>ε
g of the sum of F over simple separating

geodesics is at most

O(go(1)−1IF ).

Proof. First consider the average number of separating geodesics of length
at most L, averaged over N>ε

g . Since the volume of N>ε
g is certainly at least

half that of Mg, this is at most twice the average over Mg.
Corollary B.6 (with k = 1) gives that the average overMg is O(eLL2g−1).

Assuming L ≤ D log(g), this is bounded by a constant times

g−1+o(1)L sinh2(L/2)/(L/2)2.

Integrating this against F (L) gives the result. �

The two lemmas prove the proposition, since every geodesics contributing
to Fall−Fsns is either simple and separating, and hence controlled by Lemma
4.7, or contained in a subsurface of one of finitely many topological types
by Corollary 4.5, and hence controlled by Lemma 4.6. �
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Proof of Theorem 1.3. Set ε = 1/ log(g) and defineM′g = N>ε
g . Since ε→ 0

as g →∞, the probability measure ofM<ε
g goes to zero as g →∞. Lemma

4.1 gives that the probability measure of the complement of Ng goes to zero
as g →∞. So Vol(M′g)/Vg → 1.

Lemma 4.2 and Proposition 4.3 give the estimate on the integral of Fall.
�

5. Proof of Theorem 1.4

In this section we prove Theorem 1.4 by averaging Selberg’s trace formula
[Sel56].

5.1. Statement of the trace formula. For smooth, even, compactly sup-
ported functions f on R, define

Ff (x) = x ·
∞∑
k=1

f(kx)

2 sinh(kx/2)
.

We continue to use Ff,all(X) to denote the sum of Ff over the lengths of
primitive oriented closed geodesics on X.

Theorem 5.1. Let f be a smooth, even, compactly supported function on
R. Let X be a closed hyperbolic surface of genus g with Laplace eigenvalues
λn = 1

4 + r2n. Then

∑
rn

f̂(rn) = (g − 1)

∫ ∞
−∞

f̂(r) · r · tanh(πr) dr + Ff,all(X).

The left hand side is called the spectral side, and the right hand side
the geometric side. The first summand on the geometric side is called the
identity contribution. The imaginary parameters rn, corresponding to eigen-
values strictly less than 1

4 , are called exceptional.

Since f is even, its Fourier transform equals

f̂(r) =

∫
R
f(x)e−ir·xdx = 2

∫ ∞
0

f(x) cosh(−irx)dx.

5.2. A preliminary observation. We start by noting that the integral
IFf is close to the λ0 = 0 contribution to the trace formula.

Lemma 5.2. |IFf − f̂(i/2)| ≤ 4‖f‖1.
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Proof. Directly from the definitions, we get

IFf = 2
∞∑
k=1

∫ ∞
0

f(k`) sinh(`/2)2

sinh(k`/2)
d`

= 2

∫ ∞
0

f(`) sinh(`/2)d`+ 2
∞∑
k=2

∫ ∞
0

f(k`) sinh(`/2)2

sinh(k`/2)
d`.

= f̂ (i/2)− 2

∫ ∞
0

f(`)e−`/2d`+ 2
∞∑
k=2

∫ ∞
0

f(k`) sinh(`/2)2

sinh(k`/2)
d`.

Since e−`/2 ≤ 1, the middle term is at most 2‖f‖1.
When k ≥ 2, convexity of sinh gives

sinh(`/2)2

sinh(k`/2)
≤ sinh(`/2)2

k
2 sinh(`)

≤ 1

k
.

Applying the change of variables u = k` and noting that 2
∑∞

k=2
1
k2

< 2,
this gives that the third term is at most 2‖f‖1. �

Corollary 5.3. Under the assumptions of Theorem 1.4, if f is even and
has support in [−D log(g), D log(g)], we have the one-sided bound∫

Mg

(
Ff,all(X)− f̂ (i/2)

)
dµ(X) ≤ 5‖f‖1 +O(gκ−1)f̂ (i/2) .

This cancellation on average is the essential point in our arguments below.

5.3. Picking test functions. Fix a smooth, compactly supported, even
test function f on R satisfying

• f is non-negative and supported on [−1, 1] and

• f̂ ≥ 0 on R ∪ iR with f̂ > 0 on iR.
For example, f could be be the convolution square of a smooth, even, non-
negative function g supported on [−1/2, 1/2] with g(0) > 0.

Define

fL =
1

2
(f(x+ L) + f(x− L)).

The Fourier transform intertwines translation and multiplication by charac-

ters, so f̂L(r) = f̂(r) · cos(Lr) and f̂L(it) = f̂(it) · cosh(Lt). We will assume
that L ≤ D log(g)− 1.

Our goal is to give an upper bound for

p = µ

({
X ∈Mg : λ1(X) ≤ 1

4
− b2

})
.

We start by relating this to the contribution of exceptional eigenvalues.

Lemma 5.4. The µ-average of∑
rn∈(0·i, 12 ·i)

f̂L(rn(X))



20 LIPNOWSKI AND WRIGHT

is at least p · cosh(Lb) ·m, where m = mint∈[0,1/2] f̂(it).

Proof. This follows immediately from monotonicity of cosh and the non-

negativity property of f̂ . �

In the remainder of the proof, we use the trace formula to give an upper
bound for this average, which will translate into an upper bound for p.

Lemma 5.5. The µ-average of∑
rn∈(0·i, 12 ·i)

f̂L(rn(X))

is less than or equal to O
(
eL/2 · gκ−1 + g1+o(1)

)
.

Proof. The trace formula allows us to write
∑

rn∈(0·i, 12 ·i)
f̂L(rn) as

(g − 1)

∫ ∞
−∞

f̂L(r) · r · tanh(πr) dr −
∑
rn real

f̂L(rn) +
(
FfL,all(X)− f̂L(i/2)

)
.

We will show that the first two terms are small, and that the µ-average of
the third term is small.

To start, note that since f̂L(r) = f̂(r) cos(Lr), the first term is bounded
by

(g − 1)

∫ ∞
−∞
|f̂(r)|r = O(g).

In Corollary C.2, for fixed h, we show using a standard local Weyl law
argument that, for all X ∈Mg,∑

rn real

|h(rn)| = O

(
g · log

(
1

sys(X)

))
,

where log(x) = max{0, log(x)}+ 1.

For X in the support of µ, keeping in mind that |f̂L| ≤ |f̂ |, this gives the
bound ∑

rn real

|f̂L(rn(X))| = O
(
g1+o(1)

)
for the second term above.

Finally, Corollary 5.3 shows that the third term is at most

3‖fL‖1 +O(gκ−1)f̂L(i/2) = O(1 + gκ−1e
L
2 ).

Combining the bounds for the three terms gives the lemma. �

We can now conclude the proof.

Proof of Theorem 1.4. Combining the upper bound from Lemma 5.5 with
the lower bound from Lemma 5.4 yields

p = O
(
e(

1
2
−b)L · gκ−1 + g1+o(1) · e−Lb

)
.
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The two summands here are equal when L equals L0 = (4−2κ+o(1)) log g.
For this particular choice of L0 we get

p = O
(
g1−4b(1−

κ
2 )+o(1)

)
,

proving the theorem. �

Appendix A. Volume polynomials

Recall the standard notation for volume polynomials

Vg,n(2L) =
∑

|d|≤3g−3+n

[τd1 · · · τdn ]g,n
L2d1
1

(2d1 + 1)!
· · · L2dn

n

(2dn + 1)!
,

where L = (L1, . . . , Ln), d = (d1, . . . , dn) and |d| =
∑n

j=1 dj ,
The sole purpose of this appendix is to check the following statement,

which will only be used in the proof of Lemma B.1.

Theorem A.1 (Mirzakhani, Mirzakhani-Zograf). When n = o(
√
g),

0 ≤ 1− [τd1 · · · τdn ]g,n
Vg,n

≤ Cn|d|2

2g − 3 + n
.

More formally, this means that for any function f(g) ∈ o(
√
g) there is

a constant C, so that this bound holds when n ≤ f(g). In fact the lower
bound of 0, which is easier, holds for all g and n.

For fixed n, this theorem is on [Mir13, page 286] and also appears as
[MP19, Lemma 2.1], and the general statement is closely related to many
statements in [MZ15] such as [MZ15, Remark 3.2, Lemma 5.1]. We include
a proof sketch since we could not find a precise statement to cite with the
above level of uniformity.

A.1. Recursion. Recall the recursion

[τd1 · · · τdn ]g,n =

 n∑
j=2

Ajd

+ Bd + Cd

where we set d0 = 3g − 3 + n− |d| and

Ajd = 8
∑

d1+dj−1≤k≤d0+d1+dj−1
(2dj + 1)ak−d1−dj+1[τk

∏
i 6=1,j

τdi ]g,n−1

Bd = 16
∑

d1−2≤k1+k2≤d0+d1−2
ak1+k2−d1+2[τk1τk2

∏
i 6=1

τdi ]g−1,n+1

Cd = 16
∑

g1+g2=g
ItJ={2,...,n}

d1−2≤k1+k2≤d0+d1−2

ak1+k2−d1+2[τk1
∏
i∈I

τdi ]g1,|I|+1[τk2
∏
i∈J

τdi ]g2,|J |+1
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This appears for example in [Mir13, Section 3.1] and [MZ15, Equation
2.13]. Here

aw = (1− 21−2w)ζ(2w),

which is a positive sequence that increases monotonically to the limit 1 for
which there is a constant c0 > 0 such that w < w′ implies aw′−aw < c0/2

2w

[Mir13, Lemma 3.1].

A.2. Upper bound. We start with the easier inequality, which is a warm
up for the harder one.

Lemma A.2. If d′i ≤ di for all i then

[τd1 · · · τdn ]g,n ≤ [τd′1 · · · τd′n ]g,n.

Since Vg,n = [τn0 ]g,n, this immediately gives the following.

Corollary A.3. [τd1 · · · τdn ]g,n ≤ Vg,n.

Proof of Lemma. By symmetry, it suffices to prove this when d′i = di for
i > 1, and this is what we will do. So suppose d′ = (d′1, d2, . . . , dn) and
d′0 = 3g − 3 + n− |d′|.

Since d′1 ≤ d1 and d0 + d1 = d′0 + d′1, we see that in the expressions

above for Ajd,Bd, Cd, the region of summation does not decrease when we

pass from d to d′. Monotonicity of the sequence aw thus gives Ajd ≤ A
j
d′ ,

Bd ≤ Bd′ and Cd ≤ Cd′ . �

A.3. Error term. We now give a lower bound for [τd1 · · · τdn ]g,n, by ana-
lyzing the error in the argument above. That error has two types, namely
that from changing bounds in sums and that from changing values of aw.

Lemma A.4. Suppose that n = o(
√
g). Then there exists a constant C > 0

such that, if d′ = (0, d2, . . . , dn), then

[τd′1 · · · τd′n ]g,n − [τd1 · · · τdn ]g,n ≤
C|d|2Vg,n
2g − 3 + n

.

Proof. We compute

(Ajd′ −A
j
d)/8

=
∑

d1+dj−1≤k≤d0+d1+dj−1
(2dj + 1)(ak−dj+1 − ak−d1−dj+1)[τk

∏
i 6=1,j

τdi ]g,n−1

+
∑

dj−1≤k≤d1+dj−2
(2dj + 1)ak−d′1−dj+1[τk

∏
i 6=1,j

τdi ]g,n−1

≤
∑

d1+dj−1≤k≤d0+d1+dj−1
(2dj + 1)c02

−2(k−d1−dj+1)Vg,n−1

+
∑

dj−1≤k≤d1+dj−2
(2dj + 1)Vg,n−1

≤ C(d1 + 2)(2dj + 1)Vg,n−1,



TOWARDS OPTIMAL SPECTRAL GAPS IN LARGE GENUS 23

for some universal constants C. Using [Mir13, inequality (3.9)] to uniformly
bound the ratio of volumes and summing over j, we conclude

Ad′ −Ad ≤
C|d|2Vg,n
2g − 3 + n

for a different universal constant C > 0.
A similar argument gives

Bd′ − Bd ≤
C|d|2Vg,n
2g − 3 + n

.

The analogous statement also holds for the C terms, as long as bounds of
the form

Vg1,pVg−g1,n−1−p
Vg,n

≤ C

2g − 3 + n

are available. This requires upper bounds on volumes, which hold uniformly
by [Mir13, inequality (3.8)] and [MZ15, Theorem 1.8], and knowledge of
the size of the denominator Vg,n, which holds when n = o(

√
g) by [MZ15,

Theorem 1.8] and [Mir13, inequality (3.8)]; compare to Lemma B.2 below.
(In fact, better bounds show Cd and Cd′ are individually small; see [Mir13,
Section 3].) �

Applying this lemma n times, to set the n numbers di each to zero in
sequence, gives the upper bound in Theorem A.1.

Appendix B. Volume bounds

B.1. The sinh estimate and exponential upper bound. The following
is a version of [MP19, Proposition 3.1].

Lemma B.1 (Mirzakhani-Petri). In general,

Vg,n(2L1, . . . , 2Ln)

Vg,n
≤

n∏
i=1

sinh(Li)

Li
≤ exp

(∑
Li

)
.

If we assume n = go(1) and
∑
Li ≤ go(1) then(

1− g−1+o(1)
) n∏
i=1

sinh(Li)

Li
≤ Vg,n(2L1, . . . , 2Ln)

Vg,n
.

Proof. The upper bound follows immediately from the inequality

[τd1 · · · τdn ]g,n
Vg,n

≤ 1.

For the lower bound, note:

(1)
∏n
i=1

sinh(Li)
Li

is extremely close to
∑
|d|≤3g−3+n

L
2d1
1

(2d1+1)! · · ·
L2dn
n

(2dn+1)! ;

the latter is a high truncation of the power series for the former
because n = go(1).
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(2) By Theorem A.1, the difference
∑
|d|≤3g−3+n

L
2d1
1

(2d1+1)! · · ·
L2dn
n

(2dn+1)! −
Vg,n(2L)
Vg,n

is bounded above by

Cn

2g − 3 + n
·
∑
d

|d|2 L2d1
1

(2d1 + 1)!
· · · L2dn

n

(2dn + 1)!

=
Cn

2g − 3 + n
·
∑
i,j

∑
d

didj ·
L2d1
1

(2d1 + 1)!
· · · L2dn

n

(2dn + 1)!
.(B.1.1)

The i, j summand in (B.1.1) splits as the product

(B.1.2)

{
P (Lk)

∏
`6=k

sinh(L`)
L`

if i = j = k

Q(Li)Q(Lj)
∏
`6=i,j

sinh(L`)
L`

if i 6= j,

where P (x) =
∑

d≥0 d
2 · x2d

(2d+1)! and Q(x) =
∑

d≥0 d ·
x2d

(2d+1)! . The

product in the first case of (B.1.2) is uniformly comparable to L2
k

∏n
i=1

sinh(Li)
Li

,

and the product in the second case of (B.1.2) is uniformly compara-

ble to LiLj ·
∏n
i=1

sinh(Li)
Li

.

The lower bound follows. �

B.2. Volumes of boundary strata. Our next results, combined, are a
variant of [MP19, Lemma 3.2], which in turn extends [Mir13, Lemma
3.3].

Lemma B.2. There exists a constant C1 such that

1

Vg

q∏
i=1

Vgi,ni ≤
(
C1

g

)q+q′−2
,

provided

(1) q′ is the number of i with (gi, ni) /∈ {(0, 3), (1, 1)},
(2) q ≥ 2, g ≥ 2, k ≤ g/4,
(3)

∑q
i=1 ni = 2k,

(4)
∑q

i=1 gi = g + q − k − 1, and
(5) 2gi − 3 + ni ≥ 0 and ni ≥ 1 for all i = 1, . . . , q.

If, additionally, q = 2 and n1 = n2 = k and both 2gi + k − 3 ≥ b, we have

Vg1,kVg2,k
Vg

≤ C1
bb

gb+1
.

Proof. To start, recall there is a constant C0 such that

Vg,n ≤
C0

max{1,√g}
(2g − 3 + n)!(4π2)2g−3+n

for all g and n, by [Mir13, inequality (3.8)] and [MZ15, Theorem 1.8].
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Our assumptions imply

(2g − 3)−
∑

(2gi − 3 + ni) = q − 1.

Again using [MZ15, Theorem 1.8], we get

1

Vg

∏
Vgi,ni ≤ (C0 · 4π2)q−1 ·

√
g∏

max{1,√gi}
·
∏

(2gi − 3 + ni)!

(2g − 3)!
.

Sublemma B.3. Given our assumptions,
√
g∏

max{1,√gi}
is bounded above by a constant.

Proof. Since q ≤ k + 1, we have that q ≤ g/4 + 1. We also have that∑
gi ≥ g/2.
In general, if

∑q
i=1 xi = x and all xi ≥ 1, then∏

xi ≥ x− (q − 1).

The sublemma follows. �

The first claim now follows from the inequality

q′∏
i=1

`i! ≤ (`− q′ + 1)!

for positive integers `i that sum to `.
The get the second claim, note that under the additional assumptions the

arguments above imply an upper bound of a constant times

1

g

(
2g − 4

2g1 + k − 3

)−1
.

Thus the bound (
`

b

)
≥ `b

bb

gives the second claim. �

The second part of the previous result implies [Mir13, Lemma 3.3], which
we restate for convenience.

Corollary B.4 (Mirzakhani). For all non-negative integers b there is a
constant C = C(b) such ∑ Vg1,kVg2,k

Vg
≤ Cg−b−1,

where the sum is over triples (g1, g2, k) with both 2gi + k− 3 ≥ b that corre-
spond to pinching a multi-curve with k components whose complement has
two components, of genus g1 and g2.
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Proof. There are O(g2) terms, so summing just the terms with 2gi+k−3 ≥
b + 2 gives the desired bound when summing over all these terms, by the
result above.

Given that b is constant, the number of triples where one of the 2gi+k−3
is b+ 1 or b is O(1), so again we get the result summing over these. �

For more complicated applications we also need the following.

Lemma B.5. The number of strata in the Deligne-Mumford compactifica-
tion where k curves have been pinched and q components produced, q′ of
which aren’t spheres with three marked points or tori with one marked point,
is at most

2k+q
2
gq
′−1.

This bound is not sharp, but is sufficient for our purposes.

Proof. First pick how many of the q−q′ small components have genus 1 and
how many have genus 0. There are at most q possibilities. The remaining
components each have genus at most g− 1, and the sum of the gi is known,
so there are at most gq

′−1 many ways to pick the genera of the remaining
components.

There are q(q+1)/2 ways to add a node, since one simply needs to pick the
two components (possibly the same) the node will be on. Thus the number
of ways to add the nodes is bounded by the number of q(q + 1)/2-tuples of
non-negative integers that add up to k, which is(

k + q(q + 1)/2− 1

k

)
≤ 2k+q(q+1)/2−1.

Thus the number of strata is bounded by this quantity times qgq
′−1. �

B.3. Separating curves. We now apply the results above, following [Mir13]
and [MP19].

Corollary B.6. For any integer a ≥ 0, the probability that a surface in
Mg has a multi-geodesic of length at most L whose complement has two
components, each of area at least 2πa is

O(e2Lg−a).

For fixed k, the average number of such multi-geodesics with exactly k
components is

O(eLL2kg−a).

The average number of multi-geodesics of length at most L bounding a
subsurface of area exactly 2πa is

O(eL/2Lpg−a)

for some p > 0.
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Proof. Denote the genera of the two components by g1 and g2. The area
of a subsurface is 2π times its Euler characteristic, so area at least 2πa is
equivalent to 2gi + k − 2 ≥ a, where the subsurface has genus gi and k
boundary components.

The probability in question is bounded by

1

Vg

∑
2gi+k−2≥a

∫
L1+···+Lk≤L

L1 · · ·LkVg1,k(L1, . . . , Lk)Vg2,k(L1, . . . , Lk).

Using the exponential upper bound, this is at most

eL
∑

2g1+k−2≥a

Vg1,kVg2,k
Vg

∫
L1+···+Lk≤L

L1 · · ·Lk.

Using the value of this integral given in [Mir13, Proof of Lemma 4.9],
this is equal to

eL
∑

2gi+k−2≥a

Vg1,kVg2,k
Vg

L2k

(2k)!
.

Now, since eL is greater than any term in its Taylor series, this is bounded
by

e2L
∑

2gi+k−2≥a

Vg1,kVg2,k
Vg

.

So Corollary B.4 gives the first claim.
The other claim are similar: For example, when 2g1 + k = a is fixed,

we can assume g1 and k are fixed. In comparison to the first claim, now

Vg1,k(L1, . . . , Lk) and L2k

(2k)! bounded by fixed polynomials in L. �

Appendix C. Local Weyl law

We start with the following local Weyl law.

Proposition C.1. Fix µ0 > 0. For every closed hyperbolic surface X, the

number of spectral parameters rn(X) =
√

1
4 − λn(X) satisfying |rn(X)| ∈

[−1 + t, 1 + t] is bounded above by

(g − 1) (A|t|+B) + CNX log

(
µ0 + |t|
sys(X)

)
+DEX ,

where

• NX is the number of primitive closed geodesics of length at most µ0,
• EX is the number of exceptional parameters rn(X) ∈ (0 · i, 1/2 · i].
• sys(X) is the systole of X, and
• log(x) = max{0, log(x)}+ 1.
• A,B,C,D are constants depending only on µ0.
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Proof. We prove this using the trace formula, which is recalled in Theorem
5.1 together with our notation and normalizations. Let f be an even, smooth

real-valued function supported on [−µ0, µ0] for which f̂ is non-negative and

f̂(r) > 0 for r ∈ [−1, 1]. Define

m = min{f̂(r)/2 : r ∈ [−1, 1]},
and ft(x) = f(x) · cos(tx), so that

f̂t(r) =
1

2

(
f̂(r − t) + f̂(r + t)

)
.

Note

m ·#{rn(X) ∈ [−1 + t, 1 + t]}+
∑

rn=ibn

∫
R
f(x)ebnx cos(tx)dx

≤
∑
n

f̂t(rn(X))

= Fft,all(X) + (g − 1)

∫ ∞
−∞

f̂t(r)r tanh(πr)dr.

The function x
sinh(x/2) is strictly positive and at most 2 for x ≥ 0. So for

primitive geodesics γ, the fact that ft is supported on

[−µ0 − |t|, µ0 + |t|]
implies

|Fft(`(γ))| ≤ ‖ft‖∞
∑

k≤µ0+|t|
`(γ)

1

k

≤ ‖f‖∞ log

(
µ0 + |t|
sys(X)

)
.

So the first summand Fft,all(X) above is bounded above by

C0NX log

(
µ0 + |t|
sys(X)

)
,

where C0 = ‖f‖∞. For the second summand, changing variables shows im-
mediately that the integral is bounded above by A0|t|+B0 for some absolute
constants A0, B0. Note also that∑

rn=ibn

∫
R
f(x)ebnx cos(tx)dx ≥ −D0EX , where D0 =

∫
R
|f(x)|e

1
2
xdx.

The result follows, taking (A,B,C,D) = 1
m(A0, B0, C0, D0). �

Corollary C.2. Fix a Schwartz function h and µ0 > 0 sufficiently small.
Then there is a constant C = C(h, µ0) such that for all g sufficiently large∑

rn real

|h(rn)| ≤ C g log

(
1

sys(X)

)
.
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Proof. Recall that EX ≤ 2g− 3 by [OR09], and NX ≤ 3g− 3 as long as µ0
is sufficiently small. The result follows since

∞∑
k=0

p(k) sup
[2k,2k+2]

|h|

is finite for any function p of polynomial growth. �
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