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Problem Set 1 - Answers

International Equilibrium

1.
a.
Explain how it is possible for a production function to have the property of constant or increasing returns to scale and still satisfy the Law of Diminishing Returns.



Returns to scale refers to what happens to output when all inputs are expanded in the same proportion, while the Law of Diminishing Returns refers to expansion of one input holding another input fixed.  Thus, the Law of Diminishing Returns says that expansion of the labor input, say, holding the capital input fixed, causes output to rise by smaller and smaller amounts,  so that at least eventually the rise in output is smaller than proportional to the expansion of labor.  But if that increase in labor were instead accompanied by an increase in capital also, the latter would increase output by more.  This would make it possible for output to rise by an equal or greater proportion than the increase in both inputs, thus displaying constant or increasing returns to scale.

b. If a production function has only one input, say labor, and displays constant returns to scale, does it then violate the Law of Diminishing Returns?

With constant returns to scale and only labor as an input, output is simply proportional to the amount of the input.  It is true, therefore, that the marginal product of labor is then constant and does not diminish as more and more labor is used.  Whether that is a violation of the Law of Diminishing Returns, however, is debatable, since we are not fixing the input of any other factor, there not being any other factor available to fix.

c. Suppose that a production function has two inputs, K and L, and that, contrary to the Law of Diminishing Returns, an increase in L alone always causes output to rise by the same proportion that L has increased.  Show that the production function must therefore display increasing returns to scale.
If K and L both rise by some proportion λ, we can break the effect into two parts, the effect of L alone rising by λ, and then the effect of K rising by λ.  By assumption, the first of these causes output to rise by λ.  If the marginal product of K is positive, then the rise in K causes an additional increase in output, so that the total rise in output is then more than λ.  But that is the definition of increasing returns to scale.  (You can also show this more formally by differentiating the production function.)

d. Differentiate the definition of “Homogeneous of Degree k“ with respect to λ, and evaluate the result at λ=1.  Then use this result to show that, if factors of production are paid the value of their marginal products as assumed under perfect competition, then factor payments will exactly equal the value of output if returns to scale are constant, but will exceed it if returns to scale are increasing.  What does the latter result tell you about the compatibility of perfect competition with increasing returns to scale?
The definition of homogeneity of degree k is
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Differentiating with respect to λ gives
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With competitive factor pricing, 
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.  If we multiply the above equation through by p, substitute into it these factor prices, and replace 
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If returns to scale are constant, k=1, and this says that the market value of the inputs equals the value of the output.  If returns to scale are increasing, then k>1 and the market value of the inputs is greater than the value of the output.

This suggests, correctly, that perfect competition is inconsistent with increasing returns to scale, since a competitive firm would not have enough revenue to pay competitive prices for its inputs.

2.
a.
In the 2(2 production model with constant returns to scale, show that if the two industries have the same factor intensity for all factor prices, then the production possibility frontier (PPF) is a straight line.



If the two industries have the same factor intensities – that is, when they face the same factor prices they employ the same ratios of the factors – then the efficiency locus is the diagonal of the Edgeworth Box.  This can be seen by contradiction from the more usual case where the efficiency locus is not the diagonal, as in Figure 2.8 of the textbook.  At any point along that efficiency locus, the isoquants are tangent and thus the industries face the same factor prices.  But being off the diagonal, one industry necessarily has a capital-labor ratio smaller than the slope of the diagonal while the other has a capital-labor ratio larger than the diagonal.



Once we know that the efficiency locus is the diagonal, though, then it follows that the PPF is a straight line.  Because with constant returns to scale, the output of X is proportional to the distance from Ox, output of Y is proportional to the distance from Oy,, and each of these distances is the length of the diagonal itself minus the other.  



Formally, using the notation in the diagram below, 
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which is the equation of a straight line.
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Use the Edgeworth-Bowley Box diagram to illustrate the effects on production possibilities of an increase in the endowment of capital holding the endowment of labor constant.  Show how the changes in the box diagram translate to changes in the PPF.

In the Edgeworth Box on the left above, the increase in capital stock, from K to K’, makes the box taller.  Since this shifts upward the origin for drawing isoquants for the Y industry, Oy, the original Y-isoquants are also shifted upward by this same amount, as shown by their dashed curves.  From the resulting diagram we can read that the maximum outputs of both X and Y have increased, from 
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.  For any point on the original efficiency locus, such as point A where outputs were X1 and Y1, this upward shift of the Y1 isoquant means that point A is no longer a point of tangency between isoquants.  Instead, there is now a lens-shaped area between the X1 isoquant and the new position of the Y1 isoquant, and allocations inside that area have outputs of both goods larger.  Alternatively, by staying on the new shifted Y1 isoquant and moving to the new shifted efficiency locus (the dashed curve from Ox to Oy’), output of X rises to X2.  Together, all this tells us that the PPF, shown on the right above, is shifted out more or less as shown.  (We will learn more specifics about this shift later in the course.)
3. In the 2(2 model of production and trade, suppose that a country is initially exporting good X and that its production possibilities then expand (we don’t know why), making it possible for it to produce more of both goods.  Assuming that the country is small enough that the world market price does not change as a result, which of the following must be true, which of the following might or might not be true, and which of the following cannot be true?

a. It will produce more of good X.

b. It will produce more of good Y.

c. It’s income will rise.

d. It will import more of good Y.
The figures below show various possibilities.  On the top is shown what may seem the most likely case, in which all of the above statements are true.  

However there are several other ways that the PPF can shift out, as shown in the bottom two panels.  On the left is a case where the shift is biased toward good Y, and as a result the output of good X falls.  In that case, also, the excess supply of good X falls (and could have become negative) and the excess demand for good Y also falls, so that imports of Y fall.  

In the bottom right the bias is in the other direction, and the output of good Y falls.  

Of the four statements, the only one that is always true is c.  Since the PPF shifts out, the price line tangent to it must shift out as well, and this means that the country’s income necessarily rises.
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