
TALK 4 : CONNECTED SHIMURA VARIETIES
-

(ANGUS , 5127)

① Connected Shimura datum

⑥ Arithmetic sub-groups
④ Then (Baily - Bonet ) , Then ( Borel )
③ Connected Shimura variety
Review. Huan talk 2) i
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(a) I

, z ,
El are all characters of reps
U
,
→ GL ( lie Ge )

( b) ad ( ul-y ) is a Canton involution

(et ul-t ) its l t simple factors of G

{ HSD D } If Fu's776 Hey: class of a. → GIRI}
Def A couuectedshiuunadatean is a pair (G ,

D ) where

• Gss . alg . gp IQ
• D corresponds to Gad(RT - conj . class of a : U ,→ GUR)

s -t
. ( sull z

,
I , z
- I
are all characters of Adu

CSU 21 adCath ) is a Cartan involution
CSU 3) Gad has no Q - factor H s -t . HURT is compact .

6uuua4 u : U
,
→ H → u is trivial ⇐ His compact

Gad has no Q - factor H s t . A→Gad → H is trivial

Then SV 3 ⇒ SU3 by the lemma ! Hence 3)⇒ Cc) above !



Example. ( Siegel upper half plane) .

Hn = fsyeum . nxn matrices x + i Y s .t . Y pas. definite}

spillRI = f EB) c- Gkn HR ) / ( EBolt EET ) ( IBD ) - EET ) }
with the action defined by

( IBD ) . 2- = (A Z tB ) - (C 2- + D )
- '

.

( when n - I
,
this is the standard action csqtgylzk! Gq¥÷ )

the matrix GENE ) is an involution fixing i In and we can define

ha : U → Span HR )
*if i→ Eytan

-

¥¥n )
→ (span

.
Hn ) is a connected Shimura

datum
.

2a.Aritkmeticsabgroups.DE#Galg.gp1Q
A E GCQ ) is arithmetic if F G→ Glen s t

. image of R is cduaiosurabk
w/ G(Q1) n GLn CK)

an GLn 124 has
finite index in both
I. 8 Gtntk) n GCQ )

Def Rix G → Glen
. Deline : ACN) = GHQ) n { g = Id mod

A subgroup A f Gua) is congruence if it eoutains DIN) for some N

and TI : FCN) ] < a .

Ropes G → G
'

u ⇒ image of R is arithmetic
a arithmetic

Ruu3 G reductive IQ
,
I EGCQ ) arithmetic

at GCR) has finite volume ⇐ Han (G, Glad = 0 .

D. Not all arithmetic subgroups are congruence ! See appendix in Milne .

Fact. G simply candied , non - split , * Sk ⇒ yes .



Neatsubgraeps.
• V v . sp .

→ g C- Auth ) is neat if (eigenvalues of g> E Q ' is torsion - free

• g E GCON is neat if I faithful rep . V s -t . g is neat on V

• a e GC is neat if all g E E are neat

26.theonemsofBaity-Bord8B.cn#ThmlBaily-Bare
D = H SD

,
I E HID' tension - free

⇒ DIE ) : = EID has a compactification DID* s -t .

DIE It is a projective variety la :

Rough idea : use
" automorphic fans" as global section of an ample line

bundle
.

E± Ah → HA ) modular curve = Png ( ¥0 Sula ))
-
modular forms

Coe DCE ) is quasi - projective .

Note that for A E I ' , we have a map DEM) → DCE ) . It is regular
by the foll . then .

ThinkPad. If V is a quasi - pong . variety s t . f : Van → DIE) an is holomorphic
⇒ f : V→ DCA is regular .

idea Use Ricard 's Big Theorem .

3.camectedshiiuwaraoieti-s.lt
(G, D ) be a connected Shimura datum

.

Det A connected Shimura variety relative to CG
,
D ) is Dfa ) for

some A arithmetic , torsion - free .

The connected Sh
.
var . attached to LG , D ) is Sho (GD ) - {DCIBp

which is an inverse system .



EY • CSLz ,

b ) ms Ya open modular curve

• F totally neat , B le quaternion algebra

GAA = her ( Nm :B " → F " )

→ G CR) = All x -
- - x IH '

x SHR) x - - - x SLIR)

Ht ' = her ( Nm : HF → Rt)

→ Hilbert modular variety

4.Adelicdesaipticnauddoubkeoset.cored
. alg.IQ

Afin = ring of finite addes I ④ ,
Atia = IT

'

(Qe
, Ze )

(restricted dived- product)

If G has a model IZ e → GCZe) makes sense .

- Glace) always makes sense .

Ok outside of fin . many e

GAAein ) = IT
'

(G ( ④e)
,
Elke ) )

( restricted direct product)

Rop.4 Suppose k E GUAein ) compact , open salegroup .
Then kn GLCQ) is congruence .

Pnop.4 At Es f ) ) D × GHAfin ) /k
( G s. c.

,
a congruence)

x i- Tx , I]

Rude. These . is needed b/c the proof uses strong approximation which requires s . c .

strongapprox.to. G alg.IQ , Gs. c., s . s . , non
- cowpat type

Then : GCQ) is dense in GC#t) ( embedded diagonally) .

Then : Lim tht = liq HQ ) ID
× G#f)he

= Gta ) l Dx GAAft


