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TALK2.it/ERMlTIANSYMMETRlCD0MAI# (ANDY G ., 5113)
Milne defines manifolds , metrics , etc : we omit that here .

Hermitian forms-
✓v.sp.IR , J E End ( V) s . t . f2=-1
A Heun . four on (Vig) is : c , . ) i V x V → Q s

-t .
Gu , v ) = i luv)
(U l V ) = ( v , u )

→ Re ( ti ) ) associated meal form .

U i→ (u , u) ass . quadratic form .

Given a real manifold :

• an almost complex structure on M is a choice of 3 for every Tp IM)
in a continuously ranging way ,

• it is integrable if
'

"

GOD
"

Fff: YI Ya → induced map
TM law → TM luv
preserves complex structure

• a herniation metric on M is a metric g s t .

g (ya , Jv) = glam) .

Symmetries.
• A manifold is homogeneous if its automorphism group acts transitively.
• A manifold is symmetric if I p EM , if Aut GM) s . t . E - Id

&
p is isolated fixed point .

• A manifold is a Hermitian symmetric space if it is a Hermitian manifoldwhich is symmetric .

Note : for a Heun
. manifold : Is (M

, g) = Is Cha, g) n Hd (M) .

Example. 4) H = fzf G / Ten (z) so }

• diff defines a Hermitian { Cdxteytzdg
' actual metric ?

metric

• Paz ( IR ) = Aut (H )

• zi→ - ¥ is the automorphism making it symmetric ( p -- il
ins - it = i

(2) M =p I
= S2 E IR

3

for the group so (3) a t
'

- I
,
I



(3) GAI

3 main types of symmetric spaces-

{simply
- connected

'

• Non- compact type negative eumatuoe

• compact type { simply
- connected

positive causative

• Euclidean { 0 curvature

A Hermitian symmetric domain is a Hermitian symmetric space of narcaupaettgpe .

FAI. Suppose M is a HS D .
Then

Is CM
. g)
'

is naturally a tie group , adjoint , non- compact .

Example. Hg = {symmetric complex gxg matrices } e g HEIX t i Y s .t . Y is pos . - def .

→ Aut th g) -- Spzg ( R )
A domain is a cam . open subset of Q?

Thin. Every bounded domain has a canonical metric of negative curvature .

It is omitted . )

Hence every bold syuun . domain is a HS D .

Every HSD can be embedded in an as a bounded domain
.

Example. 71 ⇐ D E a
disc )

For
any syuuu . spaces, Is CM . g) is a lie group and

s ⇐ Is CM , g) TIKp Kp = stabilizer of p .

Note that : Is Cee
, g)
E Is CMT g)
E Hd(M)

and . . .

Fact. Is CM . g) + = Is CUT g)
+
= Hd (MT

.

Thin. (M. g) is an HSD
then Hd CM) t is an algebraic lie group :
there is analog . lie group GE

GL( lie IHdem, t) ) s .t . GCR) - Hd (Mdt.

{ HSD D }
→ freal adjointlie group }

D- HdCDs'
'



Now
,
we want to think about going back .

let D be an HSD with PED .

then. 7 ! Up : U
,
→ Hd CD )

St
. upG-) fixes p & acts like z ch Tp CD) .

Pt. Gee p . 14
- 15 in Milne )

Png. For D , D
' with PED , p

'
ED ' and
x : Tp (D) → Tpi ( D ' )

preserves sectional curvature
,

a extends to an isometry . ¢
Then use this to show that - z extends to an ant

.
D

A Cartan involution of a connected alg . gp GIR is an involution f s .
t.

is compact .
GO - f g EGG) / g = of g- I }

This can always be realized as G → Guv)
T 1-3 CT

- 1) T
.

Thus. Cartan involution
⇐ G is

exists radiative
Moreover

,
all Cartan involutions ave conjugate .

Prof Id is a Cartan involution ⇐ GURI is compact .

Note U
,
is compact & abelian ⇒. its complex iweps are characters

z 1-3 Z
" for n E Z

.

• its meal iweps are
* ti y i→ Etty)

"

& the trivial rep .

Thee. D= HSD
, p ED → Up : U

,
→ Hol (D)

+

(a) We get a rep on H = lie(Hol④t) given og ado up
Then : only imeps in this rep . are - I , I , trivial .

(6) Conjugating by aft) gives Hal CD ) a Cartan involution .

Cc ) up til does not project to Id in any simple factor of G .

Pt. We know that D ⇐ Hd (D)Ykp .

⇒

tryD)
⇐ Te (G)he (Kp, where G- Hd CD)

t

.

UpG) acts by z IEdoes
tuple) acts trivially

Up #I act ? ( ble Upfa cements with Kp



This proves Ca) .

For 16) . Milne cites Helgason .

For Cd , it up l- D projects to Id, that factor is compact .
Since G is of non - compact type, that factor is also non-compact . f.

o

corollary. If G is a real adjoint lie group and u : U ,
→ G

satisfies Cad
,
161
,
Cc ) above

,
then D= conjugates of a by dts of GCR) t

is an HSD
.

Pt. let ku be what fixes a when we act by conjugation .
Then :

⇒ D= @ClR5YkuJ.a makes 8 into a smooth manifold .

Moreover
,

Tu CD) = Te (GUR'T)/Te fun) ⇒ TulD ) can be made a Q - vector space

T g (w/ an integrable Q- v - sp - structure)
u acts leg It ,O u acts by o

⇒ D is a complex manifold .

finally , since ul- I ) is Cartan
,
D gets a Hermitian metric

.

D

%÷÷.÷⇒⇒:::÷÷÷¥iD- HdCDT

D=Glenc- (G
,
a)


