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Abstract

Tropical Geometry
by

David E Speyer

Doctor of Philosophy in Mathematics

University of California, Berkeley

Professor Bernd Sturmfels, Chair

Let K be an algebraically closed field complete with respect to a nonarchimedean
valuation v : K* — R. The reader should think of K as the field of Puiseux series,
U2, C((t/™)) and v as the map that assigns to a power series the exponent of
its lowest degree term. Let X be a subvariety of the torus (K*)". Then v(X) is
(essentially) a polyhedral complex which we term the tropicalization of X and
its combinatorial properties reflect the geometry of X.

In this thesis, we first discuss structural results about the tropicalization
of X for an arbitrary X. We then turn to the special cases of linear spaces,
Grassmannians and curves; in each case trying to describe as explicitly as possible

the possible combinatorics of the tropicalization. In the case of linear spaces, our

investigations lead us to a combinatorial theory of tropical linear spaces. This



theory leads to interesting combinatorial problems about matroids. In the case
of curves, the relevant combinatorial objects are “zero tension curves”. We prove
a few combinatorial results but concentrate on the other problem of determining

which zero tension curves actually occur as tropicalizations.

Professor Bernd Sturmfels
Dissertation Committee Chair
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Chapter 1

Introduction

The fundamental observation of tropical geometry is that the solution
sets to algebraic equations, when plotted in logarithmic coordinates, look roughly
like polyhedral complexes. This behavior was first made precise in Bergman’s
paper [3] and spelled out more intuitively in Viro’s paper [46]. The aim of tropical
geometry is to make this analogy into a precise and useful tool.

In order to do this, we switch from considering the logarithm defined
on the real or complex numbers to considering a valuation on a non-archimedean
field (defined within). Now the image of the valuation will not only resemble a
polyhedral complex but will actually be one. If X denotes the solution space
of our family of equations then the image under the valuation map is called the
tropicalization of X and denoted Trop X.

In the next chapter we give several descriptions of this set, prove that it



is indeed polyhedral, prove some of its properties and introduce a degeneration
of the solution set of the original equations whose components are indexed by
the faces of the polyhedral complex.

We then turn to applications of our theory to the fundamental examples
of algebraic geometry: linear spaces, Grassmannians and curves. In chapter 3, we
describe work of B. Sturmfels and myself to try to compute the tropicalization of
the Grassmannian G4, — the space of d planes in n space. We have a complete
and elegant description in the case d = 2 and we also have a complete description
of the case (d,n) = (3,6) by direct computation.

It turns out that, just as in the classical case, the tropicalization of the
Grassmannian parameterizes the possible tropicalizations of d planes in n space
and that this is the best method for describing results about Trop G4 ,. We have
also found that there is a notion of “tropical linear space”, which is more general
than actual tropicalizations of linear spaces and which is purely combinatorial. In
chapter 4 we first introduce this notion, prove several equivalent characterizations
of it, and introduce combinatorial analogues of intersection and dualization. We
then discuss how actual tropicalizations of linear spaces occur among all the trop-
ical linear spaces and show that Trop G4, precisely parameterizes the collection
of tropicalizations of linear spaces.

Next, we then turn towards investigating the combinatorics of tropical

linear spaces in their own right. This section should be appealing to readers



who prefer combinatorics to algebraic geometry. Our main target is to prove the
“f-vector conjecture”, which describes explicitly how complicated the tropical-
ization of a d-plane in n-space can be. While we have not managed to prove the
conjecture in its full generality, we prove many special cases, including proving
it for all tropical linear spaces built out of a starting collection of hyperplanes
by repeated intersection and dualization, proving several particular cases of the
bounds and exhibiting a particularly elegant class of tropical linear spaces, the
“tree spaces”, which achieve these bounds.

In Chapter 5, we turn to the study of the tropicalizations of curves.
This field was pioneered by Mikhalkin and is to a large extent responsible for the
recent popularity of tropical thinking. We take a very different approach than
Mikhalkin and, rather than study curves via deformation of complex structure
and other symplectic techniques, we instead use Tate and Mumford’s theories of
non-archimedean uniformization. Our main result, which has been conjectured
by Mikhalkin and will appear in a future paper of his proven by quite different
methods, is that any graph in R™ which satisfies the local condition on the graph
known as the zero tension condition and a global condition called being “ordi-
nary”, which amounts to a certain matrix having full rank, actually occurs as

the tropicalization of a curve in the n-dimensional torus.



Chapter 2

General Constructions

2.1 Definitions of the Tropicalization of a Variety

Let K be an algebraically closed field complete with respect to a non-trivial

valuation v : K — R U {oo}. Recall that “non-trivial valuation” means that

v(z+y) > min(v(z),v(y))

v(zy) = v(z)+o(y)
v(0) = o©
v(l) = 0
v(z) takes values other than 0 and oo

Note that the second and fourth property automatically imply that, if z # 0 then
v(z) +v(z7!) = 0 so v(z) # co. When speaking about valuations from a ring

which is not a field, as we will have occasion to do in Theorem 2.1.2, we permit



DEFINITIONS OF THE TROPICALIZATION OF A VARIETY

v(z) = oo for nonzero x.

That K is complete with respect to v means that, if aq, as ...is a
seqeunce of elements of K with lim; j_.c v(a; — ;) = oo then there is an element
B of K with lim;_,o v(8 — ;) = 0.

In order to maintain compatibility with the various valued fields that
occur in mathematics, we have not assumed v to be surjective. This will cause
many technical frustrations. Our approach is to be scrupulous about handling
such issues in this chapter but to occasionally assume that relevant values are in
the image of v in later sections. This issue never has any deep effect.

We set the following notations: R will be the local ring v ™! (R>oU{oc}),
M the maximal ideal v™!(Rso U {o0}) of R and & the field R/M. For most
purposes, it is best to think of K as the field ;- ((t'/™)) of Pusieux series,
or as the reader’s favorite algebraically closed field of power series. It will be
convenient, however, to have the flexibility to talk about an arbitrary K.

Since K is algebraically closed, it is closed under the taking of n*® roots
for all n € Z. Thus, K* and v(K*) are divisible groups and we can find a section
of the surjective map of groups K* — v(K*). We fix such a section w — t* from
v(K*) — K*. Explicitly, this means that t*+*" = ¢t* and v(t*) = w. Once
again, the reader should think of the case where K is a field of power series, so
that the notation ¢* can simply be thought of as a monomial in K.

One notion that we will need repeatedly is the notion of an initial ideal.



DEFINITIONS OF THE TROPICALIZATION OF A VARIETY

Let Y be a toric variety over K with dense torus (K*)" (we will usually be
thinking about the torus itself and almost always about the torus, affine space
or projective space), X a closed subscheme of Y and w € v(K*)". Let ) be
the toric variety over R associated to the same fan and let X be the closure of
tv - X C (K*)"in ). We define in,, X = X xR k.

While in,, X depends on the choice of t', it does so only in a trivial
manner: a different choice of ¢t* amounts to translating in,, X by an element of
(k*)™. Similar comments will apply to most of our constructions.

Let f = ) ,c4 fax® be anonzero Laurent polynomial in K[:Eitl, |
and let w € v(K*)". Let W = mingea (O wia; +v(fs)), so the polynomial
W f(trxy, ..., t,) is in R[zT!] and has nonzero image in x[zT!], let in,, f
be this image. Let X be a subvariety of the torus (K™*)" defined by the ideal

IC Kzt . . ot

Proposition 2.1.1. The ideal of in, X is spanned over k by the polynomials

ing f as f ranges over I\ {0}.

Proof. The definition of closure tells us that the ideal of in,, X given by the ideal
(INR[zT,...,2t])) ®r k in k[zT!, ... 2t Let f and W be as in the preceding
paragraph with f € I\ {0}; we will write W (f) when necessary. We have f €
R[z*] ifand only if W > 0. If f € R[z™] then its image in (INR[zT, . .., zt])Qr~
is0if W > 0 and is in,, f if W = 0. So the ideal of in,, f is by definition spanned

over k by the polynomials in,, f for which f € I and W(f) = 0. But, for any
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feI\{oy, wtgWhf) =0, "If eI and in, f = in, (VP f). So the
set of polynomials of the form in,, f with f € I'\ {0} is the same as the subset of

polynomials of the form in,, f with f € I\ {0} and W(f) = 0. O

We use the above proposition to extend the definition of in,, X to the
case where w ¢ v(K™).

Let X C (K*)"™ be a closed subvariety of the torus with I(X) C
KlzE!, ... 1] the corresponding ideal. In the remainder of this section, we
will define four subsets of v(K*)™ and prove that they are equal. We will then

define Trop X to be the closure of these sets in R".
Theorem 2.1.2. The following subsets of v(K™*)" are equal:
1. The set of all (v(uy),...,v(u,)), where (uy,...,u,) € X(K).

2. The set of all points of v(K*)™ of the form (0(z1),...,0(x,)) where ¥ :

O(X) — RU{oo} is a valuation extending v.

3. The set of all w € v(K*)™ such iny, f is not a monomial for any f €
1(X)\ {0}.
4. The set of all w € v(K*)™ such that in, X # 0.

Proof. We provisionally term these sets T7, T, T3 and T and proceed to show
that T1 g T2 g T3 g T4 g Tl.
Ty C Ty: Define © by o(f) = v(f(u1,...,u,)) for every f € O(X) =

K[zF)/1(X).



DEFINITIONS OF THE TROPICALIZATION OF A VARIETY

T, C T3: Suppose that w € To. Let f =) o4 fax® € I(X)\ 0, let ¥ be
a valuation O(X) — R U {oo} extending v with w; = v(z;). In O(X), we have
f(z1,...,2,) = 0 which means that the minimum of the numbers o (f,z{" - - - x%")

n

is not unique. But

D(far§t - aim) = 0(fa) + Y aib(a) = o(fa) + Y asw;,
so saying that the minimum of this quantity as a ranges over A is not unique is
exactly saying that in,, f is not a monomial.

T3 C Ty: Suppose that w ¢ Ty. By the Nullstellensatz, to say that
in, X # () is to claim that in, I(X) # 1. Suppose that 1 € in, I(X), and
write 1 = YI_,in, f* for f' = > aca, fiz® € I(X). For each i, set W; =
mingea, (v(fa) + 3 aw;), so F =31 tWifi =1 mod M. Then in, F = 1,
so w & Ts.

T4 C Ty: This is the only difficult part. Recall our definition of X as
the closure in the torus over R of t*X C (K*)", and in, X as the fiber of X
over k. We have assumed that in, X # 0, let (uy,...,%,) € in, X. We must
prove there is a point (z1,...,x,) € X with v(z;) = w;. We actually prove the

following stronger result:

Lemma 2.1.3. If w € v(K*)" and (uy,...,Uy,) is a point of in, X then there is

a point (uy, ..., uy) € X with u; = w;t"* + higher order terms.

This result resembles Hensel’s lemma, but allows us to treat more gen-

eral varieties at the expense of treating less general fields. Hensel’s lemma has as
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an additional hypothesis that the fiber over k is smooth and can therefore avoid

assuming K to be algebraically closed.

Proof. By multiplying X by ¢t™%, we may assume that w = 0. Let m be the
maximal ideal

m:<$1—ﬂ1,...,l’n—ﬂn>+/\/1

in R[z*]. Consider the localization O(X)m of O(X) at m; this is S~1O(X)
where S = {f € R[z*] : f Z0 mod m}. Since X is defined as the closure of its
generic fiber over the one dimensional scheme Spec R we have that O(X) is flat
over R and the localization O(X),, is as well. Therefore, every minimal prime
of O(X),, lies over K. Let P be such a prime. Then there is a maximal ideal M
of O(X) = K|[x*']/I containing P ®r K; as K is algebraically closed, this ideal
is of the form

<$1_u17"'7$n_un>

for some © € X. We must show that u; € R and u; = u; mod M.

If w; QRthenui_1 e M andui_lzni—l =—1 mod M SO’LLZ-_IZEZ'—l €8S.
As the elements of S are units in O(X),,, this contradicts that ui_lzni —1lisina
maximal ideal of O(X),, ®% K. Similarly, if u; € R but u; # u; mod M then

x; —u; € S and the same contradiction applies. O
O

We define Trop X to be the closure of the set defined in the above
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theorem in R™. If we are given X in a toric variety over K, we write Trop X
as shorthand for Trop (X N (K*)™). Trop X seems to have first been defined
in Bergman’s paper [3]. Bergman deals with the constant coefficient case and
first gives a definition in terms of the amoeba of X, which he then relates to
a modification of definition T, above. Bieri and Groves, in [6], used essentially
definition 75 over a general valued field.

Our order of definitions: first defining a subset of v(K*)" and then
defining Trop X as its closure in R™ leaves the possibility that there are points of
Trop X Nwv(K*)"™ which do not meet the conditions of the above theorem. The

proposition below shows that there are no ambiguities of this sort.

Proposition 2.1.4. The set described in the above theorem is closed in v(K*)™.

Moreover, Trop X can be described as the set of w € R™ such that

1. w=(0(z1),...,0(x,)) where v : O(X) — RU{oo} is a valuation extending

2. iny f is not a monomial for any f € I(X)\ {0}.

3. in, X # 0.

Proof. The set of w such that in,, f is a monomial is the union over the finitely
many monomials in f of the set of w for which that particular monomial is the
leading term of f. The condition that a particular monomial is the leading term

is open, thus, the condition that in, f is mot a monomial is closed. So, from

10



DEFINITIONS OF THE TROPICALIZATION OF A VARIETY

Definition 3 of Theorem 2.1.2, we see that the set defined in the above theorem
is closed in v(K*)™ and that (2) above characterizes Trop X .

The proof that T3 C T above also shows that (2) implies (3). It is even
easier to show that (3) implies (2): If in,, f is a monomial for some f € I then,
since monomials are units in x[z*], the ideal of in,, X is (1) and in,, X is empty.

Finally, suppose that w € Trop X. We can extend K to a field L
with valuation such that w € v(L*)™. (Proof: make a degree n transcendental
extension K (uy, . .., u,) of K and set v(3 aru!) = mins(v(as)+ < u,w >) where
ar € K. It is not hard to check that this is multiplicative, and hence has a
well defined extension to the fraction field, and that the extended v is still a
valuation.) Replacing I with I ® L will not change the truth of condition 3 in
the previous theorem, so w; = x; for some (x1,...,2,) € X(L). Then we can

define v : O(X) = R by f — v(f(z1,...,2p)). O

The characterization of Trop X in terms of the set of all valuations

extending v will not be used in the future. I include it because it shows

Proposition 2.1.5. Trop X is a continuous surjective image of the analytic space

associated to X in the sense of Berkovich [4].

Proof. The points of this space are, by definition, the norms on X extending
the norm e %) on K. There is a bijection between valuations and norms by
7 — e 90) where we take e~ = 0. The functions e~ () — 0(x;), for 1 <i <m,

are continuous. O

11



POLYHEDRAL STRUCTURE OF Trop X

This observation (using the language of Tate’s rigid analytic spaces
rather than Berkovich’s analytic spaces) is used in [17]. I think that there is a
good opportunity for cross fertilization between the tropical and analytic geome-
try communities, as tropical geometry has not yet developed the sort of abstract
geometrical theory the analytic scholars have and, as far as I have found, the

analytic community is not utilizing the polyhedral nature of Trop X.

2.2 Polyhedral Structure of Trop X

Let Y be the torus (K*)", the affine space K™ or the projective space P and X
a closed subscheme of Y. We will say that a polyhedral subdivision ¥ of R" is
adapted to X if, whenever w and w’ lie in the relative interior of the same face

of 3, we have in, X = in,s X. The main result of this section is

Theorem 2.2.1. There is a polyhedral subdivision 3 of R™ which is adapted to
X. We may choose that each face of ¥ be defined by inequalities of the form

Sor o aw; > ¢ with a; € Z and ¢ € v(K*) .

This result essentially extends the results of [27]; our method of argu-
ment is essentially that of [2]. These papers basically treat the case that K is a
power series field over k and X is defined over k. We term this case the constant
coefficient case — explicitly, we will say that we are in the constant coefficient case
when k embeds into K and X is defined over K. In the constant coefficient case

the construction that follows will show that we can take ¥, and thus Trop X, to

12



POLYHEDRAL STRUCTURE OF Trop X

be a fan. In this case, ¥ is called the Grobner fan of X. See also [41] for more

on computing this fan.

Proof. Suppose that Y’ is a toric variety that contains Y as an open dense sub-
variety and let X’ be the closure of X in Y’. Then in, X = (in, X')NY so
proving the theorem for Y’ proves it for Y. Thus, we may assume that Y is
projective space. Write Y = Proj K|[yo,...,ys] and X = Proj K[y|/I for some
homogeneous ideal 1.

Let w € v(K*)". We define the ideal in, I to be the homogeneous
ideal ing I where w is an arbitrary preimage of w under the map R"*! —
R™F1/(1,...,1). Note that this is a not necessarily saturated homogeneous ideal,
whose saturation is the homogeneous ideal of in,, X.

As w varies, all of the ideals in,, I have the same Hilbert function h :
Z>o — Z given by a — dim(K|y]/in, I),. Given a fixed Hilbert function, there
is a set of degrees a1, ..., a; such that any homogeneous ideal I with that Hilbert
function is generated in degrees aq, ..., ax. (Proof: it is enough to prove this for
monomial ideal I, as every homogenous ideal I has a Grobner degeneration to a
monomial ideal with the same Hilbert function and generators in the same degree,
see, for example, chapter XVI of [18]. There are only finitely many monomial
ideals with a given Hilbert function, see corollary 2.2 of [23].) Thus, as I varies,
in,, I is determined by (iny I),, where 1 < i < k. Our theorem will follow from

the lemma below:

13



POLYHEDRAL STRUCTURE OF Trop X

Lemma 2.2.2. Let V = KM be a finite dimensional K vector space of dimension
M equipped with an action of (K*)"; choose an eigenvector decomposition V. =
@i]\il Kwv; with v; an eigenvector of character x; for this action. For U a subspace
of V, let Uy C kM be defined by (UNE@ Rv;) @r k. As w varies through v(K*)",
the vector space (t*U)g only takes on finitely many values and, partitioning R™
into equivalence classes by the value of (t“U)p, these classes are the relatives

interiors of the faces of a polyhedral complez.

This lemma proves our result by taking V = KJy],, and U = I, and

7

then taking the simultaneous refinement of the resulting polyhedral complexes.

Proof. Write D for the dimension of U. Note that the Pliicker coordinates of
Up in the basis v; are given by p;,....,(Uy) = 0 if v(pi,...ip, (U)) is not minimal
among all valuations of Pliicker coordinates of U and, pj, ..., (Up) = p where
Piyip(U) = tWp+- - for some W if p;,...i, (U) is one of these Pliicker coordinates
of minimal valuation. The Pliicker coordinates of ¢ - U are given by p;, ..., (t* -
U) = tZ?:1<Xi’“’>pi1...iD (U). We thus see that the Pliicker coordinates of (t*-U)g
depend only on which of the valuations v(pi,...i, (t*-U)) = v(pi,..ip ) (U)+ 32| <
Xi, w > is minimal. As a subspace is determined by its Pliicker coordinates, we see
that (t“-U)g is determined solely by the linear inequalities comparing the values
V(Piy-ip)(U) + ZTDZI < Xi,w > as (i1,...,ip) varies. Thus, the equivalence
classes form a polyhedral subdivision of R" (and, in fact, a coherent one). In

the constant coefficient case, all of the v(p;, ) terms are 0 or oo so are the

14



POLYHEDRAL STRUCTURE OF Trop X

inequalities have no constant term and we get a fan.

O

The next lemma, which we will use repeatedly, says that the local ge-

ometry of Trop X can be reduced to the constant coefficient case.

Proposition 2.2.3. Let x((t))*8 denote the algebraic closure of the Laurent
series field over k. Let X be a subvariety of (K*)"™ and w € R™. Then the link of
Trop X at w is Trop (inw X ®p /{((t))alg). More specifically, for any v € R™ we

have Ny X = iny (inw X ®p /{((t))alg) for € > 0 and sufficiently small.

Proof. The second claim implies the first because u € link,, Trop X if and only
if ingy ey X # 0 for € > 0 sufficiently small and u € Trop (inw X ®p /{((t))alg) if
and only if in, (in, X ®p &((t))*) #£ 0.

As in the proof above, complete (K*)" to projective space and abuse
notation by writing the compactified X as Proj K[yo, ..., yn]/I. Then the ideal
in, (ian Rk /{((t))alg) is finitely generated by elements of the form in, in, f
with f € I. (Technically, this should be in, ¢(in,, f) where ¢ is the injection of
k[yo, ..., yn] into &((£))8[yo, ..., yn].) Let inging fi, ..., in,in, f, generate
in, in,, I, for f; € I. Then, for € small enough, we will have in, ¢, f; = in, in, f;
for every j. Thus, for such an € we have iny, ¢, I 2 in, in, I. But both ideals

have the same Hilbert function, so they are equal. O

15



DEGENERATING TORIC VARIETIES

Proposition 2.2.4. Suppose w € Trop X is contained in the relative interior of
a face o of X, where ¥ is adapted to Trop X. Let H(o) be the translation to the
origin of the affine linear space spanned by o. Then in, X is invariant under

translation by the torus exp(H (0)).

Proof. Let v € H(o), then for small e we have iny ¢, X = in, X. Using the
previous lemma, we see that, for any f € in,, I, we also have in, f = in, in, f =
iNytey f =1iny, f. Thus, the terms of f which have lowest weight in the v-grading
again lie in in, I. Subtracting them off and repeating, we may conclude that
iny, I is homogeneous with respect to the v grading. This is equivalent to being

invariant under the torus exp(Rwv). O

2.3 Degenerating Toric Varieties

The construction in this section appears to have been discovered several times,
the earliest reference I can find is [35]. We repeat it here as it does not appear
to be well known. Let 3 be a (finite) polyhedral complex in R™ whose faces are
defined by inequalities of the form >  a;z; > w with a; € Z and w € v(K™).
Define X1 to be the fan whose cones are the recession cones of the faces of X.
We will construct, associated to X, a flat family 7 over Spec R whose fiber over
Spec K is the toric variety T assosciated to ¥ and whose fiber over Specx is a
union of toric varieties Ty indexed by the faces of ¥. As a running example, we

will take the case where X is the complex in R? shown in Figure 2.1. T will be

16



DEGENERATING TORIC VARIETIES

Figure 2.1: ¥ and ¥, for our running example

P! x P! and Ty will be the union of two P?’s glued along a P*.

This construction is better known in the case where X is dual to a regular
subdivision of a polytope. In that case, this construction appears in [43] and is
used in Viro’s patchworking construction [47]. Our running example is of this
sort, with ¥ dual to the subdivision of the square Hull((0, 0), (1,0), (1,1),(0,1))
into the triangles Hull((0,0), (1,0), (1,1)) and Hull((1,0), (1,1),(0,1)). When %
is dual to a subdivided polytope in this manner, the degeneration of T to Ty takes
place within a projective space. In our example, the family 7 can be embedded
in IP’% as wz = txy.

Let o be a face of ¥. Define R(0) to be the following subring of

T,...,2]: the elements of R(c) are those which can be expressed as sums

=
5

> arx! such that, for every I and for every w € o, we have < w, I > +v(a;) > 0.

Whenever 7 is a face of o, we have a natural inclusion R(c) < R(7) and thus a
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natural map Spec R(7) — Spec R(o) which turns out to be an inclusion. Gluing
the latter as in the standard construction of a toric variety, we build 7.

In our example, the vertices at (0,0) and (1, 1) correspond to the rings
Rzt x5] and R[(t a1)F, (" a2)*] respectively. The spectrum of each of these
rings is a flat family over Spec R with general and special fibers each n-dimensional
tori. Because (0,0) and (1, 1) both correspond to the same face of ¥; (the origin)
their general fibers are glued together, but their special fibers, which correspond
to different faces of ¥, are not. The edge running from (0,0) to (1,1), which
we will denote e, corresponds to the ring R[z7, 23] N Rt a1)F, (¢ an)F] =
R[(z1251) %, 21, te7!]. This can also be written as R[u™, v, w]/(vw — t). This

ring corresponds to a family over Spec R whose fiber over K is Spec K [u™, vF] =

* v, w]/(vw), which is two copies of

(K*)™ and whose fiber over x is Spec k[u
k* X k glued along a x*. The inclusions of the two endpoints of this segment
into this segment correspond to inclusions of R((0,0)) and R((1,1)) into R(e).
In each of these inclusions, the map on fibers over K is an isomorphism and the
map on fibers over k takes (x*)2 into one of the two copies of k* x k. Adding
in the patches from the other faces of 3, we get a family whose fiber over K is
Pl x PL and whose fiber over  is two copies of P2 glued along a PL.

We now return to discussing our general construction. Let T denote

7T @r K and Ty denote T ®% k. Using 0T for the toric boundary of T and

0Ty for its closure in Ty, let Ty = To \ 0Tp. So Tp is a flat degeneration of
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the torus (K*)"® and T and T are partial compactifications of (K*)" and Ty
respectively. We will sometimes denote (K*)™ as T' to be consistent with the rest
of this notation.

For ¢ C R™ a polytope, let H(o) denote the translation to the origin
of the affine linear space spanned by o. There are natural actions of (K*)" and
(k*)™ on T and T respectively such that the orbits are in bijection with the
faces of 31 and X respectively. This correspondence is inclusion reversing on
the closures and the orbit O, corresponding to a face o has stabilizer exp H (o).
Note that, as with a standard toric variety, the following potentially confusing
point exists: each face o € ¥ corresponds to a coordinate patch Spec R(0) @r K
on Tp. This patch is UTQU O;. The assignment of patches to faces is inclusion

preserving; that of orbits to faces is inclusion reversing.

We will need the following lemma often in the future:

Lemma 2.3.1. Let w € v(K*)" and suppose that w lies in the relative interior
of 0 C R™ where o is a face of ¥. Consider the point t* € (K*)"™ C T. Then the

limit of t* in Ty lies in the torus orbit corresponding to o.

Proof. We may do this computation while looking solely at the coordinate patch
Spec R(0). Define a map R(c) — R by 3 ajz! — 3" ajt<!>. By the definition
of R(o) and the assumption that w € o, the image truly lands in R (and not
just K). By definition, over K, this is the inclusion of the point " into (K*)™.

Thus, the limit of t* does lie somewhere in Spec R(0) ®% k and must lie in the
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orbit O, for some 7 C ¢. Thus it is enough to show that the limit of {* is not
in the coordinate patch corresponding to 7 for any 7 2 o.

Let 7 2 0. Since w is in the relative interior of o, we know that w & 7
and we can find an affine linear functional ) | a;x; +v which is 0 on 7 but negative
at w. Then tYz{" - - - 2% is a monomial that is in R(7). Evaluating this monomial
at x; = t“ produces a negative power of ¢ and thus not a member of R. So the
map R(o) — R by evaluation at z; = t* can not be extended to a map R(7) —
R. The corresponding geometric statement is that the map Spec R < Spec R(0)

which sends Spec K to t does not factor through Spec R(7).

2.4 The Tropical Degeneration and Compactifications

Let X C (K*)™ and let ¥ C R" be a polyhedral complex. In the previous section,
we defined the family 7 over Spec R, with generic fiber a toric variety T and
special fiber Ty. We define X to be the closure of X in T, X to be the closure
of X in Ty and X be the closure of X in Ty; we have Xg = X N Ty. We will
refer to X, X and X as the “tropical compactification”, “tropical degeneration”
and “compactified tropical degeneration” of X, respectively. These constructions
make sense for any >, but their importance arise when ¥ is supported on Trop X
and sufficiently fine. In this case, we will see that X is covered by strata indexed

by the faces of ¥ and isomorphic to quotients by tori of the various in,, X.
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Before continuing with the general theory, we pause to work out the
example of the hypersurface X given by t+z +y + 2y = 0 in (K*)2. The special
case where X is a hypersurface is central in the Patchworking construction of Viro
([47]) and in the work of Gelfand, Kapranov and Zelevinsky ([21]). Sturmfels has
generalized Viro’s work to complete intersections in [44].

With X = {(x,y) : t+ 4+ y + zy = 0}, it is easy to check that Trop X
is the one skeleton of the polyhedral complex ¥ in Figure 2.1. We saw in the
previous section that the polyhedral complex in Figure 2.1 corresponded to a copy
of P! x P! over K degenerating to two copies of P? over k. Taking the 1-skeleton
of ¥ corresponds to removing the four torus fixed points from each fiber. Let e
denote the diagonal edge of 3. The edge e corresponds, as we saw in the last
section, to a coordinate patch Spec R[(zy~ )T, z, tz ™1 = Spec R[u™, v, w]/(vw —
t). The ideal of X inside this coordinate patch is found by intersecting the ideal
(t+z+y+ zx) in K[zF,yT] with R[(zy~ "), z,tz~!]. The resulting ideal is
generated by 2 1 (t+x+y+ay) =tr t + 1+ (zy™ )™ + 2(zy~H) 7. In terms
of the (u, v, w) variables, this is v + 1 4+ v~ + wu~!.

Consider the coordinate patch Spec R[u*, v, w]/(vw — t); its fiber over

+ v, w]/(vw). Geometrically, this is two copies of x x £* glued along

K is Spec k[u
a k*. The ideal of X inside this coordinate patch (actually, only Xy meets this

patch) is cut out by v + 1 4+ v~ +wu~!. This cuts out a rational curve in each

component of Spec k[u™, v, w]/(vw), given by v +1+u"' =0and 1+ v~ +wu"
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respectively. Note that the intersections of these curves with (x*)? are in(g,0) and
in(; 1y X. The intersection of X¢ with the orbit O, = Spec rk[uT] is given by the
ideal (u~! + 1). Note that this is the quotient of ing ) X by its invariant torus
for any s € e.

This construction was discovered by Tevelev in the constant coefficient
case, see [45], and also partially and in a messier form by myself. Hacking realized
that this construction could be used to study the cohomology of Trop(X) \ {0}.
It seems not to have been defined before for the nonconstant coefficient case.

This section has benefited greatly from conversations with P. Hacking.

Proposition 2.4.1. X, and X are flat degenerations of X and X respectively.
If we assume that the support of ¥ contains Trop X, then X and X, are proper

over K and k respectively.

Proof. Xy and X are both defined as the fibers over Spec k of the closures of X
and X within the flat families 7\ 07 and 7 ; this proves the first claim. Complete
¥ to a polyhedral complex ¥’ whose support is all of R?; let T etc. denote the
associated objects. T is a proper toric variety, as it is associated to a complete
fan and, similarly, Té is proper because it is a union of toric varieties each of
which is given by a complete fan. X' and Yg are similarly proper because they
are closed subvarieties of T' and Té respectively.

We will show that, in fact, X =X and 76 = Xg. Let o be a face of

¥ not in ¥ and let O, be the corresponding orbit in Tg. We will show that the
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closure of X is disjoint from O,. Repeating this for every such o shows that 76
in fact lies entirely in T and thus is X.

Every point of the closure of X can be approached along a one dimen-
sional path through X. More precisely, let D be Spec S for S some discrete valu-
ation ring with fraction field L, residue field A and uniformizer u. Let ¢ : D — T
with ¢(Spec L) € X. We want to show that ¢(\) € O,; we will then know that
the closure of X is disjoint from O,. If ¢(\) lands in the fiber above Spec K then
trivially it is not in O,, so we are only interested in the case where ¢(\) lands
above k. In this case, the projection from T - Spec R gives us a surjective map
Spec S — SpecR and we can extend v to a map L* — R, which we will also
denote as v. Writing z; for the coordinate functions on the big torus in which X
lives, we may now consider w := (v(¢*(z1)), ..., v(¢*(zy))).We have w € Trop X,
as definition 4 of Trop X in Theorem 2.1.2 is clearly invariant under extending
the ground field to L. Then w is not in the relative interior of o, as ¢ ¢ ¥ and
Trop X is supported on . So, by Lemma 2.3.1, ¢(\) is not in O,. We now know
that Yg = X as promised and is proper.

One could use a similar argument to see that X' = X and is thus proper.
A simpler argument is to see that D := X \ X is closed. (It is the intersection of
X with the closed subvariety of 7 corresponding to the faces of ¥’ and ¥} not it
in 0 and ¥'.) Since X is proper over Spec R the image of D in Spec R must be

closed. But we have just seen that Spec x is not the image of D, so the image of
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D is empty and thus D = ) and X = X .

O

The idea of this paragraph is due to Tevelev and Hacking in the constant
coefficient case: Construct a family F C T xg Spec R[:Eit, ...,z over T as
follows: Over x € (K*)" the fiber F, is 7! - X. F is then the closure of this

family in the n-torus family over 7. In this setting, X can be described as

{xeT:(1,...,1) € F.}. We now show

Theorem 2.4.2. There is a choice of polyhedral structure ¥ on Trop X such
that F is flat over X; for the rest of the statement of this theorem assume that
Y. has this property. Let x € O, for o € ¥. O, contains a canonical point xg
which is the flat limit of t* for every w in the relative interior of o. Let x = sxg

for s € (k*)", then the fiber of F over x is s~! -in, X.

Proof. Let I C K[zT] be the ideal of X and take a provisional choice of ¥ fine

enough to be adapted to X.

Lemma 2.4.3. Fiz o € ¥ and let J = iny, I for w in the relative interior of o.
Let f be a polynomial in J which is homogeneous and of degree 0 with respect to
the action of exp(H (0)). There is a finite collection g1, ..., g, of members of I

such that, for every w in the interior of o we have iny, g; = f for some 1 < i <r.

In the constant coefficient case, we could simply take X fine enough to

be adapted to the closure of X in P*. Then we could construct such g; from a
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universal Grobner basis. We prefer to give a direct proof rather than to adapt the
proof of the existance of a universal Grobner basis to the non-constant coefficient

case.

Proof of Lemma 2.4.3. We first summarize the strategy of our proof. Consider
some w in the relative interior of ¢. There is a g,, € I such that in, g, = f.
Moreover, there will be an open subset Uy, of ¢ containing w such that in,, g, = f
for w’ € U. If the relative interior of o were compact, we would then be able to
take a finite number of U,,’s covering the relative interior of ¢ and the assosciated
gw’s would satisfy the claim.

Unfortunately, the relative interior of ¢ is not compact. Therefore, we
impose a condition on w’ which is a bit more complicated than simply asking that
in, g = f so that we can work with w on the bondary of ¢. Secondly, ¢ may
also not be compact. We counter this by taking the cone on ¢ and intersecting
it with the unit sphere. It is simplest to present both modifications at once.

Embed o into R" x R>( and let & be the closed cone over o. Let (w, e) €
R" x Rxq and let f =3 pc 4 fE XY € K[z%]. We define ingy,¢) f as follows: for
e > 0 we put ing, ) f = ing,/) f and for e = 0 we put in, o)(>_;c4 fez®) =
Y EeB frx® where B is the subset of A on which < w, E > is maximized. Note
that in(,, ) f € k[zF] for e > 0 and ing, 0 f € K[xz%]. Note that, given f € K[z%]
and (w1, e1), (w2, €2) € R" xR>q, we have iny, e, ) iN(wy,e0) [ = N(cw; +ws,certes) |

for € > 0 sufficiently small. (Here, when ey > 0, the left hand side is techinically

25



THE TROPICAL DEGENERATION AND COMPACTIFICATIONS

Ny, e, L(iN(ws,e0) f) Where ¢ is the obvious embedding k[zt] — k((t))8[zF].)
Also, note that we have in(,, ¢y f = i re) f for A € Rxo.

Our proof is by induction on D = dim ¢ + € where € = 0 if we are in the
constant coefficients case and 1 otherwise.

Let (w,e) € 7, (w,e) # (0,0). We claim that there is an open neigh-
borhood U of (w,e) in ¢ a finite number of polynomials g1, ..., g, such that,
for every (w',€’) in the intersection of U and the relative interior of &, we have
in(y e gi = [ for some g;. Let us see why this finishes the proof: Since in(, ) is
invariant under scalaing (w’, €’), we may assume that U is homothety invariant.
The intersection of ¢ with the sphere of radius 1 is compact, so we may cover &
with a finite number of these U. Then the union of the finite number of finite
collections of g’s meets the conditions of the theorem.

We now must prove the claim of the previous paragraph. Let 7 be the
face of & containing (w,e). We have dim7 > 1. Let I = ing, ) I. Then I, is
homogenous with respect to exp(H (7) NR™). Let @ denote the cone of vectors
(u, d) such that (w, e)+€(u, d) € & for € > 0 small enough. The ideal I, is defined
over the ring R of polynomials homogenous with respect to exp(H (7) NR™); write
I’ for I, N R. (R might be either a polynomial ring defined over x or over K
depending on whether 7 is in R™ x {0} or not, we are trying to emphasize the
similarity of the two cases.) Since J is homogenous with respect to exp(H (o)) 2

exp(H(7)NR™), J' is also generated over R; let J be J N R.
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We want to apply our inductive hypothesis with I, J' and Q/(H(7) N
R™) in place of I, J and o. If 7 is contained in R™ then H(7) NR™ is at least 1
dimensional so transferring our attention to Q/(H (7)NR™) reduces D by 1. If we
are not already in the constant coefficients case when considering I then we are
when considering I’ so again D is reduced by 1. Finally, if we were already in the
constant coefficients case when considering I then ¥ was a fan and everything is
invariant under scaling R x R>q both only along the first n coordinates and only
along the last coordinate. This allows us to replace the use of the unit sphere by
the unit sphere in R™ x {1}, which only meets 7 when 7 N R" has dimension at
least 1 (i.e. T is not the cone on the vertex of o), so again D goes down by one.

We conclude that there is a finite number of polynomials ¢7, ..., gr € I’
such that, for every (u, d) in the relative interior of Q, in(, 4) g = f for some g7.
Since g7 € I' C I", each g; is I, ) gi for some g; € I.

We first see that there is an open set U™ C 7 containing (w,e) such
that ing, g = g7 for (w',e’) € UT. This is simple enough: writing g; =
Y mea gz, g7 is a sum over the subset of A on which ev(gp;)+ < w, E > is
minimized, call this subset B. We know that g7 is homogenous for exp(H (1) N
R™), which means that < w’, E > is constant on B for w’ € H(7) NR". Thus, as
(w', €') moves through 7, ¢'v(gg;)+ < w’, E > remains constant on B. We just
have to make sure that this constant value is still the minimum, which amounts

to a finite list of inequalities.
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By shrinking U”, we may arrange that the closure of U” is compact,
contained in the relative interior of 7 and that in,s . g; = g also holds for
(w’, €’) in this closure. Now, for every (u, d) in the relative interior of 7 and every
(w',e’) € U7, there is an i such that in(, g) in(, ¢y gi = f. For € > 0 small enough
, we have

(g, ) (wr er) §i = Me(u,d)(w,e!) Gi-
Let us restrict (u,d) to range over those vectors in the relative interior of 7
whose components are all less than 1. We claim that we can choose ¢ uniformly,
independent of (u,d) (subject to the preceeding restriction) and (w’,€e’) so that
the displayed equality holds.

Let i = > pea gEﬂ-:EE. Let B be the subset of A on which e¢'v(gg;)+ <
w’, E > is minimized for (w’, e’) € UT. Let C be the further subset of B on which
dv(gp,i)+ < u, E > is minimized. Then in, g)in( ¢ g; is a sum over C. We
will have ing(y,q)+(w ) 9i = iN(y,d) N ) gi as long as C'is also the subset of A

on which (ed + €’)g; as long as C' is also the subset of A on which
(ed+eN(gpi)+ < eute, E >=e(dv(gri)+ < u, E >)+ ('v(gri)+ < w', E >)

assumes its minimum; call this subset C’. Now, €'v(ggi)+ < w', E > is consant
on B, so C' N B = C. Thus, we simply want to insure that ¢’ C B or, in other
words, that |e(dv(gg,i)+ < u, E >)| is always less than the difference between
dv(gpi)+ < w',E > on B and ¢'v(gg;)+ < w',E > on A\ B. Now, we have

required that ing . g; = g7 for (w',¢’) in the closure of U™, so the value of
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dv(gpi)+ < w',E > on B is greater than its value on A\ B for all (w',¢€)
in this closure. Since we took the closure of U™ to be compact, there is some
positive lower bound for the difference between e¢'v(gg,i)+ < w’, E > on B and
dv(gpi)+ <w',E > on A\ B for all (w',¢’) € UT. On the other hand, since we
took (u, d) to be bounded, there is an upper bound for dv(gg i)+ < u, E > and
we see that we can indeed choose € uniformly.

Let V denote the subset of the relative interior of 7 where all coordinates

are less than 1. U 4+ €V is the desired U. O

We now continue with our proof of Theorem 2.4.2. For every face o € X
and w in the relative interior of o take a finite generating set fi, ..., f, for iny, I.
By the lemma, for each f; we can find a finite set of polynomials g}, ..., qg;
so that, for every w in the relative interior of o we have in, g! = f; for some
1 <t < s;. By refining 3, we may guarantee that the following holds: for
every o € X there is a generating set f7 of in, I (for w in the relative interior
of o) and a collection of polynomials g{ such that in, g7 = f7 for all w in the
relative interior of 0. Moreover, we can require that f7 be homogeneous with
respect to exp(H (o)), that the coefficient of 2% in f? be nonzero (by multiplying
by a polynomial) and that the valuation of the coefficient of 2% in g7 be 0 (by
multiplying by a scalar).

Let g7 =Y pea gg’i:L"E and f7 =3 pea ng:EE By the normalizations

at the end of the above paragraph, for every w in the relative interior of o we have
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v(gg’i)—l—< w, E > > 0 and achieves the minimal value of 0. This implies that g €
R(0). Now, let z € O, and let xy and s be as in the statement of the theorem. We

1. in,, X. We may compute in the

will now prove that the fiber of F over x is s~
coordinate patch Spec R(U)[yf[, ...,y¥]. The polynomial ZggZ:EEyE is in the
ideal defining F inside (K*)™ and lies in Spec R(U)[yf[, ..., yT] by the preceding,
so it vanishes on the restriction of F to Spec R(U)[yf, ...,yF]. Specializing to
y; = s; and setting M = 0, we get that ng’isE:EE vanishes on the fiber of

L' in,, I, we see that

F over x. Since the polynomials fg’isE:EE generate s~
Fr C s~ ting, I. On the other hand, s~! - in, X is the flat limit of the restriction
of F to the one parameter family st“, so F, must contain this limit and we see
that F, = s~ - in,, X.

Finally, we must prove flatness of 7. As flatness is an open condition on
the base, it is enough to show that F is flat over X,. Take € Ty. By Theorem
4.2.8.a of [32] it is enough to find a collection of maps SpecS; — 7 from the
spectra of discrete valuation rings to 7 with the closed point of each Spec S;
mapping to x such that (1) the map A — [][S; from the local coordinate ring
of T at  to the product of the S; is injective and (2) F Xz Spec S; is flat over
Spec S;. The collection of sections Spec R — 7 with Spec K landing in (K*)"
and Spec k hitting  obeys the first condition.

The map Spec K — T is given by an n-tuple (u1, ..., u,) € (K*)" Let

w; = v(u;). The assumption that Speck is taken to a point of O, implies that
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(wi, ..., wy) := (v(ug),...,v(uy)) is in the relative interior of o and that, writing
u; = £;t% mod tYi M for ¢; € k, we have (¢1,...,4,) - ©9p = z. The flat limit
of F along this family is ({1,...,£,)”" times the limit along #*, which is in,, X.

This completes the proof of Theorem 2.4.2. O

Set Xy = XoN Oy, so Xg =| | X,. We now list the main properties of

the X, .
Proposition 2.4.4. 1. If X, s in the closure of X then T C 0.
2. For any o, the union UTQU X, is affine.

3. For any o, the union J._~_ X, is proper.

TO0

4. Assume X is irreducible. Then X, is d — dimo dimensional, where d is

the dimension of X.

Proof. (1) This just comes from the closure relation on the orbits O,.

(2) We first note that (., O, is affine by construction. Then U, , Xo

rCo
is a closed subvariety of that affine variety.

(3) We use the same trick as in the proof of the previous proposition.
First, complete ¥ to a complete polyhedral complex /. Then UTQU, O, is proper

when the union is taken over o’ € ¥' and |J_ -, X/ is a closed subvariety of this

TO0

proper variety and hence is proper. But, if o is a face of ¥/ not in X, then X is

empty.
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(4) Let w lie in the relative interior of o, so by Proposition 2.2.4, in,, X
is invariant under exp(H (o )). We claim that X, = in,, X/ exp(H(c)). We show
that in,, X has dimension d, so the dimension of X, = d —dim H (o). Proof that
in,, X has dimension d: in,, X is the intersection in Spec R[z*] of the closure of
t* X and the fiber over Spec . The closure of t* X, henceforth denoted t¥ X, is of
dimension d + 1 and is irreducible since it is the closure of an irreducible scheme
twX. So the intersection of t¥*X with the fiber over Specm has dimension at
least d, and we must have equality because t¥X also lies over the general fiber.
(This argument is a modification of [22], first pararaph of the proof of Theorem
1.) We now check the claim.

Every point € O, is of the form © = s - zg where zg is the limit of
t" and s € (k*)"™. Note that s is determined only modulo exp(H(c)). In the
notation of the preceding lemmas, we have F, = s~! -in,, X and = € X, if and
only if (1,...,1) € F,. We thus see that x € X, if and only if s € in, X, so

X, Zin, X/ exp(H(0)). O

Remark: We will not use the family F again, but it is very powerful.
Hacking, has observed that, if every in,, X is smooth as a scheme, then it follows
that the whole family F is smooth and one can deduce that, essentially, X,
has normal crossing singularities. This has implications for the cohomology of
Trop X, at least in the constant coefficient case, which will hopefully appear in

future work of either Hacking or Hacking and I. Even when F is not smooth,
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Hacking points out in a response to a question of mine that one still has a
resolution of the structure sheaf of X, by the structure sheaves of the X,.

Remark: One flaw of the preceding is that, if X, is disconnected and
T D 0, it is possible that only part of X, lied in the closure of X ;. However, there
are many cases where one can exclude this possibility. In the next section, we
will see that, when X is a curve, we can often deduce that the X, are connected
simply by looking at the combinatorics of Trop X and the degree of X.

As one easy application of what has proceeded, we prove the following

results which first appeared in [6] and [17].

Proposition 2.4.5. Suppose that X is pure (e.g. irreducible) of dimension d.

Then Trop X is pure of dimension d.

Proof. Let o be a facet of ¥. Then | J_ 5 X, = X,. The left hand side is proper

TO0
and the right hand side is affine. The only schemes that are proper and affine

are the zero dimensional schemes. So we see that dim X, = d — dimo = 0 and

dimo = d. O
Proposition 2.4.6. Suppose that X is irreducible. Then Trop X is connected.

Proof. Suppose that Trop X = U UV for U and V closed and open. U and
V' are necessarily subcomplexes of 3. Since these subcomplexes are closed up-
wards, U,c Xo and J,cy X» are closed and disjoint subsets of X, so X is
disconnected. But an irreducible subvariety X of a proper variety T can not

degenerate within a proper family to a disconnected one, a contradiction. O
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2.5 The Zero Tension Condition

Let ¥ C R™ be a pure d-dimensional polyhedral complex, where every face has
rational slope and wt a map assigning a positive integer to each facet of . We
call the pair (X, wt) a zero tension complez if the following condition is met: for
any (d — 1) dimensional face p of ¥ (a ridge), let o1, ..., o, be the facets of
¥ containing p. The image of H(o;) in R"/H(p) is a one dimensional ray with
rational slope, let v; be the minimal lattice vector along this ray. We require
that, for every p, we have > wt(o1)v; = 0. We will often abuse notation and

refer to 3 by itself as a zero tension complex.

Theorem 2.5.1. Recall that, if o is a facet of Trop X, then Xo(o) = (k*)4 x A
for some zero dimensional scheme A. Set wt(o) to be dim, O(A). With this

choice of wt, the complex Trop X is a zero tension complex.

Proof. Let p be a codimension one face of ¥. Then, by Proposition 2.2.4, X, = C
for some one-dimensional scheme C' C (k*)"/exp(H (p)). By Proposition 2.2.3,
the link of p is Trop C' and one can check that the weight functions wt on Trop X
and Trop C are consistent. Thus, we are reduced to the case of Trop C for C a
curve in (k*)".

In this case, Trop C is a union of finitely many rays, let vy, ..., v, be
the minimal lattice vectors along each of these rays and let w; = wt(R;v;). We
want to show that ) w;v; = 0; it is enough to show that > w; < v;,u >= 0 for

every u € Z". Each ray of Trop C corresponds to finitely many points of C.
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Un
n

Consider the function ¢ : (k*)" — k* given by (z1,...,2,) — 27" -+
¢ extends to a meromorphic function on the toric variety Ty with a pole of order
< u,v; > at the boundary component of Tp assosciated to v;. It is easy to check
that ¢ extends to a meromorphic function on C with a pole of order < u,v; > at
pi. The intersection of C' with this boundary component is the zero dimensional

scheme whose length is defined to be w;. So, at the points of C,;, ¢ has w; < u, v; >

zeroes. Since ¢ has equally many zero and poles, Y w; < v;,u >= 0. O

We can now explain the remark in the previous section that we can often
rule out the possibility of the X, being disconnected by examining the geometry

of Trop X.

Proposition 2.5.2. Suppose that X C (K*)™ is a curve and that, at every vertex
of Trop X, the edges incident to that verter have a unique linear relation between
them. Suppose furthermore that the number of unbounded rays of Trop X in
direction u is equal to the degree of the function [[z]* on X. Then, for every

verter v of Trop X, X, is irreducible.

Proof. Suppose for the sake of contradiction that X, = C7 UCs. Then Trop X =
Trop C; UTrop Cs and the weights w arising from X, C and C obey wx = w¢, +
wc,. With the stated hypotheses, the only way to partition w into contributions
coming from C7 and Cs such that the zero tension condition is obeyed is to have
Trop Cy = Trop Cy. But then wt(e) > 1 for each e. In particular, the unbounded

rays of Trop X have weight greater than 1. Let u be a particular direction of
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unbounded ray. Then X, must either consist of more than one point, or must
consist of a point with multiplicity greater than 1. In either case, this contributes
multiple zeroes to the degree of [] ;" and hence contradicts our assumption that

[Iz only has as many zeroes as there are rays in direction u. O
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Chapter 3

The Tropical Grassmannian

3.1 Introduction

In this chapter, we will investigate the tropicalization of the Grassmannian in
the standard Pliicker embedding. Explicitly, let K[p] be the polynomial ring
in (Z) variables indexed by the d-element subsets of [n]; we write the variables
as piy..q, for 1 <43 < --- < iq < n and adopt the standard conventions that
Diyeiy = (_1)Upio-(1)“'io-(d) if o € Sy is the permutation such that i,;) is increasing
in j and that p;,..;, = 0if (41,...,4q) has a repeated index.

For simplicity, assume in this chapter and the next that K and  have
the same characteristic. This implies that x embeds in K. As all of the equations
defining G(d,n) have coefficients in Z, and hence in x, we will thus be in the
contant coefficients case.

The Pliicker ideal Iq,, is the homogeneous prime ideal in K[p| consist-
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ing of the algebraic relations among the d x d-subdeterminants of any d x n-
matrix with entries in any commutative ring. The projective variety of Iy, is
the Grassmannian Gg, which parameterizes all d-dimensional linear subspaces
of an n-dimensional vector space.

The tropical Grassmannian Gg, is Trop Spec K[pT]/Iz,. It is well
known that G4, has dimension d(n — d) so Spec K [p*]/1,,, has dimension d(n —

d) + 1 and we have:

Corollary 3.1.1. The tropical Grassmannian Gq, s a polyhedral fan in R().

Fach of its mazimal cones has the same dimension, namely, (n — d)d + 1.

We show in Section 4.5 that Gy, depends on the characteristic of K if
d=3 and n > 7. All results in this chapter are valid over any field K.

It is convenient to reduce the dimension of the tropical Grassmannian.
This can be done in three possible ways. Let ¢ denote the linear map from
R™ into R(2) which sends an n-vector (a1,a9,...,ay) to the (Z)-vector whose
(i1,...,1q)-coordinate is a;; + ---+ a;,. The map ¢ is injective, and its image
is the common intersection of all cones in the tropical Grassmannian G,4,,. Note

that the vector (1,...,1) of length (Z) lies in Image(¢). We conclude:

e The image of Gy, in R(2) /R(1,...,1) is a fan G} , of dimension d(n — d).

e The image of Gy, or G; , in R(%) /Image(¢) is a fan GJ  of dimension

(d—1)(n—d —1). No cone in this fan contains a non-zero linear space.
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n

e Intersecting gé{m with the unit sphere yields a polyhedral complex G,

Each maximal face of G/’ is a polytope of dimension nd —n — d>.

We shall distinguish the four objects Gy, Gy, Gy, and Gj, when
stating our theorems below. In subsequent sections less precision is needed, and

we sometimes identify Gq,,, G, G/, and G’ if there is no danger of confusion.

Example 3.1.2. (d = 2,n = 4) The smallest non-zero Pliicker ideal is the
principal ideal Io 4 = (p12p34 — P13p24 + P1ap23). Here Go 4 is a fan with three
five-dimensional cones R* x Rs( glued along R* = Image(¢). The fan Gy 4
consists of three half rays emanating from the origin (the picture of a tropical

line). The zero-dimensional simplicial complex Gy’; consists of three points.

n

Example 3.1.3. (d = 2,n = 5) The tropical Grassmannian Gy’s is the Petersen

graph with 10 vertices and 15 edges. This was shown in [42, Example 9.10].

The following theorem generalizes both of these examples. It concerns

the case d = 2, that is, the tropical Grassmannian of lines in (n — 1)-space.

Theorem 3.1.4. The tropical Grassmannian Gy', is a simplicial complex known
as space of phylogenetic trees. It has 2"~ —n — 1 wertices, 1-3---(2n—5) facets,

and its homotopy type is a bouquet of (n—2)! spheres of dimension n—4.

A detailed description of Ga ,, and the proof of this theorem will be given
in Section 3.2. Metric properties of the space of phylogenetic trees were studied

by Billera, Holmes and Vogtmann in [7] (our n corresponds to Billera, Holmes
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and Vogtmann’s n + 1.) The abstract simplicial complex and its homotopy type
had been found earlier by Vogtmann [48] and by Robinson and Whitehouse [33].
The description has the following corollary. Recall that a simplicial complex is
a flag complex if the minimal non-faces are pairs of vertices. This property is

crucial for the existence of unique geodesics in [7].
Corollary 3.1.5. The simplicial complex Gy, is a flag complex.

We do not have a complete description of the tropical Grassmannian

when d > 3 and n — d > 3. We did succeed, however, in computing G3 .

Theorem 3.1.6. The tropical Grassmannian G3' is a 3-dimensional polyhedral
complex with 65 vertices, 535 edges, 1350 triangles, 990 tetrahedra and 15 bipyra-

maids.

The proof and complete description of G3 ¢ will be presented in Section
3.3.

If L is a d-dimensional linear subspace of the vector space K", then
Trop L is a polyhedral complex in R™. Such a polyhedral complex arising from
a d-plane in K" is called a realizable tropical d-plane in n-space. Since L is
invariant under scaling, Trop L is invariant under translation by (1,1,...,1), so
we can identify Trop L with its image in R"/R(1,1,...,1) ~ R"~!. Thus Trop L
becomes a (d — 1)-dimensional polyhedral complex in R"~!. For d = 2, we get a

tree.
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There is a canonical bijection between Gy, and the set of d-planes
through the origin in K™. The analogous bijection for the tropical Grassmannian

g;l ,, is the content of the next theorem.

Theorem 3.1.7. The bijection between the classical Grassmannian Ggq, and the
set of d-planes in K™ induces a unique bijection w — L., between the tropical

Grassmannian G~ and the set of tropical d-planes in n-space.

Theorems 3.1.4, 3.1.6 and 3.1.7 are proved in Sections 3.2, 3.3 and 4.5
respectively. Almost all of the material in this chapter appeared previously in

39].

3.2 The Space of Phylogenetic Trees

In this section we prove Theorem 3.1.4 which asserts that the tropical Grassman-
nian of lines G, coincides with the space of phylogenetic trees [7]. We begin
by reviewing the simplicial complex T, underlying this space.

The vertex set Vert(T,,) consists of all unordered pairs {A, B}, where
A and B are disjoint subsets of [n] := {1,2,...,n} having cardinality at least
two, and AU B = [n]. The cardinality of Vert(T,,) is 2"~! —n—1. Two vertices

{A, B} and {A’, B’} are connected by an edge in T,, if and only if
AcA or AcCB o BCcA o BCB. (3.1)

We now define T, as the flag complex with this graph. In other words, a subset
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o C Vert(T,,) is a face of T, if any pair {{4, B}, {4’, B'}} C o satisfies (3.1).
The simplicial complex T,, was first introduced by Buneman (see [5,
§5.1.4]) and was studied more recently by Robinson-Whitehouse [33] and Vogt-
mann [48]. These authors obtained the following results. Each face o of T,
corresponds to a semi-labeled tree with leaves 1,2,...,n. Here each internal
node is unlabeled and has at least three neighbors. Each internal edge of such a
tree defines a partition {A, B} of the set of leaves {1,2,...,n}, and we encode
the tree by the set of partitions representing its internal edges. The facets (=
maximal faces) of T,, correspond to trivalent trees, that is, semi-labeled trees
whose internal nodes all have three neighbors. All facets of T,, have the same
cardinality n — 3, the number of internal edges of any trivalent tree. Hence T, is
pure of dimension n — 4. The number of facets (i.e. trivalent semi-labeled trees

on {1,2,...,n}) is the Schréder number
2n—=5)!1 = (2n-5)x2n—-7)x---x5x3x1. (3.2)

It is proved in [33] and [48] that T, has the homotopy type of a bouquet of
(n —2)! spheres of dimension n — 4. The two smallest cases n = 4 and n = 5

are discussed in Examples 3.1.2 and 3.1.3. Here is a description of the next case:

Example 3.2.1. (n = 6) The two-dimensional simplicial complex Tg has 25
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vertices, 105 edges and 105 triangles, each coming in two symmetry classes:

15 vertices like {12,3456}, 10 vertices like {123,456},
60 edges like {{12, 3456}, {123,456} },
45 edges like {{12, 3456}, {1234, 56},
90 triangles like {{12,3456}, {123,456}, {1234,56}},

15 triangles like {{12, 3456} }, {34,1256}}, {56,1234}}.

Each edge lies in three triangles, corresponding to restructuring subtrees. O

We next describe an embedding of T, as a simplicial fan into the %n(n—
3)-dimensional vector space R(3) /image(¢). For each trivalent tree o we first
define a cone B, in R() as follows. By a realization of a semi-labeled tree o we
mean a one-dimensional cell complex in some Euclidean space whose underlying
graph is a tree isomorphic to o. Such a realization of ¢ is a metric space on
{1,2,...,n}. The distance between i and j is the length of the unique path

between leaf ¢ and leaf j in that realization. Then we set

B, = { (w12, w13, ..., Wp—17p) € R(g) : —wj; is the distance from

leaf i to leaf j in some realization of 0} + image(®).

Let C, denote the image of B, in the quotient space R() /image(¢). Passing to
this quotient has the geometric meaning that two trees are identified if their only

difference is in the lengths of the n edges adjacent to the leaves.
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Theorem 3.2.2. The closure C, is a simplicial cone of dimension |o| with
relative interior Cy. The collection of all cones Cy, as o runs over T, is a

simplicial fan. It is isometric to the Billera-Holmes-Vogtmann space of trees.

Proof. Realizations of semi-labeled trees are characterized by the four point con-
dition (e.g. [5, Theorem 2.1], [9]). This condition states that for any quadruple

of leaves 1, j, k, [ there exists a unique relabeling such that
Wi +wp = wip +wi < wi + Wi (3.3)

Given any tree o, this gives a system of (Z) linear equations and (Z) linear
inequalities. The solution set of this linear system is precisely the closure B, of
the cone B, in R(2). This follows from the Additive Linkage Algorithm [9] which
reconstructs the combinatorial tree o from any point w in B,.

All of our cones share a common linear subspace, namely Image(¢).
This is seen by replacing the inequalities in (3.3) by equalities. The cone B, is
the direct sum (3.4) of this linear space with a |o|-dimensional simplicial cone.
Let {e;; : 1 <4 < j < n} denote the standard basis of R(). Adopting the
convention ej; = e;;, for any partition {A, B} of {1,2,...,n} we define

Exp = Z Z €ij-
i€A jeB

These vectors give the generators of our cone as follows:

B, = image(¢) + Rso{Eap: {4, Bleo}. (3.4)
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From the two presentations (3.3) and (3.4) it follows that
B, N B, = Byn, for all o, 7 € T,,. (3.5)

Therefore the cones B, form a fan in R(Z), and this fan has face poset T,. It
follows from (3.4) that the quotient C, = B, /image(¢) is a pointed cone.

We get the desired conclusion for the cones C,, by taking quotients mod-
ulo the common linear subspace Image(¢). The resulting fan in R(3) /image(¢)
is simplicial of pure dimension n — 3 and has face poset T,,. It is isometric to the
Billera-Holmes-Vogtmann space in [7] because their metric is flat on each cone

C, ~ R'gg] and extended by the gluing relations C, N Cr = Cynr. O

We now turn to the tropical Grassmannian and prove our first main
result. We shall identify the simplicial complex T, with the fan in Theorem

3.2.2.

Proof of Theorem 3.1.4: The Pliicker ideal I5 ,, is generated by the (Z) quadrics
PijPkl — DikPjl + PaDjk for 1<i<j<k<i<n.

The tropicalization of this polynomial is the disjunction of linear systems

Wij + Wr = Wik + Wi < Wi+ Wik
or Wi + Wk = wy +wir < Wik + wy
or Wi +wj = wytwip < wi + wy.

Every point w on the tropical Grassmannian Gs , satisfies this for all quadruples

i,J, k, [, that is, it satisfies the four point condition (3.3). The Additive Linkage
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Algorithm reconstructs the unique semi-labeled tree o with w € C,. This proves
that every relatively open cone of Ga, lies in the relative interior of a unique
cone C, of the fan T,, in Theorem 3.2.2.

We need to prove that the fans T, and Gz, are equal. Equivalently,
every cone C, is actually a cone in TropGy,. This will be accomplished by
analyzing the corresponding initial ideal. As TropGg, is closed, it suffices to
consider maximal faces ¢ of T,,. Fix a trivalent tree ¢ and a weight vector
w € C,. Then, for every quadruple 4, j, k, [, the inequality in (3.3) is strict. This
means combinatorially that {{Z, 1}, {4, k‘}} is a four-leaf subtree of o.

Let J, denote the ideal generated by the quadratic binomials p;jpr —
pikpji corresponding to all four-leaf subtrees of 0. Our discussion shows that

Jo C ing(I2,5). The proof will be complete by showing that the two ideals agree:
Jy = ing(Iop). (3.6)

This identity will be proved by showing that the two ideals have a common initial
monomial ideal, generated by square-free quadratic monomials.

We may assume, without loss of generality, that —w is a strictly positive
vector, corresponding to a planar realization of the tree o in which the leaves
1,2,...,n are arranged in circular order to form a convex n-gon (Figure 1).

Let M be the ideal generated by the monomials p;pj for 1 <i < j <
k < | < n. These are the crossing pairs of edges in the n-gon. By a classical

construction of invariant theory, known as Kempe’s circular straightening law
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Figure 3.1: A Circular Labeling of a Tree with Six Leaves

(see [40, Theorem 3.7.3]), there exists a term order < i on Z[p] such that

M = in., (I2y). (3.7)

Now, by our circular choice w of realization of the tree o, the crossing monomials
pikpji appear as terms in the binomial generators of .J,. Moreover, the term

order < ir. on Z[p] refines the weight vector w. This implies

in<circ (lnw(l27n)) = in<circ(l27n) = M g in<circ(‘]0')' (38)

Using J, C iny,(I2,,) we conclude that equality holds in (3.8) and in (3.6). O
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3.3 The Grassmannian of 3-planes in 6-space

In this section we study the case d = 3 and n = 6. The Pliicker ideal I3 is

minimally generated by 35 quadrics in the polynomial ring in 20 variables,

Z[p] = Z[p1237p124, .- '729456]'

We are interested in the 10-dimensional fan Gz which consists of all vectors
w € R?° such that in,(I36) is monomial-free. The four-dimensional quotient
fan Gy g sits in R?0/image(¢) ~ R and is a cone over the three-dimensional
polyhedral complex G3’%. Our aim is to prove Theorem 3.1.6, which states that
G3's consists of 65 vertices, 535 edges, 1350 triangles, 990 tetrahedra and 15
bipyramids.

We begin by listing the vertices. Let E denote the set of 20 standard
basis vectors E;jj in R(). For each 4-element subset {i,j, k,[} of {1,2,...,6} we

set

Fiju = Eiyk + Eig + B + Ejg.

Let F denote the set of these 15 vectors. Finally consider any of the 15 triparti-

tions {{i1,12}, {i3,14}, {i5,76}} of {1,2,...,6} and define the vectors

Giyiyigivisic = Firigisia + Ligivis T Ligigis

and Giyigisigizia = Firigisic T Pigigic + Eigisie-

This gives us another set G of 30 vectors. All 65 vectors in £ U F U G are
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regarded as elements of the quotient space R() /image(¢) ~ R'. Note that

Glllgl_ 14151, = Gz_ 1415161112 = Glrl 11121374 *
3 56 3 56 56 3

Later on, the following identity will turn out to be important in the proof of

Theorem 3.3.4:

Giigigigisic T Givigisigisia =  Fivigizia + Fiyisisig + Figigisic- (3.9)
Lemma 3.3.1 and other results in this section were found by computation.
Lemma 3.3.1. The set of vertices of Gz equals £ U F U G.

We next describe all the 550 edges of the tropical Grassmannian G3g.

(EE) There are 90 edges like { F123, E145} and 10 edges like {F123, E456}, for a
total of 100 edges connecting pairs of vertices both of which are in E. (By
the word “like”, we will always mean “in the Sg orbit of, where Sg permutes

the indices {1,2,...6}.”)
(FF) This class consists of 45 edges like {Fi234, F1256}-
(GG) Each of the 15 tripartitions gives exactly one edge, like {G123456, G125634}-

(EF) There are 60 edges like {Ej23, F1234} and 60 edges like {Fq93, Fl456}, for

a total of 120 edges connecting a vertex in E to a vertex in F.

(EG) This class consists of 180 edges like {F123, G123456}. The intersections of
the index triple of the E vertex with the three index pairs of the G vertex

must have cardinalities (2, 1,0) in this cyclic order.
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(FG) This class consists of 90 edges like {F234, G123456}
Lemma 3.3.2. The 1-skeleton of G5’ is the graph with the 550 edges above.

Let A denote the flag complex specified by the graph in the previous
lemma. Thus A is the simplicial complex on EU F UG whose faces are subsets
o with the property that each 2-element subset of ¢ is one of the 550 edges. We

will see that Gs ¢ is a subcomplex homotopy equivalent to A.

Lemma 3.3.3. The flag complex A has 1,410 triangles, 1,065 tetrahedra, 15

four-dimensional simplices, and it has no faces of dimension five or more.

The facets of A are grouped into seven symmetry classes:

Facet FFFGG: There are 15 four-dimensional simplices, one for each partition
of {1,...,6} into three pairs. The tripartition {{1,2}, {3,4},{5,6}}. gives the
facet {F1234, F1256, F3456, G123456, G125634}; the other 14 cases can be determined
by the Sg symmetry. The 75 tetrahedra contained in these 15 four-simplices are

not facets of A.

The remaining 990 tetrahedra in A are facets and they come in six

classes:

Facet EEEE: There are 30 tetrahedra like {Elgg, E145, E246, E356}.
Facet EEFF1: There are 90 tetrahedra like {Elgg, E456, F1234, F3456}.
Facet EEFF2: There are 90 tetrahedra like {E125, E345, F3456, F1256}.

Facet EFFG: There are 180 tetrahedra like {E345, F1256, F3456, G123456}.
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Facet EEEG: There are 240 tetrahedra like {Elgﬁ, E134, E356, G125634}.

Facet EEFG: There are 360 tetrahedra like {E234, E125, F1256, G125634}.

While A is an abstract simplicial complex on the vertices of Gy, it
is not embedded as a simplicial complex because relation (3.9) shows that the
five vertices of the four dimensional simplices only span three dimensional space.
Specifically, they form a bipyramid with the F-vertices as the base and the G-
vertices as the two cone points.

We now modify the flag complex A to a new polyhedral complex A’
which has pure dimension three and reflects the situation described in the last
paragraph. The complex A’ is obtained from A by removing the 15 FFF-
triangles {F1234, F1256, F3456}, along with the 30 tetrahedra FFFG and the 15
four-dimensional facets FFFGG containing the FFF-triangles. In the place of
each four dimensional simplex, we instead put a bipyramid. We will give another
way of understanding the seven types of facets and three types of rays in Section
4.3.

The following theorem implies Theorem 3.1.6.

Theorem 3.3.4. The tropical Grassmannian G3's equals the polyhedral complex
A’. Tt is not a flag complex because of the 15 missing FFF-triangles. The homol-

n

ogy of G3'g is concentrated in (top) dimension 3; Hg(gé’fﬁ, 7) = 7%,

The integral homology groups were computed independently by Michael

Joswig and Volkmar Welker. We are grateful for their help.
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This theorem is proved by an explicit computation. The correctness
of the result can be verified by the following method. One first checks that the
seven types of cones described above are indeed Grobner cones of I3 whose
initial ideals are monomial-free. Next one checks that the list is complete. This
relies on a result that will appear in a forthcoming paper which guarantees that
U3 6 is connected in codimension 1. The completeness check is done by computing
the link of each of the known classes of triangles. Algebraically, this amounts to
computing the (truly zero-dimensional) tropical variety of in,(I36) where w is
any point in the relative interior of the triangular cone in question. For all but
one class of triangles the link consists of three points, and each neighboring 3-cell
is found to be already among our seven classes. The links of the triangles are as

follows:

Triangle EEE: The link of {F14¢, F256, E345} consists of F193, G163425, G142635-
Triangle EEF: The link of { Eas6, F346, Fi346} consists of Fios6, G132546, G142536-
Triangle EEG: The link of {E156, Fa36, G142356} consists of F1o4, E134, Fla56-
Triangle EFF: The link of {E135, Fi345, Fa346} consists of Easg, Foss, G153426-
Triangle EFG: The link of { E2ss, Fb356, G143526} consists of Ei45, Fio46, F134.

Triang]e FGG: The link of {F1456, G142356, G145623} consists of F2356 and F1234.
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Chapter 4

Tropical Linear Spaces

4.1 Introduction and Summary

In the preceding section we have described our attempts to study the tropical-
ization of the Grassmannian. Classically, the Grassmannian parameterizes linear
spaces of dimension d in n space. A similar statement is true of the Tropical

Grassmannian, namely:

Theorem 4.1.1. There is a bijection between the points of Trop G(d,n) and the

collection of polyhedral complexes occurring as Trop L for L a d-plane in K.

Just as it is best to study all matroids and then consider the realizable
matroids as a special subset among them, it turns out to be best to enhance the
notion of “Trop L for L a d-plane in K™ to a larger collection of combinatorial

objects which we will term tropical linear spaces. After we have investigated
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tropical linear spaces from a combinatorial perspective, we then turn in Section
4.5 to the question of identifying which such spaces occur as Trop L. The reader
who prefers combinatorics to algebraic geometry may find this chapter a pleasant
break, as most of our arguments will be purely combinatorial.

Tropical linear spaces will be polyhedral complexes. Thus, we can ask
about all of the invariants associated to polyhedral complexes. Ardila and Klivans
[1] have studied the link of a vertex in a tropical linear space and have shown it to
be homeomorphic to the chain complex of the lattice of flats of a certain matroid
and thus, ([50], sect. 7.6), homotopic to a wedge of spheres. The polytopes
occurring in tropical linear spaces are Minkowski summands of permutahedra
(Proposition 4.2.5). The topology of tropical linear spaces is quite simple: they
are contractible (Theorem 4.2.8). So we understand the local combinatorics and
the local and global topology of tropical linear spaces.

The global combinatorics of tropical linear spaces, on the other hand,
is quite intriguing. There is a great deal of theoretical and some experimental

evidence for the following:

The f-Vector Conjecture. The number of i-dimensional faces of a tropical
d-plane in n-space which become bounded after being mapped to R"/(1,...,1)

is at most (72__2;) ("Z_ZII)

Remark: It would follow from the f-vector conjecture that the num-

ber of total i-dimensional faces of a tropical d-plane in n-space, without any
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boundedness condition, is at most (ngzl) (2nl__ dl_l). See Proposition 4.2.10.

The following is a summary of the rest of the chapter.

In Section 4.2, we will define the basic concepts mentioned in this intro-
duction and prove their essential properties. We will also introduce an operation
called dualization, which is analogous to the classical operation of taking the
dual, or orthogonal complement, of a linear space.

In Section 4.4, we will introduce an operation of transverse intersection
that produces new tropical linear spaces from old. We define a tropical linear
space to be constructible if it can be built from tropical hyperplanes (equivalently,

from points) by successive dualization and transverse intersection. Much of the

rest of the chapter will be devoted toward proving:

Theorem 4.1.2. Every constructible space achieves the f-vector of the f-vector

conjecture.

In Section 4.5, we discuss which tropical linear spaces are of the form
Trop L for a linear space L or, as we will term it there, which are realizable. These
section includes many counter-examples to show that tropical linear spaces can
fail to be realizable in almost every conceivable way.

In Section 4.6 we will define a notion of “series-parallel tropical linear
space”, analogous to the notion of series-parallel matroid. We also describe a way
of working with series-parallel matroids in terms of two-colored trees that will be

important in the future. One of our themes will be that series-parallel tropical
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linear spaces are the best tropical linear spaces. In particular we conjecture

The f-Vector Conjecture, Continued. Equality in the f-vector conjecture

is achieved precisely by series-parallel linear spaces.

We will show that the tropical linear spaces which are easy to write

down are series parallel. More precisely,

Theorem 4.1.3. Every constructible space is series-parallel.

One unfortunate consequence of Theorem 4.1.3 is that it is quite hard
to find a general method for writing down tropical linear spaces that are not
series-parallel! More precisely, it is not so hard to produce degenerate limits
of series-parallel linear spaces which are not themselves series-parallel. Writing
down a large number of tropical linear spaces which are not limits of series-parallel
tropical linear spaces, however, is a challenge — which is one of the reasons that
experimentally testing the f-vector conjecture is tricky.

In Section 4.7, we will prove the f-vector conjecture in the cases i = 1
and d = |n/2|. We then return to proving our main results. We prove Theorem
4.1.3 in Section 4.8 and also prove many lemmas that will be used in the proof
of Theorem 4.1.2. We also prove Theorem 4.1.2 in Section 4.8.

Finally, in Section 4.9, we will introduce a notion of tree linear space
which achieves the bounds in the f-vector conjecture and has very explicit com-
binatorics. Suggestively, the construction of tree linear spaces will be reminiscent

of the construction of cyclic polytopes.
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4.2 Basic Definitions and Results

We will adopt the convention of writing Trop(f) to mean the tropicalization of
the hypersurface generated by f.
Consider a collection of variables p;, . ;, indexed by the d element subsets

of [n] :={1,...,n}. We will say that p is a tropical Plicker vector if

(pr) € Trop(PsijPsii — PsikPsji + PsiPsji)

for every S € ( d[ﬁ]2) and every i, j, k and [ distinct members of [n] \ S.

Remark: This definition is equivalent to saying that p; is a valuated
matroid with values in the semiring (R, +, min). See [13] as well as the more
general [12] and [14].

Let A(d,n) denote the (d,n)-hypersimplex, defined as the convex hull
of the points e;, +- - -+¢€;, € R™ where {i1, ..., i} runs over ([Z]). We abbreviate
e, +---+e, by e, i, Consider a real-valued function {i1,...,iq} — piy..i,
on the vertices of A(d,n). We define a polyhedral subdivision D), of A(d,n) as
follows: consider the points (e;, + - - - + €i,, Pi,-i,) € A(d,n) x R and take their
convex hull. Take the lower faces (those whose outward normal vector have last
component negative) and project them back down to A(d,n), this gives us the
subdivision D,. We will often omit the subscript p when it is clear from context.
A subdivision which is obtained in this manner is called regular, see, for example,
[51] definition 5.3.

Let P be a subpolytope of A(d,n). We say that P is matroidal if the

57



BASIC DEFINITIONS AND RESULTS

vertices of P, considered as elements of ([Z]), are the bases of a matroid M. In
this case, we write P = Pys. Our references for matroid terminology and theory

are Neil White’s anthologies [49] and [50].

Proposition 4.2.1. The following are equivalent:

1. pi,.., are tropical Plicker coordinates
2. The one skeleta of D and A(d,n) are the same.

3. Fvery face of D is matroidal.

Proof. (1) = (2). Every edge of D joins two vertices of A(d,n). If e is an
edge of D connecting e; and ey, we define the length of e, denoted ¢(e), to be
|[I\ J| = |J\I|. Our claim is that every edge of e has length 1. We prove by
induction on £ > 2 that D has no edge of length .

For the base case, if e is an edge with £(e) = 2 then e = (eg;;, esx) for
some S € (d[ﬁ]2)' The six vertices eg;j;, €sik, €sil, €sjk, €541, esk form the vertices
of an octahedron O with eg;; and egy; opposite vertices. One can check that the
condition (pr) € Trop(Psi;j Psii — PsikPsji + PsiiPs;i) implies that O is either a
face of D or subdivided in D into two square pyramids (in one of three possible
ways). In any of these cases, e is not an edge of D.

Now consider the case where ¢ > 2. Suppose (for contradiction) that e
is an edge of D. Let e = (esp,esy) with TNT' = @ and |T| = |T'| = ¢. Let F
be the face of A(d,n) consisting of all vertices e; with S ¢ I C SUT UT’. Then
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e must belong to some two dimensional face of D contained in F'; call this two
dimensional face G.

Let v be the path from egr to egys that goes around G the other way
from e. No two vertices of F' are more than distance ¢ apart, so the edges of v
have lengths less than or equal to ¢. If v contained an edge (esy, esyr) of length
¢ then its midpoint (esy + egy)/2 would also be the midpoint of e contradicting
the convexity of G. Thus, every edge of v has length less than £ and by induction
must have length 1. So all the edges of v are in the direction e; — e; for some
i and j € [n]. These vectors must span a two dimensional space. This means
either that there are {iy, 2, j1,j2} C [n] such that all edges of v are parallel to
some e;, — ej, or there are {i1,i9,i3} C [n] such that every edge of ~ is parallel
to e;. — €;,. In either case, e has length at most 2, but that returns us to our
ground case.

(2) = (3): Let P be any polytope in D. By assumption, all of the
edges of P are edges of A(d,n). It is a theorem of Gelfand, Goresky, MacPherson
and Serganova ([20], theorem 4.1) that this implies that P is matroidal. Since
the proof is short, we include it. Let e; and e; be vertices of P with j € J\ I.
We must prove that there is a vertex of P of the form ey ;)\ (3 for some b € I.

Define a linear functional ¢ : A(d,n) — R by ¢(x1,...,2,) = > ;cr i+

dzj. Then Q := PN {x: ¢(x) > d} is a convex polytope and hence connected.

() contains the vertices ey and e; and there is a path from e; to e; along edges
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of P which lie in Q). Let the first step of this path go from e; to ejyfap\(py- If
a # j then ¢(eryga\(py) = d — 1 and ejq)\ (5} does not lie in Q. So instead we
have ¢ = j and we are done.

(3) = (1): It is easy to check that, if (1) is false, D has a one
dimensional face of the form Hull(eg;;, eskr), with 4, j, k and [ distinct. This is

not matroidal. O

(n] . . .
Now, suppose that (p;) € R() obeys the tropical Pliicker relations.

Define L(p) C R" by

d+1
I8
ﬂ Trop(Z(—l) Pj1---fr-._jd+1XjT)'
1<j1<<Ja41<n r=1

We term any L which arises in this manner a d-dimensional tropical linear space
in n-space. We often omit the dependence on p when it is clear from context.

L(p) is essentially the same set as the tight span of p defined in [15].
There are two differences: (1) Dress’s sign conventions are opposite to ours and
(2) L(p) is invariant under translation by (1,...,1); Dress chooses a particular
representative within each orbit for this translation.

While the above definition makes the connection to ordinary linear
spaces most clear, for practically every purpose it is better to work with the
alternate characterization which we now give. For any w € R", define D,, to be
the subset of the vertices of A(d,n) at which p;, ,, — Zc.l:l w;; is minimal. This

J

is, by definition, a face of D and thus is Py, for a matroid M,,.

Proposition 4.2.2. w € L(p) if and only if My, is loop-free.
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Recall that a matroid is called loop-free if every element of the matroid
appears in at least one basis. There is a geometric way of recognizing when M is
loop-free from the polytope Py: M is loop-free if and only if P,y is not contained
in any of the n facets of A(d,n) of the type x; = 0 for 1 < i < n. In particular,

note that if Py; meets the interior of A(d,n) then M is necessarily loop-free.

Proof. By replacing pi, i, by pi,..i; — Z;l:l w;; — (constant), we may assume

without loss of generality that w = 0 and minp; = 0. Then M,, = M is simply
the matroid whose basis correspond to the I for which p; = 0. First, we assume
that My has a loop j and prove that 0 & L(p). Let (i1,...,44) be a basis of My,

clearly j & (i1,...,1q). Then p;, ;, =0 but Pji, > 0 for 1 < r < d. Taking

(J1y -y Jar1) = (4, i1, - . -, iq) we see that 0 & Trop(Zfﬂ(—1)TPj1mj;mjd+1Xjr).

The converse is more interesting. Fix J = {j1,..., ja+1}, our aim will

be to prove 0 € Trop(34*1(—1)"P,

31...j}...jd+1Xjr)- Let e; = Zejr and, for any

s € R, set My = M_,.,. Note that, for s large enough, all of the bases of M
will be subsets of J. It is equivalent to show that, for such an s, the matroid Mj
has at least two bases. In other words, we must show that for any j € J and
any such s, j is not a loop of M. By hypothesis, j is not a loop of My, so it is
enough to show that if j € J is a loop of M, for some s then it is a loop of My
for all s’ < s.

As s varies, My changes at a finite number of values of s, call them

§1 < 83 < --- < 8. Suppose that s; < s < s;11, then Py, is a face of both PMSZ.
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and of Py, . The bases of M, are precisely the bases of M, which have the
largest possible number of elements in common with J. Similarly, the bases of

My are precisely the bases of M, ,. which have the smallest possible number of

i+1

elements in common with J. In other words,
M = MSi|J D MSZ/J = MSi+1|[n]\J D M8i+1/([n] \ J)

From the displayed equation, it follows that if j € J is a loop in Mj,
then it is a loop in M. Similarly, if j is a loop in M, then it is a loop in M.
Concatenating deductions of this sort, we see that, as promised, if j is a loop of

M, then it is a loop of My for all s’ < s. O

As A(d,n) is contained in the hyperplane 21 + - - -+ x,, = d we see that
L is invariant under translation by (1, 1,...,1). We will abuse notation by saying
a face of L is bounded if its image in R™/(1,...,1) is bounded and calling a face
a vertex if its image in R /(1, ..., 1) is zero dimensional. However, when we refer
to the dimensions of faces of L we will always be speaking of L itself, without
taking the quotient by (1,...,1).

We see that L is a subcomplex of DV, where DV is defined to be the
polyhedral subdivision of R"™ where w and w’ lie in the same face if M,, = M,,.
In Figure 4.1, we show A(2,4), which is an octahedron, subdivided into two
square pyramids and draw the dual L/(1,1,1,1) in bold. Notice that four of the
triangular faces of the octahedron correspond to a loop-free matroid consisting

of two parallelism classes, of sizes 1 and 3, while the other four faces correspond
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S
AN

Figure 4.1: A Subdivision of A(2,4) and the Corresponding L/(1,1,1,1)

to the matroid consisting of a single loop and no other relations. We write M "
for the face of DV dual to Py. If v = MV /(1,...,1) is a vertex of L/(1,...,1)
we see that the link of L/(1,...,1) at v is the subcomplex of the normal fan to
Pyr consisting of the normals to the loop-free facets. This fan is studied in [1],

we summarize the main results of that paper in the following proposition:

Proposition 4.2.3. linky,v (L) is homeomorphic to the chain complex of the
lattice of flats of L. If NV is a face of L containing v then N = @ Qp+1/Qx for
some flag of flats ) = Qo C Q1 C -+ C Q, = [n] of M. The local cone of N
at M is given by those vectors which are constant on the set Qi \ Qx—1 and for

which X (Qk \ Qk—1) > X (Qr—1\ Qr—2)

When MVY/(1,...,1) is positive dimensional, Py; turns out to be a prod-

uct of Py’s.

63



BASIC DEFINITIONS AND RESULTS

Proposition 4.2.4. Let M be a matroid with M = @ M; the decomposition of

M into connected parts. Then Py =[] P, -

Proof. By the definition of direct sum, the bases of M are all combinations of

bases of the M;. O

We can now describe the faces of L. Recall that the braid arrangement
B, is the fan in R" whose facets are the cones of the type z,1) < ... < x5

where o ranges over the symmetric group S,.

Proposition 4.2.5. If MV is an r-dimensional face of L then the normal fan to
MY is a subfan of a coarsening of B,.. When M" is bounded, M" is a Minkowski

summand of the " permutahedron.

Proof. The normal fan to M" is the same as the link of Py in D. Let Py; be
a face of D with Py a face of Py;. We must show that the local cone of Py; at
Py is a union of cones of B,. But the local cone of P;; at Py is precisely the
negative of the cone of the normal fan to P;; dual to Py;. From the description
in [1], we see that the normal fan to P,; is a coarsening of B,, and that the cones
dual to codimension ¢ faces are unions of cones of ;.

If MV is bounded then its normal fan is complete and thus, by the last
paragraph, a coarsening of B,. B, is the normal fan to the ™" permutahedron.
If P and @ are two polytopes such that the normal fan to @ refines that of P

then P is a Minkowski summand of Q) for ¢ sufficiently large. U
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Not every coarsening of B, is the normal fan to a polytope. For example,
take a cube, divide one of its faces into two triangles and cone from the center.
This is a coarsening of B4 which is not the normal fan of any polytope. I do not
know whether there are further obstructions to a fan showing up as the normal

fan to a face of a tropical linear space.

Problem 4.2.6. Let P be a polytope whose normal fan is a coarsening of B,.

Can P always occur as a face of a tropical linear space?

For ordinary linear spaces, the linear space determines the Pliicker co-

ordinates up to scaling. For tropical linear spaces, a similar result holds.

Proposition 4.2.7. Let L be a tropical linear space with tropical Plicker coor-

dinates py. Then L determines the p;r up to addition of a common scalar.

Proof. Let S be a d—1 element subset of [n] and let F' denote the face of A(d,n)
whose vertices are those I containing S. Since F' is an (n — d)-simplex, it can
not be subdivided in D so F' is a face of D. F corresponds to a loop-free matroid
® so it is dual to a face ®¥ of L. ® is of the form (R, + R(1,...,1)) + ¢
for ¢ a vector satisfying ¢; = pg; for ¢ € S. No other face of L is of the form
(Rgo ®R(1,...,1))+ ¢ and ¢ is unique up to translation by (1,...,1). Thus, L
determines pg; — pg;. As this is true for all S, i and j, we see that L determines

the p; up to adding the same constant to all of them. O
Theorem 4.2.8. L is a pure d-dimensional contractible polyhedral complez.
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Proof. To show that L is pure d-dimensional, it is enough to show that the
link of any vertex v of L/(1,...,1) is a pure (d — 2)-dimensional complex. Let
v+ (1,...,1) be dual to Py, for some matroid M. By the results of [1], the link
of v has a subdivision isomorphic to the order complex of the lattice of flats of
M. This lattice is graded of length d, so its order complex is pure of dimension
d—2.

We now show contractibility. It is easy to see that each tropical hyper-
plane is tropically convex in the sense of [11]. Thus, their intersection is tropically

convex and hence contractible. O

We now study the bounded faces of L.

Proposition 4.2.9. The following are equivalent:

1. w lies in a bounded face of L

2. Py, is an interior face of D.

8. My, is loop-free and co-loop-free.

Proof. (2) <= (3): Py, is interior if and only if it is not contained in any facet
of A(d,n). The facets of A(d,n) are of two types: z; = 1 and x; = 0. Py, lies
in the former type if and only if ¢ is a co-loop of M,,; Pyy,, lies in the latter type
if and only if 7 is a loop of M,,.

(1) < (2): If P is not an interior face of D, the corresponding dual

face is not bounded. Conversely, if P is internal, the corresponding dual face of
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DV is bounded, so we just must check that this dual face is in L(p) at all. For
this, we must check that M,, is loop-free. But we saw in the previous paragraph

that this follows from Py, being internal. O
At this point, we can prove our earlier remark.

Proposition 4.2.10. If the f-vector conjecture is true then a tropical d-plane

n—i—l) (2n—

e dl_l) faces of dimension i.

in n-space has no more than ( o

Proof. Let D be a matroidal decomposition of A(d,n). We must bound the
number of codimension i — 1 faces Pjy; of D such that M has no loops. For such
a Py, let A C [n] be the co-loops of M and let A be the face of A(d,n) whose
vertices are the sets I € ([Z]) which contain A. The claim that M has no loops
is equivalent to saying that Py is an interior face of the decomposition of A. So
we may count the total number of Py; by summing over all such faces A.

There are (?) faces A for which |A| = j; each such A is isomorphic to
A(d—j,n—j). A subpolytope of such a A has codimension i —1 in A(d, n) if and

only if it has co-dimension i — j — 1 in A. So, assuming the f-vector conjecture

n—z’—l) (n—d—l

and writing the bound in the f-vector conjecture as ( dei i1 ), we have the

following bound for the number of co-dimension ¢ — 1 loop-free faces of D:
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()] G | G i I
(520055 -

()

The last sum is evaluated by the identity ; (1;’)( q ) = (” +q). O

r—j r

Suppose that p : ([Z]) — R obey the tropical Pliicker relations. Define
pt (n[ﬁ] d) — R by pt = Pi\7- Then the subdivision DL of A(n — d,n) induced
by p* is simply the image of D under (x1,...,2,) — (1 —21,...,1 —2,). This
map replaces each matroidal polytope with the polytope of the dual matroid; in
particular, p also obeys the tropical Pliicker relations. We denote L(p*) by L.
We can easily check that L — LT is an inclusion reversing bijection from the set
of tropical linear spaces in R™ to itself.

We will use this dualization operation to defien a large class of con-
structible tropical linear spaces, which are built out of repeated simple opera-
tions. It is also useful for discussing questions such as whether a given tropical
linear space is an intersection of a given number of tropical hyperplanes, as the

dual version of this questions is often easier to visualize.

Proposition 4.2.11. The bounded part of L* is negative that of L. If L is a
tropical linear space of dimension d in n space then the bounded part of L is at
most min(d, n — d)-dimensional.
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Proof. The first sentence follows because the property of being loop- and co-
loop-free is self dual. L is d-dimensional and Lt is (n — d)-dimensional; as
the bounded part of L is isomorphic to a subcomplex of both it is at most

min(d, n — d)-dimensional. O

4.3 TropG(3,6) and Matroidal Decompositions

Now that we have the terminology of matroidal subdivisions available to us, it is
worthwhile to see how it can be used to described the various faces of Trop G(3, 6)
in Section 3.3. There are three types of rays of Trop G(3,6), which we referred
to as types F, F' and G. Each of these correspond to a minimal decomposition
of A(3,6) into matroidal polytopes.

The ray E;jj, corresponds to a subdivision of A(3, 6) into two polytopes:
the first is the convex hull of the vertex e;;; and all of its neighbors (as a polytope,
this is isomorphic to the cone on the product of two triangles) and the second is
the convex hull of all vertices except for e;;;. As matroids, these two polytopes
correspond to the point configurations in Figure 4.2.

The ray Fj;i also corresponds to the splitting of A(3,6) into two poly-
topes. One is the convex hull of all of the vertices ey, where |{a, b, c} N{i, j, k,}|
is either 2 or 3, the other is the convex hull of all vertices ey, where this inter-
section has size 1 or 2. These correspond to the dual matroid in Figure 4.3.

Finally, the ray Gijximn corresponds to the decomposition of A(3, 6) into
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Figure 4.2: The two facets of the E-decomposition
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Figure 4.3: The two facets of the F-decomposition
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Figure 4.4: The hexagon subdivided into three rhombi

12 3 4
o o

(&)
(o2}

Figure 4.5: The facet (which occurs three times) of the G-decomposition

three polytopes. We will describe the case of g12345¢, leaving the reader to use
the Sg symmetry of the problem to understand the other 29 cases. Consider the
linear map ¢ which takes A(3,6) to the plane x +y+ z = 3 via (a,b,c,d, e, f) —
(a+0b,c+d,e+ f). The image of ¢ is a hexagon. The decomposition of A(3,6)
corresponds to taking the preimage under ¢ of the decomposition of the hexagon
into rhombi seen in Figure 4.4. FEach of these rhombi corresponds to the matroid
shown in Figure 4.5.

The various facets of Trop G(3,6) then correspond to compatible ways
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of superimposing these decompositions. The type FFFGG, for example, can be
described using the map ¢ of the previous paragraph as the decomposition of
the hexagon into six equilateral triangles. Each of the vertices of the bipyramid
corresponds to a different coarsening of this decomposition; see Figure 4.6. The
reader may enjoy labelling the other faces of the bipyramid with intermediate
decompositions of the hexagon.

It is possible to largely visualize the other facets of Trop G(3, 6) as pull-
backs of decompositions of the hexagon as well. In each picture of Figure 4.7, we
show a hexagon broken up into triangles and rhombi and decorated with some
circular arcs. The meaning in each case is to pull back the decompositions into
triangles and rhombi along ¢, thus obtaining a decomposition of A(3,6). Then,
for each circled vertex of the hexagon, we take a vertex e of A(3,6) that maps
to this circled vertex under ¢. We then slice off e and all of its neighbors as a
seperate piece of the decomposition. In most cases, all choices of e are equivalent
up to Sg symmetry. The cases FEFF1 and EEFF?2 are distinguished by the
fact that, in type EEFF1, the two circled vertices are lifted to antipodal points
of A(3,6) and in type EEFF?2 they are lifted to non-antipodal points. In type
EFEFEE, the four lifts must be chosen in the unique way (up to Sg symmetry) that
none of them are adjacent. The best way to describe this is that the remaining
central region after these 4 vertices have been sliced off must correspond to the

graphical matroid of Kj.
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N

Figure 4.6: The faces of the bipyramid correspond to subdivisions of the hexagon
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Figure 4.7: The facets of Trop G(3, 6)
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4.4 Stable Intersections

If L and L’ are two ordinary linear spaces of dimensions d and d’ in n space which
meet transversely then L N L' is a (d + d’ — n)-dimensional space whose Pliicker

coordinates are given by

Note that the summation conditions on I and I’ guarantee that I UI" = [n].

We will discuss a tropical version of this formula. If L and L’ are tropical
linear spaces of dimension d and d’, define a real valued function p(L Stg) . L) on
(d—i—[c?]—n) by

L N L')= mi L (L).
ps(L 0 L) Ig;,ng(m( )+ pr (L))
||=d
[I'|=d’
At the moment, py(L tf}l 1 L’) is just defined as a formal symbol, there
stable
is not yet any tropical linear space called L q) 1 L’'. We now prove that there is
stable

such a space.

Proposition 4.4.1. p(L tq)l L') is a tropical Plicker vector.
staotle

Proof. Set P to be the polyhedron of points above the lower convex hull of the
points (p;,..i,(L), ey + -+ €i;) € R x A(d,n) and define P" C R x A(d',n)
similarly. Include A(d + d' — n,n) into the Minkowski sum A(d,n) + A(d',n)

by t:e— e+ (1,...,1). Set Q = (P+ P)N (R x t(A(d+d —n,n))). Let
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J e (d—l—[c?]—n)' The height of @ above the vertex i(es) of t(A(d+ d —n,n) is

min pr+pp = min pr+pp.
erNepr=u(ey) INn'=J

|T|=d [|=d

|I'|=d' ['|=d’

So we see that projecting the bottom faces of @ back down to A(d + d' — n,n)
yields the regular subdivision of A(d+ d’ — n,n) induced by p(L rg 1 L.
stable

So we see that every face of D, n ) is of the form
stable

R := L(A(d—l— d/ —n, ’I’L)) M (PM —I—PM/) .

The vertices of this face are the points t(ey) € t(A(d+d —n,n)) where J = INT’
for I and I’ bases of M and M’ with T UI' = [n].

There is an operation M A M’, called matroid intersection ([49], section
7.6), which takes two matroids of ranks d and d’ and produces a third matroid.
The spanning sets of M A M’ are precisely the sets of the form U N U’ where U
and U’ span M and M’ respectively. M A M’ always has rank at least d +d’ —n.
If the rank of M A M’ is larger than d + d’ — n then there are no pairs of bases
I and I’ of M and M’ with I U I’ = [n]. In this case R is empty and does not
contribute a face to Dy, n r7). Alternatively, the rank of M A M' is d +d' —n.

stable

Then we see that R = Pysap- O
We have the immediate corollary

Corollary 4.4.2. Fvery face of Dy, n 11y is of the form Pyany for Py and
stable

Pyyr faces of Dyry and Dy rry.
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We thus see that there is a well defined tropical linear space L tq) 1 L.
stable

Our aim now is to justify the notation L N L’ by showing that L N L’ is the
stable stable

“stable” intersection of L and L’. We first need a definition and a combinatorial

lemma:

Let M and M’ be two loop-free matroids on [n] with connected decom-
position M = @, ; M; and M’ = @, ;, M]. Let S; and S} be the ground sets of
M, and M]. Let T'(M, M') be the bipartite graph (possibly with multiple edges)
whose vertex set is I LI’ and which has an edge between i and i’ for each element

of S;NS},. We say that M and M’ are transverse if T'(M, M') is a forest without

multiple edges.

Lemma 4.4.3. Suppose that M and M’ are transverse and let T’ = T'(M, M").
Then M AM' is a loop-free matroid whose connected components are in bijection
with the components of I'. M A M’ is the matroid formed by repeatedly taking

parallel connections along the edges of I'. M N\ M' has rank d +d' — n.

The phrase “repeatedly taking parallel connections” deserves a proper
definition, which will unfortunately be somewhat lengthy. What we mean is the
following: let F' be a forest, let E be a finite set and let each edge of F' be
labeled with an element of E, no two edges receiving the same label. Suppose
that, for each vertex v € F, we are given a subset S(v) of E. We require that
S(v)NS(w) = {e} if e is the edge (v, w), that S(v) N S(w) = 0 if there is no edge

joining v and w and that (. S(v) = E. For every v € F, we place the structure
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of a connected loop-free matroid M (v) on S(v). We then define a matroid N on

the ground set E by the following procedure:

. If F has no edges, let N =@, M(v).

veF

. Otherwise, let v and w be vertices of F' joined by an edge e.

. Form a new forest F’ where e is contracted to a single vertex u. Set
S’'(u) = S(v) U S(w) and let M’'(u) be the parallel connection of M (v)

and M(w) along e. For all t € F other than u, set S’(t) = S(t) and

. Return to step (1) with the new forest F’ and the new S’(-) and M’().

The claim is that (a) N does not depend on the order of the contractions

and (b) N = M A M’ when we take F =T, S(i) = SZ.(/) and M (i) = MZ.(/). Here

SZ-(/) is shorthand for “S; if i € I and S/ if ¢ € I’ and similarly for MZ.(/).

Proof. Let T, S(-) and M (-) be as above and let N(F,S(-), M(-)) be the ma-

troid constructed by the above procedure. We claim that U C FE is a basis of

N(F,S(:), M(-)) if and only if there exist bases B(v) of M (v) such that, for every

e € F, precisely one of the following four conditions holds:

1. ee U, e = (v,w) is an edge of F' and e € B(v) N B(w).

2. e€ U, ee€ S(v)isnot an edge of F' and e € B(v).
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3. e €U, e = (v,w) is an edge of F and e lies in precisely one of B(v) and

B(w).

4. e¢ U, e € S(v) is not an edge of F and e ¢ B(v)

This is the definition of direct sum when F' has no edges and it is easy to
check that this description is unchanged by contracting an edge, so this is indeed
a correct description of the bases of N(F, S(-), M(-)). Note that this description
is independent of the order of contractions, so we see that N(7T',S(-),M(-)) is
independent of the order of contraction.

Applying the above description in the case where F' = T'(M, M’) etc.,
we see that the bases of N(I', M(-), S(-)) are precisely the sets of the form BN B’
where B and B’ are bases of M and M’ with BUB’ = [n]. If M and M’ are such
that there exist bases B and B’ with BU B’ = [n] then the bases of M A M’ are
exactly the sets of the form BN B’ for such (B, B’). But the iterative construction
above clearly does produce a matroid and every matroid has at least one basis,
so such B and B’ do exist. |BN B'| = |B|U|B'| — |BU B'| so N has rank
d + d — n. Finally, observe that parallel connections preserves loop-freeness, so

N is loop-free. U

Proposition 4.4.4. Let 0 < d,d < n with d+d > n. Suppose that L and L' are

tropical linear spaces in n-space of dimension d and d'. Then L N L' CLNL'.

stable

If L and L' meet transversely then L N L' = LNL'.

stable
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Proof. Let D, D’ and & be the subdivisions of A(d,n), A(d',n) and A(d+d'—n,n)
corresponding to L, L' and L Stg) . L'. Let DV, (D')Y and £V denote the dual
subdivisions of R™.

Consider a particular w € R”, we need to show that w € L Stg) . L
implies that w € L and w € L’ and that the reverse holds if L and L’ meet trans-
versely. Let MV, (M’)Y and NV be the faces of DV, (D’)Y and £V respectively
containing w and let Pys, Py and Py be the respective dual faces of D, D’ and
E. Then Py = (Py + Pyp) Nu(A(d + d' — n,n)). We must show that, if M or
M’ has a loop then N has a loop and that, if L and L’ meet transversely and N
has a loop then M or M’ does as well.

First, suppose that M contains a loop e. Then, for every = € Py, we
have z. = 0. For every x € Py;r we have . < 1. Thus, for x € Py + Py, e < 1
and thus z. = 0 on Py. So e is a loop of V.

Now assume that L and L’ meet transversely. Let M = €, _; M; and

i€l
M’ = @,y M] be the components of M and M’ and let S; and S} be the ground

sets of M; and M/ respectively.

Lemma 4.4.5. M and M’ are transverse, i.e., T(M, M') is a forest and has no

multiple edges.

Proof. Let |I| = e and |I'| = €/, so e and €’ are the dimensions of M"Y and (M’)V.
The affine linear space spanned by MV is cut out by the equations z; — x; =

constant when edges ¢ and j have the same endpoint in I, and similarly for
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(M’")V. Thus, MV N (M’')V spans the affine linear space cut out by the equations
x; — xj; = constant whenever edges ¢ and j are in the same component of I'.
We assumed that L and L’ meet transversely, so the dimension of the last linear
space must be e + ¢ —n and I" must have e + ¢/ — n connected components. A
graph with e + ¢’ vertices, n edges and e + ¢ —n connected components must be

a forest without multiple edges. O
We now know by Lemma 4.4.3 that M A M’ is loop-free. U

The next theorem explains the motivation for the notation L q) 1 r
stable

and the geometric meaning of L Fg 1 L’ when L and L' are not transverse.
stable

Theorem 4.4.6. Let L and L' be tropical linear spaces. Then, for a generic v €
R™, the linear spaces L and L' +v meet transversely and L N L' = lim,_o(L N

stable

(L' +v)) where the limit is taken through generic v.
Proof. Let F and F’ be faces of L and L’. Suppose that the affine linear spaces
spanned by F and F’ together fail to span R"™. Then, for v outside a proper
subspace of R™ we have F'N (F’ +v) = (). Thus, for a generically chosen v, every
such F' and F’ + v fail to meet. The only faces of L and L’ + v that do meet,
then, meet transversely.

We have pr(L'+v) = pr(L')+>",c; vi so the tropical Pliicker coordinates
of L' + v vary continuously with v. The tropical Pliicker coordinates of L N

stable

(L' + v) similarly vary continuously with v. When v is chosen generically, L and
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L’ + v meet transversely so LN (L' +v) = L o (L' + v). Take limits of both
stable

sides as v — 0 and use the proceeding continuity arguments to conclude that

lim, o(LN (L' +v))=L n L. O

stable

4.5 Realizability of Tropical Linear Spaces

In this section, we will discuss the question of which tropical linear spaces are
tropicalizations of actual linear spaces. In this section, we will denote actual
linear spaces (over K or k) by boldface characters such as L.

Let L be a linear space with Pliicker coordinates F;, ;, # 0. Let
Diy..ig = (P .i,). The P’s obey the Pliicker relations, so the p’s obey the
tropical Pliicker relations. Our next proposition shows that the combinatorially

defined L(p) truly does reflect the geometrically defined Trop L.
Proposition 4.5.1. We have Trop L = L(p).

Proof. Every point (z1,...,2,) in L obeys ) (—1)"P

o~ X = h
Ji-JreJar1 I 0 so the

v(X;) lie in Trop(3 1 (-1)" P,

jl“‘j;“‘jd+1XjT)' Thus, Trop L C L(p).

For the converse direction, suppose w € L(p), we will prove that w €
Trop L. Without loss of generality, let w = 0 and suppose that 0 = min, e () .
Let Pr(0) € k be the image of P; in kK = R/M. Clearly, the P;(0) obey the
Pliicker relations and hence correspond to an ideal L(0) C k™. It is easy to see
that L(0) = in, L. Let M be the set of I for which p; = 0. By assumption,

M is the set of bases of a loop free matroid. So L(0) is not contained in any
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of the coordinate planes of k™ and thus the corresponding ideal contains no

monomial. O
We can now prove Theorem 4.1.1.

Theorem 4.5.2. The points of g;m parameterize the possible subsets of R™ that
can occur as Trop L for L a d-dimensional linear space in K™ with all Plicker

coordinates monzero.

Proof. First, suppose that L is such a linear space with Pliicker coordintes Py # 0.
Then Trop L = L(v(P)), by the above proposition. By Proposition 4.2.7, L(v(P))
determines v(P) up to an additive constant. Thus, we see that Trop L determines
a point of Trop G(d,n)/(1,...,1) =G} .

On the other hand, if p is a point of Trop G(d, n) then p; = v(Py) for P;
the actual Pliicker coordinates of some linear space L. Then L(p) is determined
by p and the above proposition shows that Trop L = L(p). So every point G4,
does give rise to a polyhedral complex in R™ of the form Trop L. The two maps

are easily seen to be inverse. O

It also turns out that tf}l 1 does actually capture the behavior of linear
stable

spaces under intersection.

Proposition 4.5.3. Let L and L’ C K™ be two linear spaces. Then there exists

a linear space L' C K" with Trop L’ = Trop L’ and Trop L tq)l Trop L' =
staole

Trop L tq)l Trop L' = Trop(L N E’) If Trop L and Trop L’ meet transversely,
staole
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then we already have Trop L tr;l Trop L’ = Trop(LNL’) without having to choose
staole

an L.
Proof. Let d and d’ be the dimensions of L and L’. Let Py, P; and Q be the
Pliicker coordinates of L, L’ and L N L', so

Qs = Z +PP},.
J

Inr'=
|I|=d
|1|=d

If q; are the tropical Pliicker coordinates of Trop L F]l 1 Trop L', we have
stable

. /
qy = min v(PrPp).
InIr'=J ( I)
||=d
['|=d

We want to have g5 = v(Q ), so we will be successful if there is no cancellation
of leading terms in > £PP},.

Write U = {& € K* : v(z) = 0} and let (uy,...,u,) € U™ Let
L' = diag(uq, . ..,u,)L’. Letting P'; denote the Pliicker coordinates of L/,
we have P'; = PrTl;c;ui- When the u; are chosen generically, there is no
cancellation of leading terms in the sum S +P; P/, = 3 +PrP;],cp wi. For a
generic u, therefore, L’ has the desired property.

We now must prove the second claim, that if Trop L and Trop L’ meet
transversely then we never have cancellation in this sum. We will do this by
showing that one term has a lower valuation than all of the others. Let £ be the
subdivision of A(d+d' —n,n) induced by q and let D and D’ be the subdivisions

of A(d,n) and A(d',n) corresponding to Trop L and Trop L’. Let Py be a facet
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of £ containing the vertex J and let w € NV. Let M and (M’)" be the faces of
DY and (D')V containing w. Without loss of generality, we can take w = 0 and
0 = minp; = minp/.

Let @,c; M; and @, ;» M| be the connected components of M and M.
Write I' = T'(M, M’). As in Lemma 4.4.5, we see that T" is a forest. The fact
that J is a basis of N indicates that there are B and B’ with BN B’ = J and
B U B’ = [n] such that, for each M;, the set B N M; a basis of M; and similarly
for B’. If we show there is only one such pair (B, B'), that will indicate that
there is only one term in the sum with valuation zero and hence no cancellation.

Suppose there were two such pairs, (By, B}) and (Bs, B}). For e € [n]
and S C [n], define [e € S] to be 1 if e € S and 0 otherwise. Note that [e €

Bs]+[e€e Bl =1+ [e€ J]. Set

ale) = [e€ Bi]—le€ Bj]—[e€ By + [e € B

= 2([€EB1] —[BEBQ]).
We think of a as a cochain in C'(T"). We have

da(M;) = 2 ([e€ Bi]—[e€ By)
eeM;

= 2(|Bl N Mz| — |B2 N Mz|)

Since By N M; and Bs N M; are both bases of M; they have the same cardinality
and Oa(M;) = 0 for every M;. Similarly, da(M/) = 0. So « is a cochain. But

I is acyclic, so @ = 0. This in turn implies that [e € By] = [e € Bs] for every

85



REALIZABILITY OF TROPICAL LINEAR SPACES

e € [n] so By = By and similarly B} = Bj. O

Having seen that every linear space over K gives rise to a tropical linear
space, one might ask whether every tropical linear space arises in this manner.
The answer to this question is a dramatic “no” and we conclude this section by
showing various manners in which this can fail. We will say that a tropical linear

space is realizable if it arises from a linear space over K.

Example 4.5.4. First, D can contain polytopes corresponding to non-realizable
matroids; such a polytope obviously can not occur in a realizable decomposition.
For example, if M is the non-Pappus matroid, removing Py, from A(3,9) leaves
8 matroidal polytopes, each of them a cone on Ay x As. Cutting A(3,9) into the
non-Pappus matroid and the eight other pieces gives a non-realizable matroidal
subdivision. More generally, any matroid at all may appear as a piece of a

matroidal subdivision:

Proposition 4.5.5. If M is a rank d matroid on n elements, the function —p(-)
on ([Z]) obeys the tropical Plicker relations, where p(S) is the rank of the flat

spanned by S for any S C [n]. M is a face of the corresponding subdivision.

Proof. Let S € ( d[ﬁ]z) and let ¢, j, k and [ be distinct elements of [n]\ S. Write
pa/s for the rank function of M/S, we have p(Sij) = ppr/s(ij) +p(S). Thus, we
only need to check that —p obeys the tropical Pliicker relations in the case where
d = 2 and n = 4, which is straight forward. M is a face of the corresponding

subdivision because —p is minimal on the vertices of M. O

86



REALIZABILITY OF TROPICAL LINEAR SPACES

%

6 7 8 9101112 76 8
M1 M2

Figure 4.8: The matroids M7 and Moy

Example 4.5.6. Even if every face of D is realizable, it is still possible for the
subdivision to be non-realizable for global reasons. Suppose s does not have
characteristic 2 or 3. Let M; and My be the rank 3 matroids on 12 points
corresponding to the plane geometries in Figure 4.8. After removing M7 and My
from A(3,12), the remainder can be cut into cones on Ag x Ag. This gives a
matroidal subdivision into realizable matroids. This subdivision is not realizable;
if pijr € K where the Pliicker coordinates of a linear space over K realizing
this subdivision then the presence of M; implies that pisep17s = pie7p1ss(l +
higher order terms). The presence of My implies that p156p178 = P167P158(—2 +

higher order terms), a contradiction.

Example 4.5.7. It is possible to have a matroidal subdivision that is not reg-
ular and hence certainly can not be realizable. Map A(6,12) to Z3/(1,1,1) by

(1,...,212) = (x1+ ...+ 24,25+ ...+ 8,29 + ...+ x12). Subdivide A(6,12)
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(2,0,4) (0,2,4)

(4,0,2) (04.2)

(4,2,0) (2,4,0)

Figure 4.9: A non-regular subdivsion that induces a non-regular subdivision of
A(6,12).

according to the preimage of Figure 4.9. The resulting subdivision is not regular

because Figure 4.9 is not.

Example 4.5.8. It is possible for a matroidal subdivision to be induced by two
different p’s such that one of the p’s is realizable and the other is not. We give an
example when K has characteristic 2, but there are characteristic zero examples.
This will also serve as a good opportunity to demonstrate that Gs 7 depends on
the characteristic of .

Let F' denote the Fano plane (see Figure 4.10), and let D be the sub-
division of A(3,7) into Prp and 7 cones on Ag x As. Let C C ([?7)]) be the set of

three-element circuits of F'.

Proposition 4.5.9. If p : ([?7)]) — R induces the subdivision D then p is a

tropical Pliicker vector. If k does not have characteristic 2 then p & G 7. If
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K has characteristic 2 then p may or may not be in G3 7. More specifically, we
can use the translation by ¢(R7) to assume that py = 0 for I ¢ C. With this
normalization, p induces D if and only if pr > 0 for I € C' and p € G37 if and

only if the minimum of pr, I € C, is not unique.

Remark: Recall that we assumed that K and x have the same char-
acteristic, so this proposition does cover all cases. We have deliberately phrased
it in order not to refer to the possibility that K has characteristic 0 and k has
characteristic 2. In this setting, G3 7 would be a polyhedral complex, not a fan.
Using the normalization in the proposition that p; = 0 for I ¢ C, the portion of
G3,7 which induces D is given by the equation that the minimum value of p; for

I € C should be not unique and less than v(2).

Proof. Certainly, if the characteristic of x is not 2 then p € G377, as the Fano
plane is not realizable over . Also, p is a tropical Pliicker vector, as the faces of
D are matroidal.

In characteristic 2, the following relation holds among the Pliicker co-

ordinates:

0 = Pss5rPus7Pios + Pis7Pser o34 + Pros Pas7Paer

+P127 P357 P56 + Po3s PsgrPrar + P13sPastPast + Pae7ParsPi3s + Pi37Pas7Pyse.

Here the underlined variables are those corresponding to the elements of C. We

see that, with our assumption that p is zero on all vertices outside C, the valua-
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@
4

Figure 4.10: The Fano Plane
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tions of the various terms are p;y as I runs over C and also pos7 + pasg. As posr
and p4s6 > 0, this last term can’t be minimal. We see that the p’s must obey the
relation that the minimum of py for I € C'is not unique in order to be realizable.

Finally, we must show that the condition that min;cc p; not be unique
is also sufficient. By the symmetry of the problem, we may assume that minycc py

is attained at pss¢ as well as at Py for some I € C'\ {456}. Consider

1 0 0 atP 1 1+ ftP3er 1
L=RowSpan | o 1 0 14 dtPrar  ptP1ss 1 1
0 01 1 1+ etP?s7 ctP126 1

Here a, b, ¢, d, e and f are generic members of U = {z € K* : v(x) = 0}.
For I ¢ C, we have v(Pr(L)) = 0. For I € C\ {(456)}, we have

pr(L) = utP!, for some u € U, so v(Pr(L)) = pr(L). Finally,
U(P456) = (atp234 _|_ btp135 _|_ Ctp126 _|_ dtp147 _|_ etp257 _|_ ftp367 _|_ .. )

where the remaining eight terms hidden in the “...” each have valuation at least
as large as 2minjecn yus6)yP1- It @, b, ¢, d, e, f are chosen generically, there is

no cancellation, so we have v(Pys56) = minjeen (456} P1 = Pase as desired. O

We end by discussing two naturally occurring examples of tropical
Pliicker coordinates for which I do not know whether or not the corresponding

tropical linear space is realizable.

Problem 4.5.10. Let T be a tree with leaves labeled by [n] and a positive weight

on each edge. For I C [n], define [I] to be the minimal subtree of 7" containing
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I and set pr to be negative the sum of the weights of all edges in [I]. In [31],
Lior Pachter and I observe that p; are tropical Pliicker coordinates; are they

realizable?

Problem 4.5.11. Let R = R((¢)). Then R is an ordered field where at* + - - -
is positive if and only if a is. Thus, it makes sense to define a d x d matrix A
with entries in R to be positive definite if vAvT > 0 for all v € R?\ {0}. Let
X1, ..., X, be d x d positive definite symmetric matrices with entries in R. Set
P;, . i, equal to the coefficient of z;, - --x;, in det ) x;X;. The Pr do not obey
the Pliicker relations. Nonetheless, I show in [37] that v(Pr) do obey the tropical
Pliicker relations! Are the v(F;) realizable? If so, give a natural linear space over

R, constructed from the X;, that realizes them.

4.6 Series-Parallel Matroids and Linear Spaces

Recall that if G is a connected graph (finite, possibly with multiple edges or
loops) then the associated graphical matroid is a matroid whose elements are
the edges of G, whose bases are the spanning trees and whose circuits are the
circuits. See [49], section 6.1 for an overview of graphical matroids. The rank
of this matroid is the number of vertices of G minus one. A matroid is called
series-parallel if it corresponds to a series-parallel graph, i.e. a graph which can
made by starting from a single edge connecting two distinct vertices by repeatedly

applying the series and parallel extension operators. (See Figure 4.11.) For a
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/&

Series Extension Parallel Extension

Figure 4.11: Series and Parallel Extension

general introduction to series-parallel matroids, see section 6.4 of [49].

We will call a matroidal decomposition D of A(s,n) a series-parallel
decomposition if every facet of D is the polytope of a series-parallel matroid and
the associated tropical linear space will be called a series-parallel tropical linear
space. We will see that series-parallel tropical linear spaces are the most natural
and most manageable tropical linear spaces.

Recall that one of our main aims is to prove:

The f-Vector Conjecture. Every d-dimensional tropical linear space L in n-

n—2z’) (n—z’—l

space has at most ( P L G ) bounded faces of dimension ¢, with equality if

and only if L is series-parallel.

We spend the rest of this section presenting what appears to be a new
way of treating series-parallel matroids. These methods will be applied in sections

4.8 and 4.9.
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Figure 4.12: A bi-colored tree and the corresponding matroid

Let T be a trivalent tree (i.e. every internal vertex of 7' has three
neighbors) with n leaves whose n — 2 internal vertices are colored white and
black with d — 1 black vertices and n — d — 1 white vertices. For every edge e
of T let Ac C [n] be the leaves on one side of e and let a. be the number of
black vertices on that same side of e. Let II(T") be the subpolytope of A(d,n)

consisting of all (z;) such that, for every edge e, ae <> ey i <ae+1.

Proposition 4.6.1. II(T) = P, for a series-parallel matroid ju(T). Every
series-parallel matroid can be written as u(T') for some bi-colored trivalent tree

T.

When it is necessary to emphasize the dependence of II(T") or u(T)
on the coloring ¢, we write II(T, ¢) or u(T,c). Figure 4.12 shows a bi-colored
tree and the assosciated matroid. Note that u(7,c) does not determine 7" and
c. The precise statement is that p(7,c) determines and is determined by the
non-trivalent bicolored tree which is produced from 7' by contracting all edges

between vertices of the same color.
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Proof. Our proof is by induction on n; when n = 2 the result is clear. Let ¢
and j € [n] be two leaves of T that border a common vertex v. Define a new
colored trivalent tree T” by deleting ¢ and j from T and forgetting the coloring of
v, which is now a leaf. By induction, TI(T") = P,y for a series-parallel matroid
w(T").

Case I: v is colored white in T'. Then, cutting T at the edge separating 7
and j from the rest of T', we see that z;+x; < 1. We define a map ¢ : R" — R7—1
by ¢(x), = x; + x; and ¢(x) = 1, otherwise. An easy inspection of the defining
inequalities shows that II(T') = A(d,n) N ¢~ (II(T”)). This precisely says that
II(T) is the polytope associated to a series extension of u(7T") by v.

Case II: v is colored black in 7T'. This is just like the other case except
that ; +x; > 1, we define ¢(x), = x; + x; — 1 and we get a parallel extension.

To show that every series-parallel matroid occurs in this way, reverse

the argument. O

Not all of the inequalities above are necessary to define II(7"). The next

proposition identifies the facets of II(7").

Proposition 4.6.2. The facets of II(T') are given by (1) the equations ) ;c 4 Te >
ae. when e is an edge connecting two vertices of the opposite color and A, is the
set of leaves on the same side of e as the black endpoint, (2) the equations x; > 0
when i is joined to a white vertex and (8) the equations x; < 1 when i is joined to

a black vertex. (All of these are subject to already having the equality Y z; = d.)
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Proof. We first show that all other equations are redundant. Let e be an internal
edge with A, and B, the leaves on each side of e and a, and b, the number of
black vertices on each side. Then » ;4 @ =d =) ;cp ;80 Y ;e ¥ < ae+1
is equivalent to ZieBe x; > d—(ae+1) = be. If i is a leaf joined to a white vertex
v, let e and €’ be the other two edges issuing from v and let A, and A, be the

sides of e and €’ not containing v. Then

d=z; + Z:Ej-l- Z Tj 2T+ ae+ay =z +d—1
JEAe jGAe/

implying that x; < 1. Similarly, if ¢ is a leaf connected to a black vertex, then
the other inequalities imply z; > 0.

Suppose that e is an internal edge with endpoints u and v, where w is
white. Let ¢/ and ¢’ be the other edges containing v and let A,, A, and A
each be as above with A, on the u side of e and A./, A.» on the non-u side of ¢/

and e”. Then

Z:Ee: Z :EZ-—I—Z:EZ-Zae/—I—aeu:ae.

€A ieAe/ Ae//

A similar argument show that Zie 4, Ti = Qe 18 redundant if v is black.

We now must show that each of these inequalities does define a facet.
Our proof is by induction on n. First, consider the inequality D ;.4 Te > ac
where e connects a black vertex x to a white vertex y and A, is on the z side of
e. Let i and j be two leaves of T that border a common vertex v of T'. Define T"
and ¢ as in the proof of the previous proposition and let 2’ be a point of T” where

all inequalities except for the one arising from the edge e in T" are strict. Then
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any point x obeying ¢(z) = 2’ and z;, x; € (0,1) will have all inequalities but

the required one strict. Similar arguments apply to the other inequalities. O

We thus see that the facets of II(7") which correspond to loop and co-
loop free matroids are in bijection with the edges joining vertices of different
colors, the facets corresponding to matroids with a loop correspond to edges
joining leaves to black vertices and the facets corresponding to matroids with a
co-loop correspond to edges from leaves to white vertices.

Let T be a trivalent tree. Suppose that e is an internal edge. Define T'\ \ e
to be the pair of trivalent trees formed as follows: Let u and v be the endpoints
of e and let {a,b,v} and {c, d, u} be the neighbors of u and v respectively. Delete
the vertices u and v and all edges ending at them. Then draw new edges joining
a to b and ¢ to d. If e is an edge joining a leaf i to a vertex v, we define T'\\e
similarly except that we simply delete the vertex i. We will use the same notation
F\\e for the analogous construction when F' is a forest of trivalent trees and e
an internal edge of a tree of F. If T is colored, we let T\ \e inherit the coloring

of T in the obvious way.

Proposition 4.6.3. Let e be an internal edge of T joining two vertices of opposite
colors. Then the corresponding facet of TI(T) is II(Ty) x II(Ty) where T\\e =
Ty UTs,. If e joins a leaf i to a vertex v then the corresponding facet of TI(T) is
(T\\e) x Pgy where {i} is given the structure of a rank 1 matroid if v is black

and a rank 0 matroid if v is white.
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The faces of II(T') are in bijection with the possible colored forests that
can result from repeated splittings of T along edges connecting vertices of opposite
color or connecting leaves to the rest of T. The faces of II(T) that correspond to
loop and co-loop-free matroids are in bijection with the possible colored forests that
can arise by repeated splittings along internal edges between vertices of opposite

color.

Proof. The first paragraph follows because it is easy to check that both polytopes
are defined by the same inequalities. The second paragraph follows by repeatedly

using the first. O

4.7 Special Cases of the f-Vector Conjecture

In this section we will prove the following results:

Theorem 4.7.1. Let L be a d-dimensional tropical linear space inn space. Then

L has at most (Zj) vertices, with equality if and only if L is series-parallel.

Theorem 4.7.2. Let L be a d-dimensional tropical linear space in n space with
n=2d orn=2d+1. Then L has at most 1 bounded facet if n = 2d and at most

difn=2d+1.

We first recall the definition of the Tutte polynomial of a matroid. If

M is a rank d matroid on the ground set [n] and Y C [n], let pps(Y') denote the
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rank of Y. The polynomial

TM(llj’y) = Z :I;|Y|_P1\/I(Y)yd—p1\/[(Y)
Y Cln]

is known as the rank generating function of M. The polynomial
tv(z,w)=ry(z—1,w—1)

is known as the Tutte polynomial of M. Almost all matroid invariants can be
computed in terms of the Tutte polynomial; see Chapter 6 of [50] for a survey
of its importance. Write tp/ (2, w) = > ¢;;2'w’. Although not obvious from this
definition, all of the t;; are nonnegative. For n > 2 we have t19 = t1, this number
is known as the beta invariant of M and denoted G(M).

We will need the following result:

Proposition 4.7.3. Let M be a matroid on at least 2 elements. Then (M) =0

if and only if M is disconnected and 3(M) = 1 if and only if M is series-parallel.

Proof. See [10], theorem II, for the first statement and [8], theorem 7.6, for the

second. n
The key to proving Theorem 4.7.1 will be proving the following formula:

Lemma 4.7.4. Let M be a matroid and let D be a matroidal subdivision of Pyy.

Let D denote the set of internal faces of D. Then

7fM(Zv w) = Z (_1)dim(PM)_dim(PW)t“/(zv w)
P,eD
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Before proving Lemma 4.7.4, let us see why it implies Theorem 4.7.1.
Considering the case where M = A(d, n) and comparing the coefficients of z on
each side, we see that

saam =371 = X s,

vyeD
v a facet

(Note that all nonfacets of D correspond to disconnected matroids and hence
have beta invariant 0. and that every facet of D is in D)

Every term in the right hand sum is a positive integer. Thus, D has at
most (Z:f) facets, with equality if and only if all of the facets have beta invariant
1, i.e., if and only if D is a decomposition into series-parallel matroids. [

We now prove Lemma 4.7.4.
Proof. Since tp(z,w) = rpy(z —1,w — 1), it is enough to prove

ra(z,y) = Y (~1)dmEPn—dimPy (g ),
P,eD

Plugging in the definition of r3; and interchanging summation, it is enough to

show that for every Y C [n],

$|Y|_P]\/1(Y)

yd—pM(Y) — Z(_1)dim(PM)—dim(Pw):L«IYI—pw(Y)yd—pw(Y)'

~eD

Comparing coefficients of z!/Y1="y%" we are thus being asked to show

that

Z (_1)dim(PM)—dim(Pw) _ Lifr= pM(Y)

py(Y)=r
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The sum is empty if r > pp(Y). Equivalently, we will show

P,eD
py(Y)2r

for all » < pp(Y).

Let fy be the linear function A(d,n) — R mapping (z;) — > ;cy Zi-
Then p,(Y) = maxzep, £y (z). Thus, we see that p,(Y") > r if and only if v has a
nonempty intersection with the half space fy > r — 1/2. The promised equality

now follows by the following lemma applied to the polytope Py N {z : fy (x) >
r—1/2}.
Lemma 4.7.5. Let P be any bounded polytope and I' the internal faces of a

decomposition of P. Then Zﬁ/er(—l)dim(P)—dim(v) =1.

Proof. This sum is (—1)4™(x(P) — x(0P)) where  is the Euler characteristic.
As P is contractible and OP is a sphere of dimension dim(P) — 1, the result

follows. 0
O

One might hope to use the higher degree terms of Lemma 4.7.4 to
produce additional bounds on the f-vector of D. Unfortunately, Lemma 4.7.4 is
incapable of producing a complete set of restrictions. For example, consider the
matroids My, My and Ms corresponding to the graphs in Figure 4.13.

The Tutte polynomials of these matroids are
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27

Figure 4.13: The Graphical Matroids M, Ms and Mj3

ta, =2 + w222 + 3zw + 2wl + 2w+ w2 +w?

th, = 224 22w+ w2+ 222w + 220% 4+ WP
tv, = 2%+ 322w + 3zw® + w.
We have

6tar, — Otar, + dtar, = taas) = 62 + 6w + 32> + 3w” + 2° + w?.

Nonetheless, it follows from Theorem 4.7.2 (proved below) that there is no ma-

troidal decomposition of A(3,6) which has 4 internal faces of codimension 2.

Proof of Theorem 4.7.2. Suppose that L is a d-dimensional tropical linear space
in n-space. Let M be a bounded facet of L, dual to a polytope Py;. Then
the matroid M has rank d and has d connected components. So M = @?:1 M;
where each M; has rank 1 and, because MV is bounded, |M;| > 2. Let S; be the
ground set of M;. The vertices of Py; are those subsets of [n] that meet each S;

precisely once.
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Now, consider two such facets M"Y and (M')" occurring in the same
linear space and define S; and S} as above. The polytope Py N Py must be

either matroidal or empty.

Lemma 4.7.6. Let I' = I'(M,M'). T may have multiple edges, let T be the
simple graph obtained by replacing each multiple edge of I' by a single edge. Then
Py N Py is empty if and only if T has no perfect matchings. Py N Py is

matroidal if and only if T' has precisely one perfect matching.

A perfect matching of a graph I' is a collection of edges such that, for

every vertex v of I, exactly one edge in the collection contains v.

Proof. The vertices of Py; N Py are in bijection with the perfect matchings of
I'. There is an obvious surjection from perfect matchings of I" to matchings of T
This proves the first claim.

Suppose that Py N Py is nonempty and matroidal. Let (Bj, Bs) be
an edge of Py N Py, so By and By correspond to perfect matchings of I' that
differ only by a single edge say By \ {e1} = B2 \ {e2}. Then e; and e have the
same image in I in order for both B; and B, to be perfect matchings. Since
every pair of vertices of Py; N Py is connected by a chain of edges, we see that
every perfect matching of I' gives rise to the same perfect matching of T or, in
other words, I has exactly one perfect matching. Conversely, if I has exactly one
perfect matching, it is clear that Py N Py is a product of simplices and hence

matroidal. O
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We now turn to the cases we are interested in, when n = 2d or 2d + 1.
We maintain the notation of the lemma. First, suppose that n = 2d. Then every
S; must have order 2 so, for any S; and S/, the graph I' must consist of disjoint
cycles. The only way that I' can be a forest is if all of those cycles have length 2.
But then {S;} = {7T;}. So we see that a linear space of dimension d in 2n space
can have at most one bounded facet.

Now suppose that n = 2d + 1. Then all of the S; have order 2 except
for one which has order 3. We order the S; so that |S1| = 3. T' consists of several
disjoint cycles and one component C. C consists of a pair of vertices v and w
of degree 3 with opposite colors and three disjoint paths 71, v, v3. Either these
paths all run from v to w or there is one path each running from v to v, from v
to w and from w to w.

In any of these cases, I' has at least one perfect matching. One can
check that the only case where I" has only one perfect matching is when all of the
cycles of T\ C have length 2 and C consists of a path from v to w and two cycles
of length 2, one containing v and the other containing w. The second condition
is equivalent to requiring that S/, C S; and S; C S} for some 7 and 7'.

Consider all of the three element subsets of [n] that occur as an Sy for
some bounded facet of L. We first note that, if S; = S} then S; = S/ for every i
(after reordering) as otherwise I' would have a cycle of length more than 2. So

all of the ST subsets are different.

104



SPECIAL CASES OF THE F-VECTOR CONJECTURE

Let f be the number of bounded facets of L with (S7,55,...,5)) the
partition of [n] corresponding to the r*" facet of L for 1 < r < f. We now build a
graph whose vertices are the various S] and the labels {1,...,n}. Let there be an
edge between ST and k if k € S7. This graph has f+n = f+2d+1 vertices and 3 f
edges. Thus, if f > d, this graph has as many edges as vertices and must contain
a cycle, we will use this cycle to obtain a contradiction. Saying this graph has a
cycle means that there exist i1, ..., ig, j1, ..., jg € [n] and facets corresponding
to collections (S7), 1 < s <d, 1 <r < g such that ST = {ir, iy41, jr}, where the
index r is cyclic modulo g.

Now, for any r and r’, there must be some S’ C S{/. Consider first
the case where 7/ = r + 1. Then {j,+1,%,4+2} must be one of the S”, as we
already know i,41 € S7. Now consider when 1’ = r +2. We get that {j 42,43}
must be one of the S}, as 7,42, the other member of S{/, is already contained in
{jr+1,9r+2}. Continuing in this manner, we get that {j, 4k, ir+x+1} is an S7 for

every k. But, when k = g — 1, this intersects ST, contradicting that the S are

distinct.
O
The f-vector conjecture predicts that, if n = 2d 4+ e, L should have at
most (d+2_1) bounded facets. In the cases e = 0 and e = 1, the graph I' always

has at least one matching and the requirement that I' have exactly one is very

restrictive. Once e = 2, it is possible for I' to have no perfect matchings and the
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problem grows much harder.
Nonetheless, I suspect that this kind of reasoning, looking only at the
facets of L and not at the smaller spaces that contain them, is adequate to resolve

the f-vector conjecture for facets once e > 2. More specifically, I conjecture:

Conjecture 4.7.7. Let n = 2d + e. It is not possible to find more than (d+2_1)
distinct partitions of [n] into d disjoint subsets, [n] = STU---US) where each S

has order at least 2 and, for everyr andr’, the graph T formed from {S7, ..., S5}

and {S{/, e ,Sgl} has at most one perfect matching.

Remark: Consider the case where d = 3. In this case, there is an
elegant way to describe the compatability condition between (Si,S2,S3) and
(S1,5%,55). Two partitions of [n] into triples (S1,S2,S3) and (S}, S5, S%) are
compatible if and only if, after reordering the S; and S, we have S; C S} and

S3 D S

4.8 Results on Constructible Spaces

In this section, we will prove several of the previously stated results on con-
structible spaces. Owur first aim is to prove Theorem 4.1.3: that every con-
structible space is series-parallel. Clearly, L' is series-parallel if L is, since the
dual of a series-parallel matroid is series-parallel. So it is enough to show that,
if L and L’ are two series-parallel tropical linear spaces that meet transversely

then L N L' is series-parallel as well.
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Let L and L' be two tropical linear spaces of dimensions d and d’ in n
space which meet transversely at a point w. Let D and D’ be the appropriate
subdivisions of A(d,n) and A(d’,n). Let MY and (M')V be the faces of DV and

(D')Y containing w. Let M = @,.; M; and M’ = @,.;, M/ be the connected
components of M and M’. We claim that all of the M; and M] are series-parallel.

Py will be a face of some facet Py of D, so this follows from

Lemma 4.8.1. Let M be a series-parallel matroid and let Py be a face of Py,
assume that M is loop-free. Let M = € M; be the decomposition of M into

connected components. Then each of the M; are series-parallel.

Proof. This follows from the description of the faces of M in Lemma 4.6.3. (Note

that a rank one matroid on a single element is series-parallel.) O
The result now follows from

Proposition 4.8.2. Let M = @ M; and M' = @ M] be transverse matroids on
[n] with all of the M; and M] series-parallel. Then M N M’ is a direct sum of

series-parallel matroids, and is series-parallel if it is connected.

Proof. M A M’ is formed by a sequence of parallel connections. The parallel

connection of two series-parallel matroids is series-parallel. O

Our next goal is to prove Theorem 4.1.2 — every constructible space
achieves the f-vector of the f-vector conjecture. Our strategy is as follows: A

constructible space is made by succesive dualization and transverse intersection.
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It is easy to show that dualization preserves the f-vector, so our main goal is to
understand the effect of transverse intersection.

We will first prove (Theorem 4.8.4) that, if L and L are series-parallel
tropical linear spaces and v € R™, then the f-vector of LN (L' +v) is independent
of v as long as we impose that L and L’ +v meet transversely. The most technical
part of this proof is the analysis of perturbing L’ slightly when L and L’ are almost
transverse, this is carried out in Lemma 4.8.5. Our result ultimately relies on a
lemma (Lemma 4.8.3) about chains of flats in series-parallel matroids.

Once we have proven that the f-vector of L N (L' + v) is independent
of v, we find a particular value of v for which this f vector is particularly easy

to compute. The computation involves several binomial coefficient identities.

Lemma 4.8.3. Let M be a series-parallel matroid. Call a flat Q of M a flacet
if M|g and M/Q are connected. Let f and g € M. Then the collection of all
flacets Q such that f € Q and g & Q forms a chain Q1 C --- C Qq. Moreover,

the length d of this chain is preserved when the roles of f and g are switched.

We define d(f, g) to be d.
Remark: The terminology “flacet” was suggested by Bernd Sturmfels.
The motivation for this terminology is that, for M any connected matroid, the

flacets of M are in bijection with the facets of Py;.

Proof. As remarked above, if @) is a flacet then M|g & M/Q corresponds to a

facet of M. Let M = u(T). By Lemma 4.6.3, all of the facets of Py, correspond
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to either edges of 1" which contain a leaf or edges of T' that connect to vertices
of opposite colors. Under that correspondence, an edge e corresponds to a flacet
that contains f and not g if and only if e separates f and g with the end closer to g
colored black and the end closer to f either colored white or equal to e. Consider
the path v through T connecting f and g, divide « into alternating blocks of
white and black vertices. Then we see that the number of flacets containing f
and not g is equal to the number of black blocks. This number is the same when
f and g are switched. The flat corresponding to e consists of the leaves of T' that

are on the non-black end of e. Thus, all of the flats in question are nested. [

Our first major goal on the way to proving Theorem 4.1.2, nontrivial in

its own right, is to prove:

Theorem 4.8.4. Let L and L' be two series-parallel tropical linear spaces in
n-space, of dimensions d and d'. Let a and b € R™ be such that L meets L' + a
and L' +b transversely. Then LN (L' +a) and LN (L' +b) have the same bounded

f-vector.

We first prove a lemma describing what happens when we perturb a
non-transverse intersection of two tropical linear spaces.
Let L and L’ be tropical linear spaces of dimensions d and d’. Let 0

be a vertex of L N L' and let M = @

stable

jer My and M’ = @, M), be the

matroids such that 0 lies in the relative interiors of M. Let &£ be the subdivision

of A(d+d',n) corresponding to L qﬂ L', so Py is a face of £ with 0 in the

stable
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relative interior of (M A M')V.

Let v be a generic vector of R™ and consider the tropical linear space
LStQﬂO(L’—I—v) = LN(L'+v). The tropical linear space LStQﬂO(L’—I—v) corresponds
to a matroidal subdivision &, of A(d + d’,n). We will describe the facets into
which the relative interior of Pyaps is divided in &,.

Let T be atree and w : T'— T'(M, M') a map of graphs which is bijective
on edges. (Note: since we assumed that (M A M')V was a vertex of L Stgﬂo L,
we know that T'(M, M’) is connected.) Let u be a real valued function on the
vertices of T all of whose values are distinct. Let i be a vertex of T'(M, M"). Let
{j1,1..., 4.} = 77 1(i) ordered so that u(j1) < u(j2) < --- < u(j,).

Recall that SZ-(/) is the set of edges ending at vertex ¢ and has the matroid
structure MZ-(/) placed on it. Let Q) be the subset of SZ-(/) consisting of those edges
whose preimage in F' has endpoint j;, for some k' < k. Thus Q1 C Q2 C - -+ C Q.
Place the matroid structure Mi(/) |0,/ Q@k—1 on the edges of T' coming into vertex
Ji - (We adopt the convention that Qg is the empty set.)

Now T is a tree where, at every vertex, the structure of a matroid has
been assigned to the edges ending at that vertex. We denote by u(M, M', T, 7, u)

the matroid formed by taking parallel connections along the edges of T as in

Section 4.4.

Lemma 4.8.5. With the above notation, and for v sufficiently small, every facet

of &, contained in the relative interior of Pyyanp is of the form u(M, M' T, 7, u)
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for some T, © and u. More specifically, p(M, M', T, 7, u) occurs in € if and only
if
1. For every vertex i of I'(M,M') and for every jr € 7 1(i), the matroid

Mi(/)|Qk/Qk_1 is connected.

2. For every edge e = (i,1) of T with (i) € I and w(i) € I', we have
v(m(e)) = u(i) —u(i’). Herev € R™ is thought of as a function on the edges

of T(M, M").

More generally, suppose that (M N M')V is an i-dimensional face of
L st;’lle L' (equivalently, if T'(M, M') has i connected components). Then Py
18 subdivided in &, into facets. These facets are described by giving a forest F, a
map 7 : F — T(M, M') in which the preimage of each component of T'(M, M’)

s a tree and a function u on the vertices of F' which obeys the hypotheses above.

We use the notation p(M, M', F, 7, u) in this situation.

Remark: The assumption that Mi(/) |0,/ Q@r—1 is loop-free is equivalent
to assuming that Qr—1 is a flat of Mi(/)|Qk. Assuming that Mi(/)|Qk/Qk—1 is loop-
free for all £ is thus equivalent to assuming that Q1 C Q2 C --- C Qi is a chain

of flats of MZ-(/).

Proof. Every face of L N (L' + v) is the intersection of a face RY of L and a face
(R)Y 4+ v of L’ + v. This matroid corresponding to said face of L N (L' + v) is

R A R'. If this face is dual to one of the face appearing in the subdivision of the
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relative interior of Pysapy then MV C RY and (M')Y C (R')Y. That MY C R
means that R is of the form @ Qr/Qr—1 for Q. a chain of flats in M. Similarly,
R =@ Q) /Q)._, for Q' a chain of flats in M’. By refining the chains Q.(/), we
may assume that each succesive quotient Qg) / Qg)_l is connected.

Let T be the graph I'(R, R'). Since we are looking for facets of &,, we
have that R A R’ is connected so T is connected. The fact that the faces RY and
(R")V + v meet for generic v means that T is acyclic. Thus, T is a tree. We have
amap 7: ['(R, R') — T'(M, M) which sends Ql,g)/Ql,Q1 to the unique connected
component of M) which contains all the members of the set Qg) \lel. This
map is bijective on edges. (Both edge sets are naturally labelled with [n] and
this map preserves the labelling.) Find a real valued function u on the vertices
of T such that u orders the vertices above each ¢ € I U I’ correctly and we will
have p(M, M', T, 7m,u)= RAR'.

Now, not every pu(M, M', T, 7, u) occurs because sometimes the relative
interiors of RV and (R')Y + v are disjoint. We must determine when the relative
interiors of RV and (R')Y + v meet. For v small enough, this is equivalent to
determining when v is in the relative interior of the sum of the local cones at 0
of RV and —(R’)V. The local cone of R is spanned by all vectors x € R" with z
constant on the set Qr\ Qr—1 and z(Qr\ Qr—1) < (Qx+1\Qk). (See Proposition
4.2.3.) Such a vector z gives rise to a function u on 771(I), where u(j) = x(e) for

any edge e ending at j. Similarly, we can use a point of the local cone of —(R’)Y
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to define a function u on 771(I’). We thus see that the condition that v lie in
the relative interior of the sum of the local cones of RY and —(R’)Y implies that
the function u obeys condition (2) above. We have thus shown that every facet
into which the relative interior of Pysap is divided arises in the above manner.

It is easy to reverse this argument and show that if 7', 7 and u meet the
conditions above then the faces RY and RV + v do meet. The face given by the
intersection is dual to the matroid R A R, which is formed by contracting along
the edges of T' (see Lemma 4.4.3). As v approaches 0, the vertex RV N (RY + v)
approaches (M A MY). This tells us that Pgrg appears in the relative interior
of Pyran-

There is no difficulty except for additional bookkeeping in the case where

M A M’ has multiple components. O

Remark: I haven’t found a comparably simple dsescription of the lower
dimensional faces into which the relative interior Pysa s is dubdivided. The most
obvious guess is to replace the tree T" with a forest. This winds up describing the
faecs of &, contained in Pysapsr, but it describes both the faces in the relative
interior of Py;aps ans the boundary. The trouble is that, as v approaches 0,
RYN(RY +v) may shrink down to the vertex (M A M’)Y or it may remain higher
dimensional and approach a face which contains (M A M’)Y in its boundary. In
the setting of the lemma, RV N (RY + v) is already a vertex, so this issue doesn’t

arise.
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We now prove Theorem 4.8.4.

Proof of Theorem 4.8.4. Let U; € R™ be the set of v such that, for any two faces
F and F’ of L and L/, either the relative interiors of F' and F’ + v are disjoint
or they span an affine linear space of dimension at least n — ¢. Thus, L and
L’ +v meet transversely if and only if v € Uy. R™\ U; is a polyhedral complex of
dimension at most n —¢ — 1. In particular, we see that Uy is path connected. We
may therefore join a and b by a path through U;. It is thus enough to show that,
if v € Uy \ Uy and we perturb v into Uy then the f-vector we get is independent
of the choice of perturbation. Without loss of generality, we may assume that
v =0.

Let NV be a face of L N LY at which two faces M"Y and (M')" fail to

stable

meet transversely. Let the connected components of M and M’ be @,.; M; and
Dicr M;.

In our setting, since M"Y and (M’)" span an affine hyperplane, I'(M, M")
will have first Betti number 1 and will thus contain a unique cycle. Let eq, ...,
ear be the edges of that cycle in cyclic order. Write i; and 4,41 for the ends of e;
with ¢; € I for j odd and ¢; € I’ for j even. Let G be the component of T'(M, M)
containing this cycle.

Now, let v € R™ be generic and sufficiently small and let &, be the
decomposition of A(d+d'—n,n) associated to L N (L' +v). & is a subdivision

stable

of &. We will show that the number of faces of codimension ¢ into which the
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relative interior of Py is subdivided is independent of v. We will first compute
this number on the assumption that 32" (—1)%v,, > 0. We will then recompute
it on the assumption that Zi;l (—1)%ve, < 0 and see that we get the same answer.

We first consider the facets into which Py is subdivided. In the notation
of Lemma 4.8.5, every face of &, is of the form u(M, M’ F,m,u). The map
7w : F — (M, M'’) must be an isomorphism on every component of T'(M, M’)
except G and must be bijective on G except for a single vertex is somewhere in
the loop of G whose preimage is two vertices. Let j; and js be the two preimages

of is, with the preimage of edge e;_1 ending at j; and the preimage of e ending

at jg.

Suppose that s is odd, so i; € I. Then condition (2) of Lemma 4.8.5
gives us
u(t) —ulje) = (u(ir) = ulm(is-1))) + (ulm ™ (is-1)) = ulm ™ (is-2))) + -

+ (u(ﬂ'_l(isﬂ)) - u(jz))

= v(es—1) —v(es—2) + - —v(es)
2r

= > (~1)*ve, > 0.
s=1
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If s is even, so i, € I’, then we have

u(j) —u(je) = (u(ir) —u(m Nis—1))) + (u(m ™ (i5-1)) — w(r ™ (is—2))) + -

+ (U(W_l(is+1)) - u(jz))

= —v(es—1) +v(es—2) —---+v(es)
2r

= Z(—l)sves > 0.
s=1

Either way, u(j1) > u(j2). So, in order to be in accord with condition (1) of
Lemma 4.8.5, we must have that the edges coming into j; must form a flat @
of MZ-(S/) and Mz’g)|Q and MZ-(S/) /@ must both be connected. In other words, @
must be a flacet of MZ-(S/)/ Q). For each flacet of MZ-(S/) which contains e;_; and
not e,, we get a facet of £,. Thus, we see that the number of facets of &, into
which Py is subdivided is D := Zg;l d(es—1,¢e5). If we redo this computation
on the assumption that Zi;l(—l)sves < 0, we see that the number of facets into
which Py is subdivided is Zg;l d(es, es—1) which, by Lemma 4.8.3, is the same
as 327 d(es 1, es).

We now consider instead the problem of determining the number of
codimension ¢ faces into which the relative interior of Py is subdivided in &,.
Each such face is an intersection of facets of &, in the relative interior of Ppy.
Once again, we start our discussion on the assumption that Zg;l(—l)sves > 0.
We claim that every ¢+ 1 element subset of the D facets of &, found above has

a distinct, nonempty intersection in the interior of Py. Thus, there are ( Cfl)

codimension ¢ faces and this number would be the same if 3.2 (—1)%v,, < 0.
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To give a facet of &, is to give a choice of an integer s between 1 and

2r and a flacet @ of Mi(sl) which contains e;_1 and not e;. To give ¢ + 1 such

facets we must give, for each s a collection Q1, ..., Q5¥ of flacets with each Q?
containing es_; and not es, where > cs = ¢+ 1. By Lemma 4.8.3, QL, ..., Q%"
will form a nested chain and we may reorder them such that Q C --- C Q§.

We can find a c-tree forest F' with a surjection m onto I'(M) where is has ¢

' preimage of i, are labelled by the

preimages and the edges coming into the
elements of the set Q) \ QL !. Let S be the matroid formed by making parallel
connections along the edges of F. All of the facets meet at Ps. One can check

that Ps meets the relative interior of Py. The same argument goes through with

es and eg_; reversed when Zg;l(—l)sves <0. O

Remark: As v goes to 0, (LN (L' +v))/(1,...,1) has a (D — 1)-
dimensional simplex which shrinks down to a point at v = 0. After S.2", (—1)*v,,
changes sign, a new (D — 1)-dimensional simplex begins to grow.

We now are ready to begin our final assault on Theorem 4.1.2. We
will first need to study how the various faces of A(d,n) are subdivided in a
constructible decomposition. Let S and T be disjoint subsets of [n]. Write
A(d,n)\ S/T for the face of A(d,n) given by the equations z; = 0 for i € S and
x; = 1fori e T. If p is a tropical Pliicker vector then define p\ S/T to be the
function on the vertices of A(d—|T'|,n—|S|—|T|) given by (p\ S/T);r = prur- It

is clear that p\ S/T obeys the tropical Pliicker relations, as they are a subset of
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the tropical Pliicker relations for p. So p\ S/T corresponds to a tropical d — |T'|
plane in n — | S| — |T'| space. If L is the tropical linear space corresponding to p

then we write L\ S/T for the tropical linear space corresponding to p \ S/T.

Lemma 4.8.6. If L is a constructible d-plane in n-space and S and T are disjoint

subsets of [n] then L\ S/T is also constructible.

Proof. If L is a hyperplane then every L\ .S/T is either a hyperplane or the whole
space in which it sits, and hence is constructible. Now suppose that the lemma
holds for L. Then it holds for L+ as L+ \ S/T = (L \ T/S)*. Suppose that the
lemma holds for L and L. Then it holds for L N L' as (L n L)\ S/T =

stable stable

(L\O/(SuT)) n (L'\S/T). O

stable

Proof of Theorem 4.1.2. Our proof is by induction, first on n and then on the

number of steps used to construct L. We set

fun= (D) () - ey

First, suppose that the theorem is true for L. L' and L have the same

bounded f-vector, so the theorem for Lt follows from the symmetry fian =
fin—dn- For the rest of the proof, suppose that L and L” are a constructible
d-plane and d’ plane in n space which meet transversely and for which we know
the theorem to hold. In addition, we know that the theorem holds for every
L\ S/T and L"\ S/T by our inductive hypothesis. Our aim will be to prove the

theorem for LN L".
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By Theorem 4.8.4, it is enough to prove the result for LN(L"” +w) where
w is chosen generically enough. We will take a w for which w € we < -+ K wy,
and otherwise generic. Set L' = L" + w.

Suppose that MV is a face of L dual to Py; C A(d,n). Then M is loop-
free, let T' be the set of co-loops of M so that M lies in the relative interior of
A(d,n)\®/T. Then MV /(1,...,1) is the product of RZ and a bounded polytope.
Let (M")Y be a face of L and define T” similarly. We write (M')Y = (M")V +w
and M’ = M".

Define an ordered pair (T,T") of subsets of [n] to be nice if, for all

1<i<j<mn,eitherjeToriecT.

Lemma 4.8.7. For w; < wy < + -+ K wy, we have MY N (M')Y # 0 if and only
if (T,T") is nice. If (T,T') is nice then MV N (M")V is bounded if and only if

TNT =1.

Proof. First, suppose that (T,7T’) is not nice, so there exists some i < j with
j¢Tand i ¢ T'. On MY, the function z; — z; is bounded above (as j ¢ T).
On (M")V, x; — x; is similarly bounded below. The value of z; — z; on (M")Y
is w; — w; larger than on (M")Y, so if w; — w; is large enough then the values of
this functional on M"Y and (M")Y +w will be distinct. Thus, M and (M")" +w
will be disjoint.

Now suppose that (7,7") is nice. Let (z;) € MY and (z}) € (M")Y, set
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x} =z +w; and set d; = z} —z;. For w large enough, we have dy < dy < - -+ < d,,.
The hypothesis that (7',7”) is good implies that there is some b € [n] such that
i € T for every i < b and j € T for every j > b. After translating (z;) by
(1,...,1), which will not change the assumption that (z;) € M, we may assume

that =, = z}. Consider the point

z:=(T1,. .., To—1, T, Tp1 + dpt1, . . . Tp, + dy)

/ / ’o /
(:El —d, .. s Tp—1 — db—17$b7 Tht1y-- :En)

Clearly, z € (2;) + RL, and z € (x}) + Rgé, soz€ MV N (M)Y. We have now
proved the first claim.

Now assume that (7,7”) is nice, so there is some point z = (z;) €
MY N (M")Y. Suppose that i € T NT'. Then z +ue; € MY N (M')Y for every
u>0and MY N (M) is unbounded.

Suppose, on the other hand, that T NT" = (). Consider any i < j. If
neither ¢ nor j is in T then x; — z; is bounded on M"; if neither ¢ nor j is in 7"
then x; — z; is bounded on (M')Y; if j € T and i € T' then z; — z; is bounded
above on M"Y and below on (M’)Y. In any of these cases, we see that z; — z;
is bounded on MY N (M')V. So all of the x; — x; are bounded on M"Y N (M’)Y

which implies that (MY N (M’)V)/(1,...,1) is bounded. O

MV corresponds to a bounded face of L\ §/T. Writing t = |7, if

this bounded face is j-dimensional then MV is (j + t)-dimensional. Similarly
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writing ¢’ = |T”| and j' for the dimension of the face of L'\ (}/T" corresponding to
(M'")V, the dimension of (M')Y is j' 4+ t. The dimension of MV N (M’)V is then
j+ 7 +t+t —n. We thus see that the number of i-dimensional bounded faces

of LNL'is

Z Z fj,d—t,n—tfj’,d’—t’,n—t/-

(T,T") nice j+j’'+t+t'—n=i
TNT'=0

We have used our inductive assumption that all of the tropical linear spaces
L\®/T and L'\ 0/T" have the correct f-vector.
The only nice pairs (7,7") with TNT" = () are ({1,...,b— 1},{b+

1,...,n})and ({1,...,0},{b+1,...,n}). So we can write this sum as

Z Z fid=b+1n—bs1 fjr.d—ntbp + Z fid=bn—bTjtd—ntbp

b \j+j'=i+1 j+j =i
We will now show that this sum is f; p ,, where D is d +d' — n.
We work with the first sum first. Plugging in the definition f; 4, =

("_d_l) (":;:11) and exchanging order of summation, we have

5 n—d—1\[(n—d -1 > n—b—j\[(b—j —1
.~ j—1 i =1 n—d—1/\n—-d -1/
J+i'=i+1 b

Using the identity Z,H_k,:p (';) ('i/) = (q_{jil), the inner sum evaluates

to (2nﬁ;i_d,1_1) = (gl__g__ll). We are reduced to

n—i—1 n—d—1\/n—-d -1
(o) X (505
J+i'=i+1

The remaining sum can be evaluated by the identity >°., . _, (?) (]q,) = (719).

We get ("5 ("07°)-
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A similar argument shows that the second sum is (n;__zl) ("_Z?z_ 2)

Adding these together, we get

om0 ()
("5 () =

O

4.9 Tree Tropical Linear Spaces

In this section, we will describe some tropical linear spaces which achieve the
bounds of the f-vector conjecture and have very elegant combinatorics. Suppose
that p;; obeys the tropical Pliicker relations so by the results in the preceding
chapter p;; corresponds to a tropical 2-plane L and to a tree T'. We define a real

valued function 7¢(p) on ([Z]) by 7¢(p); = > ijel Pij-
i<j

Proposition 4.9.1. 7%(p) obeys the tropical Pliicker relations.

This can be checked in a routine manner, but we give a different proof
that explains the motivation behind the formula. We will call the tropical linear

space associated to 7%(p) the d*® tree space of L and denote it 7¢(L).

Proof. We know that p;; is realizable, meaning that we can find x4, ...z, y1,
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.+, Yn € K such that p;; = v(x;y; — x;v;). Consider the linear space

d—1 d—1 d—1 d—1
xq x4 3 xs
d—2 d—2 d—2 2
Ty Y1 Ty Y2 T3 Y3 Ty “Yn
RowSpan
d—1 d—1 d—1 d—1
Y1 Yo Ys ce Yn

The maximal minor F;, . ;, of this matrix is the Vandermonde deter-

minant det(:pfr_syfr_l) =1L <. (@i, ¥i. — 2i.9i,). So

o(P) =Y vy, — zivi) = Y pig =70
ijel igel
1<j i<j

So the 7%(p); come from an actual linear space and hence obey the tropical

Pliicker relations. U

Remark: This construction is reminiscent of the construction of cyclic
polytopes (see, for example, [51] example 0.6) and osculating flags (see [36],
section 5), two other objects which realize maximal combinatorics.

In this section, we will give a complete description of the bounded part
of 7%(L) in terms of the combinatorics of 7. We will make heavy use of the

results of Section 4.6. From now on, we assume that 7T is trivalent.

Theorem 4.9.2. The vertices of T4(L) are of the form u(T,c)" where ¢ ranges
over the (Zj) ways to color the internal vertices of T black and white with d —1

colored black and n — d — 1 colored white. The bounded i-dimensional faces of

74T are in bijection with the ordered pairs (F,c), where F is a forest with i
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trees that can be obtained by splitting T along internal edges and c is a black and
white coloring of the internal vertices of F' using d —1 black vertices andn—d—1
white vertices. (F,c) is contained in (F', ') if and only if (F',c’) can be obtained

from (F, c) by repeated splitting along edges connecting vertices of opposite colors.

Proof. It is enough to prove the first claim, as the rest then follows from the
description of the faces of II(7, ¢) in Lemma 4.6.3. Let D be the subdivision of
A(d,n) corresponding to 7¢(L), we must describe the facets of D. If e is an edge
of T, write [n] = A. U B, for the partition of the leaves of T induced by splitting
along e. If we have fixed a coloring of T, let a, be the number of black vertices
on the A, side of e.

We have

pr=> pi=(-1/2) ) > l(e) =

i,5€1 1,j€1 e separates i and j
1<j 1<j

(—1/2) S t(e)| AN 1] (d— 4. N T]).

For any edge e of T', set f.(I) = —(1/2)¢(e)|AcNI| (d — |Ac. N I|). For e
containing a leaf, fe is a linear functional. For e internal, f. is convex (this uses
¢(e) > 0). So D is the common refinement of the subdivisions of A(d, n) induced
by each of the convex functions f.. The subdivision induced by f. cuts A(d,n)

into the pieces k < ) ;4 z; <k+1for k € Z.
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So the facets of D are the nonempty sets of the form

{$Zke<2$i<ke+1ve€T}

€A

for some integers k.. When the k. arise as the a. for some coloring ¢, this set
is the interior of II(7’, ¢) and hence not empty. We now must show that all the
facets of D arise in this manner. It is enough to show that a generic point of
A(d,n) lies in II(T), ¢) for some coloring ¢ of T'.

Let x; be a generic point of A(d,n) and let k. and [, be the integers
such that ke <3 ;c4 @i <ke+landle <) icp i <le+1,80 ke +1e =d— 1.
Let v be an internal vertex of T" with edges eq, e2 and e3 ending at v. Without

loss of generality, suppose that A., is the non-u side of eg for s =1, 2, 3. Then

3

key +hey +he, <> Y wi=d<lki+ky+ks+3
s=11i€Ac,

SO key + key + key = d — 1 or d — 2. We color v white if this sum is d — 1 and
black if it is d — 2.

We claim that precisely d — 1 vertices are colored black. Let B denote
the set of vertices that are colored black and W those that are colored white. We

have

> (ke +1e) = (2n—3)(d—1) = |B|(d — 2) + |[W|(d — 1) + n(d — 1)
eeT

where the second expression comes from grouping the sum on vertices. We have
|B|+ |[W|=n—2so
[Bl(d—2)+ [W|(d—1)+n(d—1) = (d—-1)(2n - 2) — [B|.
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We deduce that (2n—3)(d—1) = (2n—2)(d—1) — |B| and thus |[B| =d—1. We
now will show that (x;) is contained in the polytope II(7, c).

Let e be an internal edge of T and let a, be the number of black vertices
on a chosen side of e. Then k., < ZieAe r; < ke + 1 and we want to show
Qe < ZieAe x; < ae+ 1. Let S be the subtree of T' lying on the A, side of e and
let S have s vertices, s — | A.| internal vertices and s — 1 edges. We have

S (e t1e) = (s 1)(d—1) = ae(d —2) + (5 — | A — ac)(d— 1) + [ Acl(d 1) ~ e
eCS

by once again grouping the sum on edges and on vertices. Canceling, we get
e =d—1—1,=ke.
So we have shown that a generic point of A(d, n) lies in II(7T', ¢) for some

coloring ¢ of T" and we are done. O

Corollary 4.9.3. 74(L) has fian = (72—_2;) ("Z__Zzl) bounded faces of dimension

1.

Proof. We must count the i tree forests F' which can be obtained by repeated

n—21

splittings of T" and then multiply this number by ( d— ), the number of ways
to choose which vertices to color black. Thus, it is enough to show that every

trivalent tree T can be split into ("Z__ZII) different ¢ tree forests by splitting along

internal edges. Let F;,, denote the number of ways to split a trivalent n leaf tree

n—i—1

into an 4 tree forest. We will prove F; ,, = ( i1 ) by induction on n, it is clearly

true for n = 3.
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Let a and b be two leaves of T' that have a common neighbor v. Let
F be an ¢ tree forest obtained by splitting 7" along internal edges. Clearly, no
sequence of splittings can ever separate a and b. There are then two cases: the
tree of F' that contains {a, b} contains no other leaves, or it has some other leaf.

Case I: {a,b} is a component of F'. Let e be the edge joining v to the
rest of T'. Then, at some point in the splitting procedure, e is split and we may
as well assume that it is the first step. Let 7" be the component of T'\\e other
than {a,b}. The number of F' for which this case applies is then the number of
i — 1 tree forests obtainable by splitting 7", or F;_1 ;2.

Case II: The component of F' containing {a, b} has additional vertices.
Let T” be the tree obtained by shrinking a, b and v down to a single leaf. The
number of F' for which this case applies is the same as the number of ¢ tree forests
obtainable by splitting 7", or F; ;1.

SoF;p=F_1pnotFi,1= ("Z__Zgz)—l—(n:;z) = (nl__lzl) as desired. O
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Chapter 5

Tropical Curves

In this chapter we will attempt to describe which subsets of R™ can
occur as Trop X for X a curve in R®. By Theorem 2.4.5, Trop X will be a 1-
dimensional polyhedral complex, which is to say, a graph. This graph must obey
the zero tension condition (Theorem 2.5.1).

If such a curve X exists then, as described in Section 2.4, the tropical
degeneration of X will be a curve Xy which can be broken up into components
indexed by the vertices of Trop X whose intersections are indexed by the edges of
Trop X. There is an unfortunate issue that these components themselves may be
disconnected but, as noted in Proposition 2.5.2, we can often rule that possibility
out by the zero tension condition. In this case the first Betti number of Trop X
is a lower bound for the genus of X. We will concentrate our attention on the

case where the first Betti number of Trop X is equal to the genus of X. In that
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case, every component of Xg must be rational and we will be able to apply ideas
of Mumford to the problem.

The zero tension condition is not sufficient to guarantee the existence of
X of appropriate genus and degree. Consider the following example of Mikhalkin:
Let C' be the zero tension curve in three space shown in Figure 5.1. (In this figure,
everything to the left of the points P, @ and R is in a two-dimensional plane.)
Note that we can preserves the abstract graph I' and the slopes of the edges
while varying C' in a 13 dimensional family: we can translate C' within R? (3
dimensions), vary the side lengths of the hexagon (4 dimensions, since it must
remain a closed loop) and vary the positions of points P, @, R, S, T and U along
lines (1 dimension each). The space of genus 1 curves of degree 3 in 3 space is
only 12 dimensional, so most such zero tension curves are not tropicalizations
of actual curves. More explicitly, we can embed C into a complete polyhedral
complex Y for which ¥ is the fan of projective space. Then X will be a degree 3
curve in P3. Any degree 3, genus 1 curve in P2 lies in a hyperplane. But, if P, Q
and R do not lie on a tropical line, then C' is not continued in the tropicalization
of any hyperplane, a contradiction.

A zero tension curve is said to be super abundant if it has “too large” a
space of deformations and ordinary if the space of deformations has “the right”
dimension which, we will see in Section 5.1 is E —n(g—3) where FE is the number

of bounded edges of I'. Mikhalkin conjectured that a regular zero tension curve is
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Figure 5.1: A Genus 1 Zero Tension Curve which is not Tropical
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always a tropical curve. In this section, we will prove that conjecture completely
when « has characteristic zero, we will need some hypotheses on the characteristic

of k when our curve has genus greater than 2.

Theorem 5.0.4. If k has characteristic zero, then every ordinary zero-tension
curve is the tropicalization of a curve of corresponding genus and degree. Every
ordinary zero-tension curve of genus 0 or 1 is the tropicalization of a curve of
corresponding genus and degree. If 1" is an ordinary zero tension curve and Kk has
characteristic p then I' is the tropicalization of a curve of corresponding genus
and degree assuming that the matriz Slope (T, ¢, wt) defined in Section 5.1 has full

rank modulo p.

These characteristic issues are frustrating. I do not have any examples
where an ordinary zero tension curve in characteristic p is not achievable as the
tropicalization of a curve and very much suspect that none exist. The matrix
Slope(T', ¢, wt) referred to in the above theorem is a matrix of integers which has
full rank if and only if the zero tension curve is ordinary. All of the dependency
on characteristic is bound up in Lemma 5.7.1, and we will discuss it more fully
at that point.

Mikhalkin has announced a proof of the above conjecture by means of
Floer cohomology, which is yet to appear. Our methods will be very different
from Mikhlkain’s; we use nonarchimedean analysis and uniformizations of curves.

Note that our terminology differs from that of Mikhalkin in [24], who
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would call something a tropical/parameterized tropical curve if it was a com-
binatorial object that looked like one of our objects. We reserve the adjective
“tropical” to refer to graphs that actually occur as tropicalizations and will refer
to combinatorial things that look like tropical curves as “zero-tension”.

Finally, we should note that our work bears some interesting resem-
blances to that of [28] and the sequels to that paper. Morgan and Shalen com-
pactify Teichmuller space, which they think of as the space of two dimensional
representations of the free group, by using amoebas and Bergman’s notion of a
logarithmic limit set. This latter is the same as the tropicalization. Teichmuller
space is also closely related to the moduli space of curves, a connection which
Morgan and Shalen mention but do not emphasize as they are more concerned
with applications to three dimensional hyperbolic manifolds. The main compu-
tations in this section deal with studying maps of curves to toric varieties, which

Morgan and Shalen do not pursue.

5.1 Combinatorics of Zero Tension Curves

Let T be a finite graph. Let I'i® be the subgraph of I consisting of the edges
neither of whose endpoints has degree 1; we will call an edge which has an end
point of degree 1 an infinite edge and an edge which does not have such an
endpoint a finite edge. Let w : Edge(I') — Z( be a function assigning a positive

integral weight to each edge. Let ¢ : ' \ {vertices of degree one } — R™ be
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a continuous map under which each unbounded edge of I' is taken to a semi-
infinite ray, each finite edge is taken to a line segment of finite (nonzero) length
and each of these rays and line segments has rational slope. We will use abuse
notation by writing ¢ : I' — R™. For e an edge and v one of its endpoints, let
dy(€e) be the primitive lattice vector pointing in the direction of ¢(e) away from
t(v) and let o, (e) = w(e)dy(e). oy(e) is the important definition, 6,(e) will only
occur rarely. Notice that, if e has endpoints v; and va, then o, (€) = —0oy, (€).

We call (T, ¢, w) a zero tension curve if, at every vertex v not of degree
1, we have ) 5, 0,(e) = 0. We sometimes will abuse notation by referring to I
as the zero tension curve, saying, for example, “If a zero tension curve is a tree...”
We saw in Section 2.5 that, if X C (K*)" is a curve then Trop X naturally has
the structure of +(T") for a zero tension curve (I', ¢, w). The goal of this section
is to prove some combinatorial results about zero tension curves. We assume for
convenience that I' is connected.

Suppose that if v is a vertex of I' of degree 2 with edges e; and es coming
out of it connected to vertices u; and us. Then o,(e1) = —o,(ez). This forces
t(e1) and t(ez) to be parallel and point in opposite directions away from ¢(v) (since
w(er) and w(ez) > 0) so dy(e1) = —dy(e2) and w(er) = w(ez). Let I” be the
graph obtained by deleting v, e; and es and inserting a single edge eg between uy
and uz. Define the weight function w’ on I by having w’(e) = w(e) for every edge

w other than ey and w'(ep) = w(ey) = w(ez). Define ' : TV — R"U{oo} by having
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/' coincide with ¢ on the edges other than ey and having ¢/(eg) = t(e1) U t(eg).
Thus, we have replaced (T, :, w) with a new zero tension curve (I, w’) which
has one fewer vertex. Continuing in this manner, we will always eventually arrive
at a zero tension curve with no vertices of degree 2. Since most of our results
will be unaffected by this reduction procedure, we will often restrict to the case
of curves that have no vertices of degree 2, which we term non-bivalent. An
especially important case is the case where each vertex is either of degree 3 or 1,
which we term trivalent.

We define the degree of a zero tension curve to be the unordered list of
vectors o,(e) where v runs over the degree 1 vertices. We define the genus of
a zero tension curve to be the first Betti number of I'. The main result of this

section is

Theorem 5.1.1. The collection of non-bivalent zero tension curves of given
genus and degree in R™, modulo reparameterization, naturally has the structure

of a finite union of rational polyhedral cones (in some RY ).
We will use the variable x to denote the number of infinite edges of I'.

Lemma 5.1.2. Assume I' is non-bivalent. Let V denote the number of non-
degree 1 vertices of I' and E the number of finite edges. Then V < x +2(g—1)

and E < x4+ 3(g— 1), with equality in each case if and only if T is trivalent.

Proof. By counting the number of pairs (vertex, edge containing vertex) in two

ways, we get 2(E + x) > 3V + z, with equality if and only if T" is trivalent. Also,
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(E4+z)—(V4z)=g—1soE=V+g—1and V = FE — g+ 1. Substituting

these into the previous inequality gives the desired results. O

Define the combinatorial type of a zero tension curve to be underlying

abstract graph I and the data of the vectors oy (e).

Proposition 5.1.3. The set of zero tension curves of given combinatorial type
has the structure of the relative interior of a cone. Using the notations V and
E for the number of finite edges and finite vertices, this cone (if nonempty) has

dimension at least E —n(g — 1).

Proof. This is fairly clear. All that remains to specify a zero tension curve once its
combinatorial type is known is to give the coordinate of one vertex (n parameters)
and the lengths of the finite edges (F parameters, each required to be positive.)
Not every collection of edge lengths is legitimate however: all of the cycles must
close up. It is enough to check this for a collection of g cycles forming a homology
basis of I', we get n equations for each cycle. Thus, we are looking at a slice of
an open quadrant of R"™¥ by a plane of codimension at most ng, so it is a cone

of dimension at least E —n(g — 1). O

Remark: When T is trivalent, this bound is x — (n — 3)(¢ — 1) by the
above lemma. If we are considering degree d curves in three space, so r = 4d,
then this quantity is 4d which is a standard lower bound for the dimension of the

Hilbert scheme of degree d, genus g curves in projective n space. According to
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Hartshorne, the first proof of this bound may be in [16], lemma 5, although the
result is far older.

We define a combinatorial type to be ordinary if this cone has dimension
E —n(g—1) and superabundant otherwise. Let us note explicitly what it means
to be ordinary: choose a basis v1, ..., 74 for Hi(I'). We define a gn x E matrix
Slope(T', ¢, wt) whose columns are indexed by the edges of I'and whose rows are
indexed by ordered pairs (i,7;) with 1 <i <mn, 1 < j < g. The ((i,7;), ) entry
of Slope(I', ¢, wt) is 0y, (¢)(e); times the (signed) number of times that e appears
in ;. Clearly, Slope(T', ¢, wt) depends only on the combinatorial type of (T, ¢, wt).
(T, ¢, wt) is ordinary if and only if Slope(T', ¢, wt) has full rank.

Remark: Mikhalkin, in [25], seems to suggest that every zero tension
curve can be perturbed to a trivalent zero tension curve. This is easy to prove

when the curve is ordinary; more specifically, we have:

Proposition 5.1.4. Let (I', 1, w) be a zero tension curve and let v be a vertezx of
I’ of degree 4 or greater. Form a new graph I by replacing v with two vertices
v1 and vy, connected to each other by an edge and such that every neighbor of v
18 connected to either vi or vy and each of v1 and vy has degree at least 3. It is
possible to find a family 1; of embeddings of I into R™ as a zero tension curve
such that: each edge of 1(T") other than t((v1,v2)) is parallel to the corresponding
edge of L(T"), tt((v1,v2)) shrinks down to t(v) as t — 0 and, for every other edge

e, u(e) — u(e) ast — 0.
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Proof. Define a third graph I by removing the edge (v, v2) from IV and adding
an unbounded edge at each of v1 and vo. There are two cases, based on whether
or not I' is connected. If I is not connected, then we can simply make a family
of embeddings of I' as in the hypotheses of the theorem by fixing the location of
t(v1) at v, keeping every edge other than (v, v2) of constant length and giving
the edge (v1,v2) length ¢ and the slope forced by the zero tension condition.
We now turn to the case where I'” is connected. We consider the family
of embeddings of I'” of the following combinatorial type: every edge of I has
the same slope as the corresponding edge in I' except for the two unbounded
edges which have the slopes forced by the zero tension condition. Now, I'” has
exactly as many finite edges as I' but is of one lesser genus. We can choose
our basis of cycles for I' so that only one of them, say ¢, when pulled back to
I, goes along (v1,v2). The equations which describe the cones of embeddings
of T of the specified combinatorial type are the same as those for I' plus the
equation that says the cycle ¢ closes. We can thus think of the embeddings of I
as embeddings " of ' in which the cycle ¢ closes or, equivalently, /" (vi) = "/ (v2).
Since the combinatorial type of (T, ¢, w) is ordinary, all of the equations cutting
out the cone of embeddings are non-redundant and so the possible directions of
(v1) — ¢ (v9) must span R™. In particular, we can find embeddings ¢/ of T
where ”'(v1) approaches ¢ (v9) while ¢’ (v1) — " (v2) has the slope which the edge

(v1,v9) of T is forced to have by the zero tension condition. Then deleting the
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unbounded rays and drawing back in (v1, v2) gives a sequences of embeddings of

I’ as desired. O

Applying this result over and over again, every ordinary curve can be
written as a degeneration of a trivalent curve. In the superabundant case, one
often can not choose how to split the edge incident on a vertex of degree > 4 and
sometimes can not split one vertex without splitting another vertex elsewhere.
Nonetheless, it seems like it may always be true that every zero tension curve
can be written as the limit of trivalent zero tension curves.

So the set of nonbivalent zero tension curves of given degree and genus is
a union of cones, one for each combinatorial type, and we must simply show that
there are finitely many combinatorial types of zero tension curve of each genus
and degree. First note that there are only finitely many nonbivalent graphes with
x degree one vertices and first Betti number g. (Proof: they are all subgraphs of
the complete graph on (z 4 2g —2) 4+ x vertices.) Thus, it is enough to prove, for
a fixed graph I" and a choice of degree, that there are only finitely many choices
for the slopes o,(e). Explicitly, a choice of degree means specifying the slope

o,(e) for each infinite edge e of I'. We will prove:

Proposition 5.1.5. For each i between 1 and n, there are only finitely many

possible choices for the integer valued function (o,(€));.

Proof. Fix an orientation of the graph I, so that each edge e has a chosen ordering

(v1(e), v2(e)) of its endpoints. Let C; be the free abelian group on the edges of
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Now, suppose we are given an integer valued function s(e) on the finite
edges of I' and a positive real valued function ¢ on the finite edges. Suppose
there is a zero tension curve with underlying graph I', with s(e) = (o, (¢)(€))i =
—(0uy(e)(€)) and with £(e)ay, () (e) parallel to and the same length as «(e). Con-
sider the element S =) __ran s(e)e of C1. Let T be the analogous sum over the
infinite edges; note that T is fixed by our knowledge of the degree. Letting O
denote the map C; — Cj sending e — vy(e) — va(e), the zero tension condition
states that (S 4+ T') = 0. Thus, 95 is determined and we see that the different
possible values for S differ by members of Ker 0 = H;(T").

On the other hand, the assumption that the cycles of I' close up tells
us that S is in the orthogonal complement of H;(I') with respect to the inner
product <, >y under which the finite edges of I' are orthogonal and have norm
< e,e >y= L(e). We are therefore reduced to proving the following proposition,

with RV = C; @R, H = H;(I') ® R and vy = Sp.

Lemma 5.1.6. Let H be a sub-vector space of RN and let vg € RN . Let S denote
the set of points v € RN such that (1) v € vo + H and (2) v is orthogonal to
H for some inner product which is diagonal and positive definite in the standard
basis of RN. Then S is bounded. More precisely, form a hyperplane arrangement
A in vo+ H by intersecting vo + H with the coordinate hyperplanes of RN. Then

S is the interior of the union of the bounded regions of A. In particular, this set
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contains finitely many lattice points.

Proof. First, suppose that vy is not in the interior of the bounded part of A.
Then there is a w € H \ {0} such that v; + tw lies in the same region of A for
all t > 0. For every coordinate i for which w; is nonzero, w; and (v1); must
have the same sign. But then < v1,w >y is entirely a sum of positive terms and
< w1, w >¢> 0, contradicting that v, € H+.

Conversely, suppose that vy is in the interior of of the bounded part of
A. Then there is no w € H \ {0} such that v + tw lies in the same component
of A for all t > 0. Reversing the above, that means that there is no w € H such
that w; and (v1); have the same sign whenever w; # 0. By linear programming
duality (see, for example, proposition 6.8 in [51]), this implies that H* contain
an element with the same sign pattern as vy, say ve. Set a; = (v2);/(v1); with o
an arbitrary positive real when (v2); = (v1);. Set £, = a;¢;. Then vy is orthogonal

to H with respect ot <, >u. O

O

When g = 0, this proof shows that there is a unique combinatorial type

given the underlying graph I' and its degree. When g = 1, I has a unique loop v1,
.., vp. The above proof shows that o,(e) is uniquely determined for e not in the
loop. Moreover, for each v;, let d; be the sum of o, (e) summed over e 5 v; where
e is not in the loop, then the possible combinatorial structure are in bijection

with the lattice points in the interior of the convex hull of the d;. When g > 2,
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it is easy enough to compute the bounded regions for each coordinate 1 < i < n,
but I don’t know a simple way to figure out when two solutions coming from

lattice points from different ¢ can arise from the same /.

5.2 The Bruhat-Tits Tree and Cross-Ratios

In this section we review some standard constructions. A good reference for these
results with a view towards the sort of applications we will be making is Chapter
2 of [28]. For simplicity, we will assume that v : K* — R is surjective.

We denote by BT(K) the set of R-submodules of K? which are iso-
morphic to R?, modulo K*-scaling. We write M for the equivalence class of a
module M. We equip BT(K) with the metric where d(Mj, Ms) is the infimum
of all € such that there exists an a with M7 D t*Ms D t°Mji; this is easily seen
to be independent of the choice of representatives M; and Ms. BT(K) is called
the Bruhat-Tits tree of K.

If we made the analogous construction working with the field of power
series of integral exponents, we could equip BT(K) with the structure of the
vertices of a tree so that distance was the graph theoretic distance. Instead,
BT(K) is what is called an R-tree (see [28]). The following proposition lists the

“tree-like” properties of BT(K).

Proposition 5.2.1. If M7 and My € BT(K) with d(My, M) = d then there

is a unique distance preserving map ¢ : [0,d] — BT(K) with ¢(0) = My and
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é(d) = My. We will call the image of ¢ the path from My to My and denote it

by [Mq, Ma). If My, ..., M, C BT(K) then U;x;j[My, Ms] is a tree.
It is easy to give an explicit description of ¢: if My D My D t*M;

then ¢(e) = t¢M; + Ms. Suppose now that (z1 : y1) and (x2 : y2) are distinct

members of P(K). Then we can similarly define a map ¢ : R — BT(K) by

o(e) = R(x1,y1) + t°R(z2,y2). We will call the image of this ¢ the path from
(21 :y1) to (z2 : y2) and denote it [(x1 : y1), (22 : y2)]. Similarly, if M € BT(K)
and (z1 : y1) € PY(K), we can define a semi-infinite path from (21 : y1) to M
denoted [(z : y), M].

If Z is a subset of BT(K) UP!(K), we denote by [Z] the subspace
U, rezlz,2'] € BT(K). For simplicity, assume that |Z| > 3. If Z is finite, [Z]
is a tree with a semi-infinite ray for each member of Z NPY(K). We will say
that this ray has its end at the corresponding member of Z NPY(K). We will
abbreviate [{x1,...,2,}] as [z1, ..., zn].

The particular case where Z is a four element subset of P!(K) is of
particular importance. Let {w, z,y, 2z} C P}(K) = K U{occ}. We define the cross

ratio c(w,z : y, z) by
c(lw,x:y,z) =
Note that c(w,z: y,2) = c(z,w: z,y) = c(y, 2z : w,x) = c(z,y : T, w).

Proposition 5.2.2. [w, x,y, 2] is a tree with 4 semi-infinite rays and either 1 or

2 internal vertices.
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If [w, z,y, z] has two internal vertices, let d be the length of the internal
edge and suppose that the rays ending at w and x lie on one side of that edge
and the rays through y and z on the other. Then v(c(w,x:y,2)) =0, v(c(w,y:
x,2)) =d and v(c(w,y: z,z)) = —d. The first statement can be strengthened to
say that v(c(w,x : y,z) — 1) = d. (All other permutations of {w,x,y, z} can be
deduced from this).

If {w,z,y, z}] has only one internal vertex then v(c(w,z : y,z)) =0

and the same holds for all permutations of {w,x,y, z}.

This proposition can be remembered as saying “v(c(w,z : y, z)) is the
signed length of [w, z] N[y, z]” where the sign tells us whether the two paths run

in the same direction or the opposite direction along their intersection.

Proof. Due to the invariance of the definition of BT(K), the group GLs(K) acts
on it and, since we only consider submodules of K2 up to K*, GLo(K) acts
through its quotient PGLo(K). This action is compatible with the standard
action of PGLy(K) on P}(K) = K U {cc}. It is well known that c is PGLy(K)
invariant. So the whole theorem is invariant under PGLy(K') and we may use this
action to take w, x and y to 0, 1 and oo. Our hypothesis in the second paragraph
is that [0, 1, 0o, z] is a tree with 0 and 1 on one side of a finite edge of length d and
z and oo on the other. It is easy to check that this is equivalent to requiring that
v(z) = —=d < 0. Then ¢(0,1: 00, z) =1 —1/z which does indeed have valuation 0

and ¢(0,1: 00,2) — 1 = —1/z does indeed have valuation d. ¢(0,00:1,z) =1/z
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which has valuation d and ¢(0,00 : z,1) = z which has valuation —d. In the
second paragraph, the assumption that the tree has no finite edge implies that

v(z) = v(z — 1) = 0 and the argument then continues as before. O

5.3 Tropical Genus Zero Curves

The aim of this section is to prove Theorem 5.0.4 in the case where I' is a tree
so we want X to have genus 0. This result will appear in a future publication of
Mikhalkin; it also appears with many results on incidence conditions in [30]. Our
method of proof is not only far more explicit than these, but it will be a good
warm up for the case of higher genus curves. Note that this will generalize the
characterization of tropicalizations of lines in Chapter 3. Let (I, ¢, w) be a zero
tension curve with I' a tree. Put a metric on I' such that the unbounded edges
have infinite length and the length ¢ of a finite edge e is chosen such that ¢(e) is

a displacement of ¢o,(e).

Proposition 5.3.1. Let T be a metric tree with finitely many vertices such that
each degree 1 vertex of T is at the end of an infinite ray. Then there is a Z C
PY(K) such that [Z)] is isometric to [T]. If we permit some of the degree 1 vertices
of T to be at the end of finite length edges then we can still embed T as a subtree

of BT(K).

Proof. First, we consider the case where each degree 1 vertex of T is at the end

of an infinite ray.
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Our proof is by induction on the number of finite edges of 1. If T has
[ leaves and no finite edges then T is isometric to [z1, ..., 2| for {z1,..., 2z} any
[ elements of K* with valuation 0 and distinct images in x*.

Now, let e be a finite edge of T" of length d joining vertices v1 and wvo.
Remove e from T, separating T into two trees T and T5. Define trees T, where
s = 1, 2, by adding an unbounded edge to Ts at vs. By induction, we can find
subsets Z; and Zy C P!(K) with [Z,] isometric to T". Let z;, € Z, be the element
of Z, at the end of the new ray added to Ts. Without loss of generality, we may
assume that z; = 0 and 2o = oo. Then the point of T corresponding to v, lies
somewhere on [0,00]. By multiplying Z; and Zy by elements of K*, we may
assume that these points lie distance d apart with vy closer to 0 than vy is to 0.
Then T is isometric to [Z1 U Zy].

Finally, if not each degree 1 vertex of T is at the end of an infinite
ray then we can embed T into a tree 7" which does have this property, find an
isometric embedding of 7”7 in BT(K) by the above and then T will be embedded

as a subtree of T". O

Let Z C P}(K) be such that [Z] is isometric to I'. We define multisets
Zf', e ZXZ7, ..., Z) as follows: All of the elements of Z%% lie in Z. Let
z € Z correspond to the end of an infinite ray e of I'. Suppose that o,(e) =
(81,-..,8n). Then z € Z+if and only if +s; < 0. In this case, |s;| is the number

of times that z occurs in Z¥%. Define a rational map ¢ : P*(K) — K" by the
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formula

o(u) = (d1(u), ..., Pp(u)) = (Hzezf(u —z) HzeZ,f(u — z)) '

Moz (02 Ty (u—2)

Here u is a coordinate on P!(K), thought of as K U {co}.
Theorem 5.3.2. Trop ¢(P(K)) is a translation of «(T').

Clearly, ¢(P!(K)) is a genus zero curve of the appropriate degree. From
now until the end of the proof, we identify [Z] with T" so that we can write

L:[Z] — R™

Proof. Let u € PY(K)\ Z. Then [Z] is a tree and [Z U {u}] is a tree with one
additional end. Let b(u) € [Z] be the point at which that end is attached. We
claim that, up to a translation, v(¢(u)) is ¢(b(u)). In other words, if u; and uq
are distinct members of v € P'(K) \ Z, we must show that for each i between 1

and n we have

v(@i(ur)) — v(@i(uz)) = v(b(u1))i — e(b(uz))i-

It is enough to show this in the case where b(u;) and b(ug) lie in the
same edge e of [Z]. We will fix one coordinate i to pay attention to, so ¢ will
not appear in our notation. Let Z;t = {2, ..., 2} and Z; = {27 ,..., 2. }. We
may find constants 1 < s™, s~ < n and order the zj»E such that zj»E is on the b(uq)
side of e for 1 < j < sT and on the b(ug) side of e for sT+1<j<r. Letdbe

the distance from b(u1) to b(ug).
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We have

v(gi(w)) — v(ds(u2)) = U(‘M“l))

The last equality is by applying Proposition 5.2.2 to each term.

By the zero tension condition, s;(e) = sT — s~ (recall that the slope of

t(e) is (s1(e), ..., sn(€)) .) So t(b(u1)); — t(b(uz)); is also d(st —s7). O
We pause for two examples.

Example 5.3.3. Consider the tree in R3 with a finite edge running from (0, 0, 0)
to (1,1,1) , infinite edges leaving (1,1,1) in directions (1,0,0) and (0,1,1) and
edges departing (0,0, 0) in directions (0, —1,0) and (—1,0, —1). Then [0,¢,1,¢7!]
is isometric to I', with 0, ¢,1 and t~! respectively corresponding to the endpoints

of the above infinite rays. We have
ztt={0}y z™*={t} Z™={t}
z7l={"y z7P={1} ZzP={t"}
Thus, the map ¢ is given by
U u—t u—t
u— .
u—t w Tu—t1
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The image of this map is a genus 0 curve X with Trop X equal to the given tree.

Example 5.3.4. This time we choose a tree with no internal edges but complci-
ated slopes. Consider the tree T in R? with no internal edges and four unbounded
rays of slope (1, 2,3), (5,-3,4), (=7,1,-2), (1,0, —5). Assuming that x has char-

acteristic 0, the tree [1,2,3,4] C BT(K) is isometric to 7. Our multisets ZZ-jE are
ztt=11,2,2,2,2,2,4} ZT?={1,1,3} Z™*=1{1,1,1,2,2,2,2}

Z—1=13,3,3,3,3,3,3} Z?=1{2,2,2} Z 7 =1{3,3,4,4,4,4,4}

For example, there are 5 occurences of the number 4 in Z =3 because ray number
4 of out tree has slope —5 in the z3 direction.

Our map ¢ is given by

- ((u —D(u—-2°%u—-4) (u—1)>%*w-3) (u—1)3(u— 2)4>
(u—3)7 o (w=2)2 T (u=3)2(u—4)°)

Once again, the image of ¢ is a genus zero curve whose tropicalization

is the given tree.

5.4 Tropical Genus One Curves

Let (T, ¢, w) be a zero tension curve where I' is connected with first Betti number
1. This means that I" has a unique cycle, let eq, ..., e, be the edges of this cycle
and let o; be o(e;).

Our aim in this section is to prove
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Theorem 5.4.1. If (I',t,w) is ordinary then there is a genus one curve X €

(K*)™ with Trop X = «(T)
Let us make the condition of the theorem more explicit:
Proposition 5.4.2. (I, ¢, w) is ordinary if and only if the o; span R™.

Proof. Counsider the equation ) ¢;0; = 0 where ¢; € R. By definition, (T, ¢, w)
is ordinary if this equation has solution space of codimension n in R". In other
words, the kernel of the map taking R" — R"™ wvia ({1, ...,4,) — > ¢;0; = 0 must
be (r — n)-dimensional or, in other words, the map must be surjective. This

precisely says that the o; span R"™. O

We use Tate’s nonarchimedean uniformizations of elliptic curves. A
good reference for this subject is chapter V of [34]. Let ¢ € K* with v(q) > 0.
Tate constructs an elliptic curve E over K with a bijection p from K*/¢” to
E(K). For zt, 2= € K*, define

0 ulzt — g\ o (u—qizt
o= 11 (=511 ;=)

This product is convergent in the nonarchimedean topology on K for all u €
K*\ ¢*  (z%,27) and ¢(qu) = (27/27)¢(u). (Remember that lim, ., ¢" =
0 because v(g) > 0.) Thus, if Z* = {z{,....2/} and Z= = {2 ,..., 2}
are finite multisubsets of K* with the same cardinality and [[", (2 /27) =
1 then ¢z+ z-(u) = Hle ¢va2[ (u) is a well defined function on (K*/q¢%) \

(U;‘;oo ¢ - {zf’, . .,z,;", 2], .,zk_}>. Thought of as a function on E(K) with
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the appropriate points removed, Tate proves that this is a rational function with
zeroes at the points p(z;") and poles at p(z; ), where p is the projection K*/¢% —
Let fi, ..., fm be the set of unbounded rays of I' and v; their end-

points. Let d; = >, max(oy,(f;);,0) = — > i~ min(oy,(f;);,0). The equality

is because, by the zero tension condition, " 7, (fi) = 0. Let Z{", ..., Z1,
Z{, ...y Zy, be multisubsets of (K*)" with |Z;"| = |Z;| = d;. Let ¢; be the

length of e; and let £ = ) ¢;. Choose ¢ € K* with v(q) = .

Let J be the subtree of BT(K) spanned by J°__ ¢’ (U;LZI (Z;’ U ZJ_>>
Let J be the quotient of J under the translation by ¢%. (3, pronounced “gimmel”,
is the Hebrew letter analogous to G and I'. We need to reserve G for a certain
group that will appear in the next section.)

Choose an ordering (zii’l, .. .,zfc’di) of each of the Zii. Consider all of
the paths [z, ’k, zi+ k] for 1 < k < d; and take their images down in J; call this
collection P;. For an edge e of ] with endpoint v, by “the number of signed
paths of P, running along e away from v”, we mean to count each path with sign

according to whether it runs towards or away from v along e and multiplicity

counting how many times it passes through e.
Proposition 5.4.3. It is possible to choose ZZ-jE and q such that
1. There is an isometry ¢ : 3 = T.

2. If e is an edge of 1 with end point v then the i™ component of ,(1(e)) is
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Figure 5.2: A zero tension curve with P marked in bold

the number of signed paths of P; running along e away from v.
o dz +7k _7k _
8. For each 1 < i <n, we have v ( o1 2 /zi > =0.

The first condition is better conveyed by a picture. Consider the planar
zero tension of genus 1 shown in figure 5.2. (All edges have weight 1.) Let i = 1.
The pathes P; are shown in bold; the first condition says that the number of

pathes running through an edge is the first coordinate of its slope.

Proof. Let the vertices of the closed loop of I' be vy, ...v, with e; joining v; to
vi4+1. remove e, from I' and add two unbounded edges at v; and v, to form a tree

T. By Proposition 5.3.1, there is a subtree [Y'] of BT(K) isometric to T, where
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Y’ is a finite subset of P!(K). By an automorphism of P*(K), we may arrange
that the ends of the new edges added at v1 and v, are at 0 and oo.

Let Y = Y’ \ {0,00}. We define the multisets Z*? as follows: every
element of Z+* is an element of Y. Let y € Y correspond to the infinite edge e
of T, then y € Z* if and only if £0y,(e); < 0 and the number of times that y
occurs is |oy(e)4]-

Choose ¢ with v(q) = £. Let o,.(e;) = (s1,...,8,). Choose ZF as
follows: We take Z; =Y, . Z; is the same as Y, except that we multiply y:' -1
by ¢®*. We claim that the proposition holds for this ZZ-jE and this g. It is clear
that T' and J are isomorphic as graphs, we must check that the corresponding
edges have the same lengths to prove claim (1). By constructing [Y’] isometric to
T, this is automatic for every edge except the ones corresponding to e,.. By our
choice to make v(q) = £, multiplication by ¢ shifts J by £ along the path [0, co] so
the cycle in J has length £. The cycle in ¢(T") also has length ¢ and all the other
edges are the right length, so (1) follows.

For (2), we break into cases depending on the location of the edge e.
First, suppose that e is not in the closed loop of J. Then removing e from J
disconnects e into a tree and a graph with a loop, we may assume that v is in
the end that is a tree. Then the number of signed paths of P; running along e
away from v is simply the number of those paths ending in the tree minus the

number starting in the tree. By construction, this is the sum of the ¢ components
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of the directions of the corresponding infinite rays in ¢(I"). By the zero tension
condition, these two numbers match.

Next, suppose that e = e, and v = v,.. The only path in P; crossing e,
is the image of [y, ’1, qsiy;' ’1]. This path runs along e, away from v s; times so
(2) holds in this case.

Finally, let ¢,(e); denote the number of times a path in P; runs along
e away from v. Since every path that enters v must leave it, > o t,(e); = 0.
In other words, the vectors (t,(e)1,...,t,(€),) obey the zero tension condition.
The o,(e), of course, also obey the zero tension condition. But once we have
determined t,(e) on all edges except the chain ey, ..., e,_1, the zero tension
condition forces these remaining edges to be correct as well.

We now turn to (3). v(z:'k/zl_k) is the length of the overlap between
the paths [2;F, 27*] and [0, 00]. Thus v ( i;l z:'k/zl_k> = Zi;l v(z:'k/zl_k)

i i
is the sum over all k of the length of this overlap. Pushing the paths [z:' k. z; k]
and [0, c0] down to 1, our problem is to sum over the paths of P; the length of
the signed overlap of P; with the closed loop of J. Breaking up our sum over the
edges of the closed loop and using property (3), this is ) ¢;0,,(e;); where the

subscript i means to take the ¢ component. But }_;¢;o,,(e;) = 0 because the

loop closes, so we are done. O

Choose ¢ and ZZ-jE as in the above proposition. If we knew that for each

i we had [[,+c,+ 27 = [[,-c,- 2~ then we would have an embedding of the
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elliptic curve K* /g% in (K*)" via ¢ : u — wa,Zf (W), @t 5 ().

Proposition 5.4.4. If we have [] 4+ 2T = [I.-c;- 2=, define the genus one
curve X C (K*)"™ by the above embedding. Then Trop X is a translate of (T").

(So by translating X by an element of (K*)™ we can arrange that Trop X = «(T").)

Proof. Let uy and us € K*\ U2 ¢ (U;LZI (Z;’ U ZJ_>> Consider the tree
{us }UUse o ¢ (U <Z+ uZz; >>] C BT(K), where s = 1, 2. This tree contains
J and one additional unbounded edge, let b(u;) be the point of J at which the

new unbounded edge is attached. We claim that

P(uz) — ¢(ur) = (9 (m(b(ug)))) — (P (7 (b(ur))))

where 7 is the projection J — J and 1t is the identification J — I'. As us varies
over K* \ U2 ¢ (U;LZI (z;F UZ;)), the point b(uy) varies over J so ¢(us)
sweeps out a translate of ¢(1(J)) = «(T"), as desired.

We now check the claim. It is enough to consider the case where b(u;)
and b(usg) lie on the same edge e of 1, say at distance d apart. We can check
the claim coordinate by coordinate; we focus on the i coordinate, so we must

compute v(dy+.i z—.i(u2)) —v(pz+i z-.i(u1)). We have

Gz+i z-i(u2)
bzt z-i(u1)

0

ﬁ 1 (uz/2" = @) (ur/ " —qﬂ S (w2 — 75w — 7

k=1 \j=—o0 (u2/z," — qj)(ul/zk =) iy (uz — @z N (uy — @z Y

154



TROPICAL GENUS ONE CURVES

T ﬁ (2 — /2" ) (w — ¢z ")
P (U2 — @iz ) (= @7 2)
d; oo o N

- H clug,ur = ¢ 2", ¢z 7).
k=1 j=—00

(In the nonarchimedean topology all convergent products and sums are absolutely
convergent, so we may rearrange freely.) So
di oo
06 4 (2) =060 5 () =3 3 vlcluur : T @I )),
k=1 j=—o00
By Proposition 5.2.2, each summand is the signed length of the overlap
of [ug,ug] and [qu,i’Jr, qu,i’_]. Now, [¢ z,i’+, qu,i’_] is contained in J and [uq, ug]
meets J only in a length d segment of edge e. So each term is either d, 0 or
—d depending on whether or not [qu,i’Jr, qu,i’_] passes through e and in which
direction. Now [¢ z,i’+, qu,i’_] passes through e if and only if [z,i’Jr, z,i’_] passes
through ¢~7e. The number of j for which the latter occurs (counted with sign)

is the same as the (signed) intersection of 7(e) with W([z,i’Jr, z,i_])

Summing
over k, this is precisely the number of paths in P; containing e, which is, by
assumption, o,(m(e)); where v is the endpoint of 7(e) closer to 7(b(u1)). Then

we have v(¢,+ ;- (u2)) — v(dy+ 5 ;(u1)) = doy(7(e));, which is indeed the i

component of ¢(¢(m(b(uz)))) — t((w(b(uy)))). O

We now get to the heart of the proof, and to the stage which will be far

more difficult when we consider curves of higher genus.

Proposition 5.4.5. Suppose that (I',t,w) is ordinary. It is possible to choose
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ZZ-jE and q so that 1 is isometric to T and [ o + 27 =[], oy~ 2= for every

1< <n.

Proof. We start with a provisional choice of ZZ-jE and ¢ as in Proposition 5.4.3.
For1 <j<r, let ZZ-jE (j) be the submultiset of ZZ-jE consisting of those z for which
the corresponding degree 1 vertex of J connects to the closed loop at vj. Let us,

.., up € K* be such that v(u;) = 0 but otherwise arbitrary. We will make a
modified choice of ZZ-jE by multiplying each member of ZZ-jE (4) by u;. This has the
effect of changing Hi;l zf’+/zf’i by H;:1 uL.Zj(m_'Z;(j)'.

The zero tension principle tells us that we have |Z;(j)| — |Z; ()| +
oy, (e5)i+0o(vj)(ej—1); = 0. In other words, o(vj_1)(ej—1); —0u;(ej)i = \ZF ()| -
|Z;(7)]- We need to show that, by taking u, ..., u, € v(K*) with valuation 0
but otherwise arbitrary, we can make the n products H;Zl u;(vjil)(ejil)i_gvj (€4)s
take on any n values with valuation 0. Since {z € K* : v(z) = 0} is a divisible
group (K is algebraically closed) it is enough to show that the matrix whose (i, j)
entry is (o(vj_1)(ej—1)i — 0v;(€;);) has rank n over R. In other words, we must
show that the vectors o, ,(ej_1) — 0y, (e;j) span R™.

Suppose that the o,,_,(ej—1) — 0y,(ej) do not span R”. Then there is
a nonzero linear function A on R which takes the value 0 on each o, , (ej_1) —
oy, (ej). So A(oy,(e;)) is a constant \g independent of i. There are two cases. If

Ao # 0 then we may assume Ao > 0 and we have \(D>7_; lioy, (€;)) = A> i, 4 >

0 because each ¢; is positive. But .., ;04,(e;) = 0, as the loop of I' closes.
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On the other hand, if Ay = 0 then the o,,(e;) do not span R", contradicting,

according to Proposition 5.4.2, the assumption that I' is ordinary. O

Now, choose ZZ-jE and ¢ in the manner that Proposition 5.4.5 guarantees
we can. Then the hypothesis of Proposition 5.4.4 is met and we can define a genus
one curve X C (K*)" by the embedding ¢ : K*/q% < (K*)". Proposition 5.4.4
tells us that the tropicalization of this curve will be ¢(I"). This proves Theorem

5.4.1.

5.5 Mumford Curves

To prove Theorem 5.0.4 for g > 2, we will need a way of uniformizing higher
genus curves similar to the products of cross ratios used in the preceding proofs.
Our tool for this purpose will be the theory of Mumford curves. We will present
an extremely brief description of this theory. For more background, see [29], [26]
and [19].

Let v € PGLy(K). We say ~ is hyperbolic if (a representative of) ~y
is diagonalizable with eigenvalues \; and and Ay such that v(A1) # v(A2). We
choose our notation so that v(A1) > v(A2) and we will denote by Vi () and Va(7)
the images in P*(K) of the corresponding eigenvectors of 7. The V;(y) are fixed
points for the action of v on P'(K), every point of P1(K) \ {Vi(7), Va(y)} tends
towards V() under forward iteration of v and towards V() under backwards

iteration.
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We say that a subgroup G C PGLo(K) is Schottky if G is finitely

generated and ~ is hyperbolic for every v € G\ {({{)}. Fix a Schottky group

G. Let ¥ = U7 (3 0)}{V1(7), Va(v)} where S denotes the closure of S in the

€A\ {(p 1

nonarchimedean topology on P'(K).

Proposition 5.5.1. [X] is a tree. G acts freely on BT(K) preserving X.. As a

corollary, G is free.

Let g denote the number of generators of the free group G. Let Q =
PY(K) \ X. Conceptually, the theory of Mumford curves allows us to define the
structure of a smooth curve of genus g on Q/G.
More precisely, let ZT and Z~ be finite multisubsets of  with |ZT| =
|Z~| = r. Write the members of Z* as {zi,...,2F}. Set Z=2TUZ".
We now define a function wz+ z- : @ — KU{oco} by the infinite product
Wy+ z-(u) = H ﬁ l(z{)
sec i u (=)
This product is convergent in the nonarchimedean topology on K* and does not

depend on the order of the product.

Proposition 5.5.2. For any Z+ and Z~ as above and any v € G there is a
unique constant piz+ z-(v) € K* such that wz+ z—(yu) = pig+ z-(v)wz+ z- (u)

for all u € Q.

Theorem 5.5.3 (Mumford). Let K denote the K-algebra of functions on

generated by the functions wy+ z- coming form those pairs (Z+,Z7) for which
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Wzt z- 18 identically 1. Then K is a field and there is a smooth genus g curve
X over K such that K is the function field of X. The points of X over K are in
bijection with Q/G. Every element of K is of the form awy+ - for a € K and

Hz+ z- tdentically 1.

Consider 1(G,Z) = [Z U U,ec7(2)]; 1(G, Z) is a locally finite tree.
G acts freely on J(G, Z); let J(G, Z) denote the quotient graph J(G, Z)/G. We
denote by 7 the projection (G, Z) — 1(G, Z). I(G, Z) is a graph with finitely
many vertices and edges. After fixing a base point, we have a natural isomorphism
m (3G, Z)) 2 G. As a corollary, J(G, Z) has first Betti number g. The leaves of
J are naturally labeled by the elements of Z.

Let Edge(J(G, Z)) and Edge(3(G, Z)) denote the R-vector spaces gen-
erated by the directed edges of (G, Z) and J(G, Z) respectively. Here reversing
the direction of e is considered to negate it. Define symmetric inner products on
these spaces by defining < e, e’ > to be 0 if e and €’ are distinct edges or if e is of
infinite length and < e, e >= /(e) otherwise. We will abuse notation by writing

a path in one of these graphs to mean the sum of its edges.

Proposition 5.5.4. Let u be any vertex ofj(G, Z). We have
v(pze z- (1) =< [u, (W), [z, 2] > .

i=1

In other words, let L be any loop in T'(G, Z) which realizes the conjugacy class of
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v in 7 (3G, Z)). Then

v(pze z-(7) =< L,y (2}, 27]) >
where m is the projection 1(G, Z) — gimel(G, Z).

See [26] for a proof. (This is also not that hard to prove by hand, using

Proposition 5.2.2.)

5.6 Constructing a Tropical Curve: First Steps

Now let (T, ¢, w) be a zero tension curve in R™ and let ¢ be the first Betti number
of I'. We will attempt to construct a genus g curve X over K and n meromorphic
functions ¢1, ..., ¢, : X — K U{oo} such that Trop ¢(X) = +(T"). (Of course,
we may fail, as we have not assumed yet that (I, ¢, w) is ordinary.)

Let Y be the set of endpoints of infinite edges of I'. We define multisets
Y+ whose elements are all elements of Y as before. That is: let y € Y with y
at the end of edge e € I'. Then occurs in Y+ if £o,(e); < 0 and occurs in that
case with multiplicity |o,(e);|. By the zero tension condition, |Y ™| = |[Y 7|,

call this number r;.

Proposition 5.6.1. Fiz a coordinate i, with 1 < ¢ < n. There are paths P,
... P, C T such that P; is a path from yj_Z to y; " and < L, Z§=1 P; >=0 for
every closed loop L C I'. Moreover, we can assume that no P; uses any edge

twice.
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Proof. Choose an orientation of I'; let v (e) denote the first endpoint of the edge
e. First, note that

< L, Zavl(e)(e)ie >= Zﬂ(e)avl(e)(e)i.

ecL

This second sum is the net displacement in the ¢ coordinate as we travel around
L, which is 0. So it is enough to show that we can find P; with the specified
endpoints such that 2;21 Py =30, ()6

No assume that our orientation is such that each edge of I' is directed
from the end with lesser i-coordinate to the end with greater i-coordinate, break-
ing ties in an acyclic but otherwise arbitrary manner. So o, ()(e); > 0 for every
edge e. Give each edge e of this directed graph weight s, ()(e);- By the zero
tension condition, this is a flow, with sources of weight 1 at the yj_’i’s and sinks
of weight 1 at the y;"i’s. Any flow can be written as a sum of paths from sources
to sinks. As each P; respects the direction of [ and T is acyclic, no Pj can use

any edge twice. O

Let ' be the universal cover of T' and let 13j be paths lifting the P;. Let

ﬂjj” be the appropriate endpoints of the Isj. We will show in the next section:

Proposition 5.6.2. There is a Schottky group G and multisubsets Z+1, ...,
ZE" of Q such that, writing Z = \JI—, Z%*, the tree (G, Z) is isometric to T,
(G, Z) is isometric to T and the ends of J(G, Z) ending at the Z=" correspond

to the ends of T ending at the Y.
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Proposition 5.6.3. With G and Z*" as in the above proposition, we have

V(pgri z-i(v)) =0 for every i between 1 and n and every v € G.
Proof. This is a trivial consequence of propositions 5.5.4 and 5.6.1. O

If we were lucky, we would have pz+.i z—.i(y) = 1, a much stronger
claim than merely having valuation zero. Achieving this will be the hardest part
of our proof of Theorem 5.0.4. Once we have achieved this, the following result

tells us we will be done.

Proposition 5.6.4. Let G and Z*' be as above. Suppose in addition that, for

each i between 1 and n, we have py+i z—i(G) =1. Map Q/G — K" by

U (Wyea z-1 (W), .o, Wyt z—m (1)).

Call this map ¢ and its components ¢;. Then the image of Q/G is a genus g

curve with tropicalization a translation of t(I').
We abbreviate J(G, Z) to J and let ) : I — T be the isometry.

Proof. Let u € Q\U,cqv7Z. Then [JUw] is a tree which differs from J by adding

one new end; let b(u) € T' be the base of this end. We will show that, for u; and

Ug € Q \ Ung'yza
v(¢i(u1)) — v(¢i(uz)) = e(m(¥(b(u1))))i — e(m((b(uz))))s

where 7 is the projection I' — T.
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As in the proof in the genus one case, we have

o(diur)) — v(di(uz)) = 3 S wle(ur,uz : vz, 7).

veG j=1

Also as in the genus one proof, we may assume that b(u1) and b(ug) lie on a
single edge e € T.

Since each P; uses no edge twice, the paths 7]3j are disjoint as v ranges
over (G and, in particular, at most one passes through e. If 7]5j does not pass
through e then v(c(uq, us : yz;', yzj_)) = 0 and may be dropped from the sum.
There will be some 7]3j passing through e if and only if P; passes through e.
Since we assumed that >, P; = > si(e)e, the number of such terms is s;(e).
Letting d denote the distance between b(u;) and b(uz), the left hand side of the
above equation is ds;(e). This is also the right hand side.

We have now shown that

v(¢i(ur)) — v(@i(uz)) = (Y (b(w1))))i — (m (P (b(uz))))s

and thus that v(¢(€2)) is a translation of +(I'). As all of the wz+.i z-.i(u) lie in
K, the image of ¢ will be a quotient Y of the curve X from Mumford’s Theorem.
Thus, it will be a tropicalization of a curve of genus < g. Since TropY = «(T"), we
also have that Y has genus at least the first Betti number and hence has genus

> g. So Y does have genus g as well and, since g > 2, this means ¥ = X. O

We thus see that we will be done if we show that we can choose G and

Zi as in Proposition 5.6.2 and such that i+ ,- (G) = 1. We will tackle this in

(2
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the next two sections.

5.7 Two Lemmas

We pause for two lengthy but important lemmas on the behavior of various
aspects of the previous section under perturbation. We write U for the multi-

plicative group {z € K* : v(z) = 0}.

Lemma 5.7.1. Let A by an F X E integer matriz of rank F and let ¢ be a
positive real number. If k has characteristic p, assume that A also has rank F
after reduction modulo p. Let p : UY x UF — UY be an action of UF on UF

given by convergent power series such that

E E
(p(elv SRR eE)(flv SR fF))g = (H e?ﬁ> (1 + ZO(tc(ei - 1))) fj
i=1 i=1
Then p acts transitively.

Here we write f = O(g) for f and g functions to K to express v(f) >

v(g) and extend the notation in the manner familiar from the archimedean O(-).

Proof. First, note that saying A has rank F' is equivalent to saying that the action

of (k*)F on (k*)F by
& A
<<e1,...,eE>-(fl,...,fF»j=(Heﬁ)fj 1<j<F
i=1

is transitive. We see that every orbit of U¥ on U¥ contains a point (fi,..., fr)

with v(f; — 1) > 0 for each j. Let fO = (fi,..., fr) be such a point and let

164



TWO LEMMAS

m = minj<j<pv(f; —1). We will construct, by induction on k, a sequence
ek = (eF,...,ek) such that, writing p(e¥)(f*~1) = f*, we have v(fi — 1) >
(k + 1) min(m, ¢) and v(ek — 1) > kmin(m, ). Thus [[re, e¥ will converge and
we will have p([Tp2, e¥)(f°) = (1,...,1).

Suppose that e!, ..., €*~! have been constructed and thus we know

what f*~1is. Since A has rank F, there is an E x F' matrix of rational numbers

such that AB = Id. Take

This formula makes sense because the B;; do not have p’s in their denominators.
Moreover, since v(B;;) > 0, we have that v(ef — 1) > min,; v(ff_1 —1). By our

inductive assumption we indeed have v(ef — 1) > kmin(m, c¢). Then we have

=1 7=1 =1
E F
= (1= A By =D+ ot —1)?
i=1 7=1 7=1
E
x <1+20(t0(e§_1))> i
=1

Interchange the order of the double sum to get Zle Zf;l A Bij( ff‘l -
1). By our assumption that AB = Id, we have Zf;l Ay;;Bij = 015 so the sum is

just ( lk_l —1). Plugging this in, we have
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v(O(ff1 = 1)%) > 20(f~" = 1) > 2kmin(m, ) > (k + 1) min(m, c).

Here the second inequality is by our inductive assumption. Similarly,
v(O(t(ef — 1)) > c+v(ef —1) > ¢+ kmin(m, ¢) > (k + 1 min(m, c).

So f* obeys the inductively required inequalities.

It might seem at first that this proof would not work at all if A did
not have full rank modulo p. In fact, the situation is not that bad — one can
replace the formula ef =1 — Zle Bij(ff_l —1) by ef = Hle(ff_l)B” and at
least have a well defined expression. The trouble is estimating the size of ef —1.
For example, if K is the algebraic closure of x((¢)) where k has characteristic p,
then v((1 4 t)'/? — 1) = 1/p, which is substantially smaller than v(t) = 1. That

said, even in the generality of this lemma (as opposed to the specific action to
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which we will apply it in the next section), I don’t know any example where the

characteristic hypotheses are necessary.

Lemma 5.7.2. Let u € U. Define an permutation 7, of P1(K) by 7,(2) = uz if
v(z) > 0 and 1,(z) = z otherwise. Let w, x, y and z be four distinct points of
PY{K)\U.

If w, x, y and z all lie in v~ (Rsq) then
c(w, x:y, Z) = C(Tu(w)v Tu(:E) : Tu(y)a Tu(z))'

The same holds if w, x, y and z all lie in v~ (R<).
Suppose that w € v (Rsg) and z, y and z € v (Rg). Let ¢ denote

the minimum of —v(y) and —v(z). Then

c(tu(w), Tu(@) : Tu(y), Tu(z)) _ Cly —
c(w,z:y,z) =1+ 0 (u—1).

The same holds if w € v"'(Reg) and =, y and z € v~ (Rsg) where c is the
minimum of v(y) and v(z).
Suppose that w and x are in v~ (Rsg) and y and z are in v~ (Rg).

Set ¢ = min(—v(y), —v(2)) + min(v(w), v(z)). Then

C(Tu(w)vTu(:E) 17’u(y),’7'u(2)) _ c U —
c(w,x:y,2) = 1+ 00 1)
and

e(ru®): @) : (@) 1u2) _ iy 4 ogre(u - 1)),
c(w,y:x,2)
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Proof. If w, x, y and z all lie in v~} (Rsq) then 7, multiplies w, =, y and z by u,
which doesn’t change their cross-ratio. If w, x, y and z all lie in v~!(Rg) then
T, has no effect at all.

Suppose that w € v (Rsg) and x, y and z € v (Rg). Then

(), (@) s Tuly) Tul2) _ (ww — )z — ) (ww — 2)(x —y)
c(w,w:y,2) (w—y)(z—2)/(w—2)( )
_ (w—y)w—2)
(ww —2)(w )

By Proposition 5.2.2, this is 1+0(t%) where d is the length of the finite edge of the
tree [w, uw,y, z]. The fact that y and z € v~ (R-o) and w and uw € v~ (Rs)
forces this edge to contain R2. The edge extends for a distance of ¢ below R2
and v(u—1) above R2. The case where w € v~ (R) and z, y and z € v~ (Rsg)
is practically identical.

Now suppose that w and  are in v ™! (Rsg) and y and z are in v~ (R).

c(ry(w), 7u(x) : T (y), Tu(2)) cluw,ux:y,2)
c(w,x:y,2) c(w,x:y,2)
c(uw,uzx : y, 2) ' c(w,uzx : y, 2)

clwyur:y,z)  clw,x:y,z)

= c(w,uw:y,z)c(x,uz:y,z)

where the last equality is by the same identity as was used in the previous set
of displayed equations. Each factor is 1 4 (t°(u — 1)) by the same argument as

before.
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Finally, we have

c(tu(w), Tu(y) : Tu(®), Tu(2)) cluw,y:uz,z)
c(w,y:z,2) c(w,y:z,2)

We have == = 1 — (u — 1)——. Since v(z) < 0 and v(uvw) = v(w) > 0, we

uw—z

have v(——) = v(w/z) = v(w) —v(z) > ¢, so == = 14 O(t°(u — 1)). By the
same logic, =2 =1+ O(t°(u — 1)). O

’ uy—=x

5.8 Deformation of (G and Zii

Suppose that we are given a zero tension curve (I',w,¢) in R”. Our aim is to
construct a curve X € K™ with Trop X = (T, ¢, w) by first finding a group G and
subsets Z as in the previous section and then deforming our choices until each
Izt z- is identically 1 as desired.

Let Edge(T"") denote the set of directed edges of T, Fix a basepoint
in T, let T denote the universal cover of ' with 7 : I' — I the projection and
vy € I a specified lift of the basepoint. So 71 (T, 7w(vg)) acts on T.

Suppose that we have a map h : Edge(I'i") — PGLy(K) which obeys
h(—e) = h(e)~! and we have two finite vertices v and w of T, let ey, ..., e, be
the path between them. We define pp(vi — v2) = h(ey)---h(e,). If h factors

through the projection 7 : I' — T then g — pr(vo — gug) gives a map of groups
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m1 (T, m(vg)) — PGLo(K).

We now prove a proposition left open before. Remember our construc-
tion of the multisets ?;-i: These are finite multisets each of whose elements is a
degree 1 vertices of I'. They have the property that, when the paths from U ot
to yk_Z for are pushed down to I', the signed number of times these paths pass

through the edge e in the direction running away from endpoint vy (e) is oy, (¢)(€)-

Proposition 5.8.1. There is a Schottky group G and subsets Z51, ..., Z=1 of
Q such that, writing Z = J_, Z*°, the tree J(G, Z) is isometric to T, J(G, Z) is
isometric to I' and the ends ofj(G, Z) ending at the ZZ-jE correspond to the ends

of T' ending at the Y.

Proof. Let T be a tree with j : T'— I' a surjection preserving edge lengths which
is bijective on edges (but some vertices may be multiply covered.) We may find
an isometry ¢ : T'— BT(K). Let ug € T be a preimage of m(vg) and orient each
edge of T away from vg. We write vi(e), va(e) for the endpoints of e closer to
and further from ug respectively. Proceeding inductively away from wug, for each
e € Edge(T") we may choose a map h(e) such that p(vg — v)1(vg) = ¥(v) for
all v € T. More explicitly, when we come to each edge e, we must make sure that
h(e)(pn(vo — v1)~ (0 (v1))) = pu(ve — v1) *(¥(v2)). We require furthermore
that h(e) is hyperbolic and that the path [Vi(h(e)), Va(h(e))] meet T along the

edge [(pn(vo — v1) " (¥ (v2))), (pr(vo — v1)~1(xp(v1)))]. If we make our choices

generically, the following additional condition will also hold:
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If j(v) = j(v') and e and ¢ are distinct edges directed away from v
and v’ then [Vi(h(e)), Va(h(e))] N [Vi(h(€)), Va(h(e'))] = (vo).

We now extend h to all of Edge(I'i®) by requiring that h factor through
m. So we get a map of groups 71 (I", 7(vg)) — PGLy(K). We also define a map
Yy, = Vert(T') — BT(K) by ¢ (v) = pa(vg — v)(vg); by the above, this extends
1. The map 1y, is obviously compatible with the 71 (I", 7(vg)) action. Using this
compatibly to translate back to T', we see that 1, can be extended to T.

We claim that this extension is still injective and is an isometry onto its
image. 1y, is locally injective, as it must be locally injective in the neighborhood of
a point in the middle of an edge and our “additional condition” guarantees that it
is injective in the neighborhood of a vertex. That means that a non-backtracking
path in T is taken to a non-backtracking path in BT(K). Nonbacktracking paths
are geodesics in trees like I' and in R-trees like BT(K), so ¢y, takes geodesics to
geodesics. Since geodesics are unique in BT(K), the map 1y, is not merely length
preserving on edges but distance preserving on all of T'. Isometries are injective.

This shows that py, (71 (T, 7w(vg))) is free: it acts freely on the tree ¢y, (T)
and it is Schottky as it is easy to check that any nonhyperbolic element, when
acting on a tree containing its fixed point(s), fixes a line segment. Also, v, is an

isometry because 1) was. O

Now, let u : Edge(T'"") — U := {x € K* : v(x) = 0}. We will replace h

by a new function h* : Edge(I'i") — PGLy(K) defined as follows: h“(e) has the
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same eigenvectors as h(e) but Ai(h*(e))/Aa(h"(e)) = uAi(h(e))/Aa(h(e)). We

define a new map " : VertT — BT(K) by v — ppu(vg — v)1p(vp).

Lemma 5.8.2. The map ¢* extendeds to an isometry T — BT(K). h" then
gives a set of choices compatible with " in the construction of the previous

theorem.

Proof. To check this, one first needs to see that, for v1 and vy endpoints of an
edge e, the distance between ¥"(v1) and ¥*(vy) is the length of e. Using the
isometry ppu(vg — v1)~!, this is transformed into a problem about computing
the distance from 1 (vg) to h*(e)1(vg). Since the path between the eigenvectors
of h"(e), which are also the eigenvectors of h(e), passes through v (vg), this dis-
tance is v(A1(h"(e))/Aa(h%(e))) = v(A1(h(e))/A2(h(e))) as v(u) = 0. Reversing
the argument, the latter distance is that from v (v1) to ¥ (v2), which is already
assumed to be correct.

One must also check that, for each vertex v of T, the paths joining
Y™ (v) to the images of the neighbors of v meet only at v. Using ¢"(vg — v)~! to
translate the problem back to vy, we need to check that the arcs connecting 1 (vg)
to Vo(h*(e)) meet only at 1)(vg) as e varies. But the eigenvectors of h'(e) are the
same as those of h(e), so again this reduces to a condition that has already been
checked for .

The last sentence is straightforward. O

We may then define the embedding ¢* : T’ — BT(K) as before. When
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we change h to h*, we also change the Z* to be at the corresponding ends of

(I,
Fix 79 € m1(I, w(vp)). Our goal is to determine the effect of all of these
changes on fi,+ ,— (%), which is given by the formula

d;
"
Kzt z- (70) = H H c(w, yo(w) : vz, 2, ™)
k=1~em (T, (vo))

for an arbitrary choice of w.

Since w may be taken arbitrarily, we choose a w such that the paths
from w to both 9 (T') and 1*(T) attach at vg. Let 7 be the tree which consists
of ' with two more infinite edges attached at vy and gvg. We denote the two
additional endpoints by a and b respectively. We extend the embeddings 1 and
Y™ to take 7 — BT(K) by taking the infinite edge attached at vy to w and the
infinite edge attached at gvy to pr(g)w and ppu(g)w respectively.

The main computation of this section is the following;:

Proposition 5.8.3. Let c be the length of the shortest edge of T'"™. For e an edge
of T' with endpoints vi(e) and ve(e), let [yo, €] be the number of times a closed
loop representing 7o passes through e in the direction away from vi(e). Then

replacing h by h, changes pz+ z-(v0) by a factor of

II u(e)Pedoa@©@i(1 4 0@ min (u(e) — 1))

eeIfin eelan
Proof. We will describe a sequence 1/ of embeddings 7 < BT(K) with ¢* = 1)

and such that, for every point ¢ of 7, we have ¥’(c) = 1%(c) for j sufficiently
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large. More precisely, define an ordering eq, es, ...on the edges of I'i* such that
each initial segment is a subtree of 7 containing vy. Define hi(e;) for e e I'fin
to be h%(e;) when i < j and h(e;) otherwise. h? does not factor through 7, so
we do not get a map 71 (I, m(vg)) — PGLo(K), but we still do get an injection
Vert(Ti") < BT(K) by v = pp(vo — v)b(vo) which still extends to a map
' : T — BT(K). The only subtlety is what to do with the infinite edges. For
each infinite edge e of 7, let v be the vertex at which it is attached and send e to
ppi (Vo — v)pp(vg — v)~te. Clearly, for every point ¢ of T, we have 7 (c) = ¥%(c)
for j sufficiently large.

The map v’ is obtained from =1 as follows: let f € PGLy(K) be
a map that takes ¥/~ !(va(e)) to R2 and takes the eigenvectors of py;(vg —
va(ej))ppi(vo — vi(e;)) ™" to 0 and oco. Then 1/ = f~ 17, fip’~ where 7, is the
operator from Lemma 5.7.2.

Recall that Yii is the multiset of degree 1 vertices of 7 which 1 takes
to Zii. Set

d.
=11 TI e (a),w/(b): v/ (vii "), o (i, *)).

k=1 ~em (T,m(vo))
For all but finitely many -, the subtree of 7 spanned by a, b, 737;" ok
and vy, * has an internal edge dividing a and b from ~yy; * and vY; K Then
that c(v7(a), 7 (b) : I (v ™), I (yy; ")) = 14 O(t%) where d is the length of

that edge. Moreover, for any fixed D € R, there are only finitely many terms for

which d < D. Thus, we see that the product is uniformly convergent. (In the
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nonarchimedean topology, any product where the terms approach 1 converges.)
Thus, we may take the limit as j — oo term by term and get

d;
fim =T JT ew"(@) v ) 9" ("), 0 (05 ).

k=1 '\/€7r1(1",7r(v0))

Our goal is to estimate the ratio of the above product to p¥. We first

estimate p/ /p/~!. We claim that
1 /i = u(m(e) 71 1+ Ot (u(m(ey) — 1))
if e; is on the path from a to b and

W/ =14 0(t(u(n(e) — 1))

otherwise.

This is a product of cross ratios as in Lemma 5.7.2. Every term where
the tree spanned by a, b, yﬂj’k and yﬂ;’k does not contain the edge e; is 1.
Every term where e; does not separate a from b and vy, * from vY; Fis 1+
O(t°(u(e;) —1)). The bound of the valuations by c is because, all the terms that
are on the vy (e;) side of e; are at least the length of e;, which is > ¢, away from
the va(e) side. So, if e; does not separate a from b, we have the claimed result.

Suppose now that e; does seperate a from b. For the accuracy that
concerns us, the only terms we need to consider are the ones coming from when
e; also seperates 737;" * from VY *For each such term, we get a contribution of
u(e;)(1 + O(t(u(e;) — 1))). The number of v for which this happens (counted

with sign) is o, (¢;)(€j);- So we have proven the claimed bound for w /it
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We want to estimate H‘;‘;l @ /W~ The terms for which e; does not
seperate a from b only contribute to the error. For a given edge e € I'i™, the
number of e; for which 7(e;) = e and e; seperates a from b is [y9, €]. So we get

the claimed result. O

If we now put together all of our results, we will have proven Theorem
5.0.4 for curves of genus g > 2. Let us lay out the argument in summary.
Proposition 5.6.4 states that, if we can find G and Z™!, ..., Z%" such that
1(G, Z) is isometric to T' and such that each Pz+i z—i is identically zero, then
the image of the map ¢ : Q@ — (K*)" is a genus g curve with tropicalization
o(I"). Proposition 5.8.1 tells us that we can find G and Z** such that J(G, Z) is
isometric to Gamma.

In this section, we have described a way of making UF8(M) act on the
collection of possible choices of G and Z%* while preserving the geometry of
1(G, Z). Choose a generating set 71, .. ., 7, for m L, m(vo)). If pgsi z-i(y;) is 1
for 1 < j < g then we will know that g+ z—.i(7) is identically 1. Proposition

5.8.3 showed that the action of UFdse@) modifies pz+i z—i(7;) by a factor of

[T w001+ 0@ min (u(e) - 1))

ecIfin
ecIfin

where ¢ was the length of the shortest edge of I'. This is an action on U9" of the
form discussed in Proposition 5.7.1. The matrix A in this case is precisely the
matrix Slope(T, ¢, wt).

Our hypothesis that I' is ordinary tells us that A = ® has full rank and
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we have imposed that it has full rank modulo p as well. So Proposition 5.7.1
tells us that the action of UP on U™ is transitive. In particular, it is possible to
choose a u which makes all of the py+.i z—.i(7;) equal to 1. We thus have proven

Theorem 5.0.4.
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