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Two addresses from the Memorial Symposium held at Indiana University, June 1993

ON MAX ZORN'SCONTRIBUTIONSTO MATHEMATICS

Darrdl Halle

It is apleasure and an honor to have the opportunity to spend afew minutes
describing some of Max Zorn's contributions to mathematics. It is essential that any
memoria service for Max include such adiscussion; Mathematics was, after al, a
major part of Max'slife and certainly the dominant aspect of hisintellectua life.
Those in the audience who are not mathematicians will therefore | hope forgive me
If the discussion becomes at times somewhat technical. The language of Mathematics
was Max's language and it isin that language that we must in part speak of him.

Max's interests were remarkably diverse. He published papersin algebra,
number theory, logic, functional analysis and function theory. It istherefore
impossible for me to speak competently on all of his contributions and so | have
chosen instead to speak of hiswork in algebraand number theory. Thisis
appropriate not only because of my own mathematical interests but also becauseit is
in these areas that Max did his first important work.

| should also say at this point that | will not speak on his work on what came
to be called Zorn's lemma. In fact one of my goalsisto demonstrate that Zorn's
lemma, although certainly Max's most famous mathematical contribution, was far
from hisonly one.

However in thisregard | cannot refrain from describing an incident involving
the student newspaper, the Indiana Daily Student. In their article on Max, they
referred to hisresult as"Zorn's Dilemma’, as though it were something like
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Russell's paradox. As someone in the department pointed out to me, no one would
have enjoyed the error as much as Max himself.

Max obtained his degreein 1930, two months before his 24th birthday. His
advisor was Emil Artin; in fact he was Artin's second Ph.D. student. His thesiswas
in abstract algebra and treated the theory of aternative algebras [Theorie der
Alternativen Ringe, Abh. Math. Seminar Hamburg 8, 123-147 (1930)]. He went on
to write four papers on this subject, the last in 1941. | want to try to put hisresults
In perspective.

In 1843 William Hamilton introduced the algebra of quaternions, the first
extension of the notion of number system past the system of complex numbers. Just
as the complex numbers may be constructed by introducing operations on ordered
pairs of real numbers, the quaternion numbers may be constructed by introducing
similar rules for adding and multiplying ordered pairs of complex numbers (the
duplication process). Theresulting system isfour dimensional over the reals and has
many propertiesin common with itsreal or complex predecessors. In particular it is
an example of what is now called a division algebra; you can divide any nonzero
quaternion into any other quaternion, just as you can in the reals or the complexes.
However unlike the passage from the reals to complexes, you |ose something in
going from complexes to quaternions: The algebra of quaternionsis not
commutative (there are quaternions x, y such that xy does not equal yx).

Almost immediately after Hamilton's discovery, Graves and Cayley
(independently) discovered that there was yet abigger number system, this time of
dimension eight over the reals, in which once again one could aways divide. Just as
in going from the reals to the complexes or from the complexes to the quaternions,
this new system can be constructed by defining certain addition and multiplication
rulesto ordered pairs of quaternions, that is by another application of the duplication
process. What resultsis now usually referred to as the system of Cayley numbers
(or octonions). However once again we have lost something in the process. The
algebra of Cayley numbersis not only not commutative, it is not even associative:
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There are octoniansx,y,z such that (xy)z does not equal x(yz ). However the

Cayley numbers do have a property that is close to, but weaker than, associativity:
The expression (xy)z-x(yz) is an aternating function of its three arguments, i.e. the
expression is zero when any two of the three arguments are the same. Thus any
algebra satisfying this weaker form of associativity came to be known as an
aternative algebra and it was this class of algebras that was the object of Max's
study in the four papers.

To make this definition perhaps palatable to those more comfortable with
associative objects let me say that another characterization of alternative algebrasis
this: an algebrais alternative if and only if the subalgebra generated by any two
elementsis associative.

Now between the 1840's and the 1930's much had happened. In particular
the subject of abstract algebra had been born. Among its achievements had been so
called "structure" theorems for classes of algebras, for example for the class of Lie
algebras (work of Killing and Cartan) and the class of associative algebras (work of
Wedderburn). Even though these two classes have very different looking properties,
the pattern of the structure theory is remarkably similar. In each case one identifies
an unpleasant subset of the algebra, usually referred to asthe "radical”. It isthen
shown that if that subset is as small as possible (that is equals zero) then the algebra
(which in thiscaseis called semismple) can be decomposed into afinite sum of
more understandabl e objects (called the ssmple objects of the class). Finally these
simple objects are classified by showing that each one is the same as one that
appearson alist of algebrasin the class that you aready know.

This, then, iswhat Max did for the class of dternative algebras: He
determined what the unpleasant subset for alternative algebrasis, he proved that if
the alternative algebra is semisimple then the algebra decomposesinto afinite direct
sum of "simple" aternative algebras, and he then classified the simple alternative
algebras. It should be noted that hisresults are for algebras over arbitrary fields with
no restriction on the characteristic, that is definitely in the abstract algebra spirit.



page 4
Thiswas a striking achievement and in fact Max received a University prize from

Hamburg for hiswork. In the process or working out the structure theory he
proved in particular that the only finite dimensional aternative division algebras over
thereals are precisaly the four algebras we have discussed, the reals, the complexes,
the quaternions, and the octonions. This result is of sufficient importance to deserves
its own paragraph.

After the discovery of the quaternions and the Cayley numbersit was
thought by some that there must be a never-ending series of bigger and bigger
number systems. In particular Gravesis said to have conjectured the existence of
such a system of dimension 2n for each n. However a series of results starting later
In the nineteenth century and continuing into the second half of the twentieth
century has shown that thisis far from the case. In very brief form hereisthe
history:

In 1877 Frobenius proved that the only real associative finite dimensiona
division algebras are the reals, the complexes and the quaternions.

In 1933 Zorn's theorem appeared [Alter nativkor per und Quadratische
Systeme, Abhandlung Math. Sem. Hamburg, 9, pp 395-402 (1933)].

In 1940 Heinz Hopf proved, with no associativity conditions assumptions of
any kind —and this was a stunner— that every finite dimensional real division
algebra has dimension of 2n.

In 1958 Milnor and Kervair (independently) proved, again with no
associativity conditions, the famous result that every finite dimensional real division
algebrahasdimension 1,2,4, or 8.

So Max's theorem was a significant contribution to that line of results. He
had good reason not to be able to figure out the theorems of Hopf and of Milnor
and Kevair, because both of those results require methods of algebraic topology
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which were only then being devel oped.

| have described Max's research on alternative algebras. But | want to make
two observations on his other work.

In his second published paper entitled A Note on Analytic Hypercomplex
Number Theory [Abhandlung Math. Sem. Hamburg, 9, pp197-201 (1933)], Max
proved that the fundamental theorems on the structure and classification of simple
algebras over algebraic number fields could be derived from the functional equation
of the zeta function of adivision algebra. This became one of the standard
approaches to the subject and, in fact, isthe one used in Andre Well's famous text
Basic Number Theory.

Lastly here is anice example of Max's mathematical insight. 1n 1937 a paper
of hisentitled p-adic Analysis And Elementary Number Theory appeared in the
Annals of Mathematics [V ol. 38, pp. 451-464]. In it he provides a new proof of a
generaization, first given by Schur, of Fermat's so-called little theorem. The proof
uses the method of p adic analysis and Max makes the important remark that his
am isto demonstrate the desirability of a deeper investigation of special p adic
functions and in particular of the possibility of analytic continuation of such
functions. Well, suffice it to say that the analysis of special p adic functions has now
become an important tool in the arsenal of modern number theory.

These things having been said, for most of usin this room Max's published
work, as significant and substantial asit is, is not what we will remember him by. It
Israther Max's life-long dedication to mathematics and his apparently endless
curiosity about mathematical ideas that we remember and from which we draw
inspiration. For me personaly this dedication is symbolized by the image of Max
with his cane walking purposefully along Third Street to his office, day after day. It
IsMax's spirit and very presence that we will all miss,
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ZORN'SLEMMA
John Ewing

The 19th century was a troubled time for mathematicians. A subject that once
seemed above the common sgquabbling of scientists and philosophers began to
develop flaw s that even beginning students of calculus could see. Fierce arguments
broke out about how to repair the damage. Slowly, those problems were corrected
by carefully defining terms (continuity, convergence, integration), but
mathematicians soon discovered that they must define evermore basic termsto do
the job. The process had to end somewhere, and it was clear that it endedin a
system of axioms --- smple statements that everyone would accept astrue, and
from which al the rest of mathematics was deduced using logic.

But what should those axioms be? Near the turn of the century, Zermelo
and Fraenkel formulated a system of axioms for the most basic part of mathematics,
set theory . But Zermelo soon ran into a problem: He needed to prove something
about sets, and it didn't seem to follow from the axioms. Here's where the story of
Zorn's Lemma begins.

Cantor (amajor figure in the development of set theory) gave a
prominent place to ordered sets. An ordering isarelation --- ordered pairs of
elements, one above the other ---that provides away to compare elements (like
rank in the army or standing in the polls). It isafull ordering if it satisfies some
common sense properties of a ranking (an element cannot be both above and below
another element, and if x isabovey, whiley isabove z, then x isabove z. A setis
well-ordered if it has afull ordering for which every (nonempty) subset has a
smallest element. Example --- the counting numbers{1,2,3,4,5, ...}. A not-so-
obvious exampleisthe set of integers{..., -2,-1,0,1,2, ...} or therationals. The
"natural" ordering doesn't give awell-ordering (since there are subsets without a
smallest element ), but we can put an "unnatural” ordering on the set to make it
well-ordered.
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Why bother? Because Canto? d?scovered that for setsthat are well-
ordered, one can argue by induction --- exactly as one argues for the counting
numbers. To prove a statement istrue for every integer, we need only show it'strue
for the first and then show that when it's true for the first n, it must be true for n+1.
That's induction. Using well-ordered sets allowed Cantor to do "transfinite"
induction, which was a powerful new technique, especially in algebra.

Could every set be well-ordered? That was a key question for
mathematicians trying to create firm foundations. Of course, what they really
needed to know was whether the statement (or its negative) followed from the
axioms of Zermelo and Fraenkel. In 1904, Zermelo "proved” his Well-ordering
Theorem: Every set could be well-ordered. Unfortunately, he had to assume another
axiom to do so, the Axiom of Choice. At first, the Axiom of Choice seems
completely natural; it says that for any collection of set swe can form anew set by
choosing exactly one element from each of the others. Faced with a basket of
apples, a basket of oranges, a basket of grapes, etc. we can make a basket of fruit
by choosing one apple and one orange and one grape and ... But there is a subtlety
that one easily misses. We have to make the choices ssimultaneoudly, not one at a
time. For afinite collection of finite sets, this can easily be done. For an infinite
collection of infinite sets, it's not so obvious.

The Well-ordering Theorem therefore rested on shaky ground, following
from the axioms of set theory and an uncertain Axiom of Choice. Nonetheless,
transfinite induction and well-ordering were so useful that mathematicians used them
freely during the early part of the twentieth century, building whole areas on top of
what might be a shaky foundation. Algebrawas particularly dependent on transfinite
induction, and an entire area (field theory) was devel oped using the Well-ordering
Theorem asits basis.

In 1934, Max Zorn presented a paper to the American Mathematical
Society that tried to study those shaky foundations. It subsequently appeared as a
research announcement in the Bulletin of the AMS (1935, 667-670). In that short



page 9
paper, he showed that many of the theorems of field theory followed from the

usual axioms of set theory together with a new axiom, which he called his
maximum principle. The new axiom had to do with collections of sets. A chainin
such acollection is a subcollection of nested sets, that is, in which one of any pair is
contained in the other. A collection is closed if it contains the union of every chain
(the set of all elementsin every one of the setsin the chain). Here's Zorn's maximal
principle: Whenever a collection of setsis closed, there must be amaximal set in the
collection, that is, a set that is not contained as a proper subset of any other . Using
that principle, rather than the Well-ordering theorem of Zermelo, he sketched the
proofs of many basic theorems about transcendence and algebraic closurein field
theory.

It was that maximal principle that came to be known (in dightly different
form) as Zorn's Lemma. It was, of course, not alemmaat all in the sense that it was
not proved but rather assumed. It was a replacement for Zermelo's Well-ordering
Theorem, and made proving many of the resultsin algebraeasier and less
cumbersome.

Did it solve the problems of foundations? Not at all. In fact, Max Zorn
him self mentions at the end of his 1935 paper that his maximal principle and the
Weéll-ordering Theorem and the Axiom of Choice are al equivalent ; that is, one can
prove any one of these three from any one of the others. He promises to provide a
proof of thisin another paper. The new axiom made it easier to prove theorems, but
it did not resolve the question about foundations.

Wasit anew idea? Not entirely. The early part of the twentieth century
was a tumultuous time for mathematics. Many people studied foundations, and
Kuratowski and Brouwer both considered maximal principlesin other settings. But
Zorn showed how to use amaximal principle to prove interesting and important
mathematics. It was Zorn's work that people read and studied. And it was the name
"Zorn's Lemma" that was attached to a particular maximal principle: Every
partially ordered set for which every chain has an upper bound has a maximal
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e ement. Thiswas such a useful formulation of the axiom that mathematicians often

sought to convert problemsinto aform that made it easy to apply; one tried to
"zornify" the problem. Using the Well-ordering Theorem in the form of Zorn's
L emma became a useful tool, used ailmost universally in twentieth century
mathematics.

Was the assumption justified? That is one of the delightful surprises (and
mysteries) of mathematics. On the one hand, Goedel showed that it was. Assuming
the Zorn's Lemma along with the rest of the axioms of set theory would lead to no
contradictions. On the other hand, Cohen showed that Zorn's Lemma was
Independent from those axioms: Assuming the negative was consistent as well.
Mathematicians are therefore left with afree choice, to assume Zorn's Lemma or
not. Most do, and that makes Zorn's Lemma indispensable.



