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A B S T R A C T

In the present work, a physics-informed deep learning-based constitutive modeling approach
has been introduced, for the first time, to solve non-associative Drucker–Prager elastoplastic
solid governed by a linear isotropic hardening rule. A purely data-driven surrogate modeling
approach for representing complex and highly non-linear elastoplastic constitutive response
prevents accurate predictions due to the absence of prior physical information. To mitigate this,
we design an efficient physics-constrained training approach leveraging prior physics-driven
optimization procedures. It has been achieved by formulating a highly physics-augmented
multi-objective loss function that includes elastoplastic constitutive relations, Drucker–Prager
yield criterion, non-associative flow rule, Kuhn–Tucker consistency conditions, and various
boundary conditions. Utilizing multiple densely connected independent feed-forward deep
neural networks fed with high-fidelity numerical solutions in a data-driven loss function, the
model obtains the accurate elastoplastic solution by minimizing the proposed loss function.
The strength and robustness of the approach have been demonstrated by accurately solving the
benchmark problem where a plastically deformed isotropic shallow stratum has been subjected
to compressive pressure under plane strain Drucker–Prager yield condition. To optimize the
performance and trainability of the model, extensive experiments on network architecture and
various degrees of data-driven estimate shed light on significant improvement in terms of the
accuracy of the elastoplastic solution, particularly, that exhibits sharp, or very localized features.
Moreover, we propose a transfer learning-based PINNs modeling approach that elucidates the
possibility of predicting solutions for different sets of applied stress and material parameters.
Requiring significantly less training data, the framework can simultaneously enhance the
accuracy of the solution and adaptability of training by demonstrating rapid convergence in
critical loss components. The current study highlights a systematic development of a novel
physics-informed deep learning approach which is quite generic in nature, yet robust and highly
physics-augmented for transferability of known knowledge for vastly accelerated convergence
with improved accuracy of predicting an accurate description of non-associative elastoplastic
solution in the regime of continuum mechanics.
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1. Introduction

For several decades, continuum mechanics research has been focused on an accurate description of the behavior of materials
y developing constitutive models under various loading conditions (Khan and Huang, 1995; Chaboche, 2008). Recent progress
otivates one to properly formulate and parameterize these constitutive models. However, this can be a challenging task, particularly

or materials showing strong path-dependent (i.e., inelastic) behavior (Chaboche, 2008). In the regime of elastoplasticity, the goal
s to capture the plastic deformation caused by slips and dislocations which can be formulated by a system of ordinary/ partial
ifferential equations that describe the underlying physics of the problem (Chaboche, 2008; Ulloa et al., 2021) It provides the
tress–strain relations together with kinematic relations and conservation laws to formulate the governing equations that dictate
he material behaviors (Simo and Hughes, 2006; de Souza Neto et al., 2011). Among existing elastoplastic models (Borja, 2013),
on-associative models accounting for a realistic representation of pressure-dependency and dilation are particularly powerful
o capture a wide range of complex constitutive material behaviors that exhibit non-isochoric plastic deformation (Szabó and
ossa, 2012; Ulloa et al., 2021). These constitutive models utilize various yield criteria (Giraldo-Londoño and Paulino, 2020)
uch as Mohr–Coulomb (Jiang and Xie, 2011), Zienkiewicz–Pande (Zienkiewicz, 1977), Drucker–Prager (Drucker and Prager,
952), Williams–Warnke (Willam, 1975), that include pressure-dependent features into the yield function (Szabó and Kossa, 2012).
oteworthy to mention, these pressure-dependent solids typically exhibit different stress limits in compression and tension that can
e represented by a right-circular cone in the principal stress space (Luo and Kang, 2012).

To this end, the Drucker–Prager yield criterion (Drucker and Prager, 1952) has been defined in terms of stress invariant where
ydrostatic pressure affects the plastic deformation that has been a widely adopted model in soil plasticity (Chen et al., 1990;
ossa, 2012). Additionally, these materials often violate the associated flow rule which has been observed experimentally (Chen
t al., 1990; Ottosen and Ristinmaa, 2005). Thus, accurate prediction of the elastoplastic response requires the determination of
lastic flow direction employing non-associative flow rule (Kossa, 2012; Ulloa et al., 2021). These problems are generally modeled
s boundary-value problems (BVP), and typically, solved utilizing conventional numerical methods such as finite element method
FEM) (Liu et al., 2022b). Such a strategy requires obtaining the integration of the rate form-constitutive equation at all integration
oints for each element. Therefore, the global accuracy of the solution is strongly dependent on the adopted integration technique.
eedless to say, such a numerical procedure is computationally expensive and time-consuming due to the inherently complex, highly
on-linear nature of the underlying differential form, numerical integration schemes, and the iterative nature of the solver during
onvergence (Zienkiewicz and Taylor, 2005; Liu et al., 2022b).

In recent years, as an alternative to traditional models, deep learning (DL)-based data-driven techniques characterized by multi-
ayer neural networks (NN) (LeCun et al., 2015) have resulted in unprecedented advancements in its use in various disciplines such
s computer vision (Roy and Bhaduri, 2021; Roy et al., 2022b; Roy and Bhaduri, 2022), object detection (Roy et al., 2022a; Roy and
haduri, 2023), brain–computer interface (Roy, 2022b,a), etc. It have been shown to be a promising avenue that has the potential
o improve (or even replace) existing conventional numerical frameworks (Brunton et al., 2020). Leveraging the powerful universal
unction approximation capability of NNs, there is a growing research persuasion in data-driven modeling across diverse scientific
nd engineering disciplines such as surrogate modeling in fluid mechanics (Brunton et al., 2020; Brunton, 2022), reduced-order
odels in complex dynamical systems (Fernex et al., 2021; Fresca and Manzoni, 2022), aerodynamics and aeroelasticity surrogate
odeling (Kou and Zhang, 2021), etc. These techniques have also become increasingly popular in the domain of computational
echanics to solve complex partial differential equations (PDEs) (Montáns et al., 2019). However, the aforementioned DL-based

urrogate models do not take into consideration prior physical information dictated by governing differential equations and
onstitutive laws, and thus, cannot accurately extrapolate field variables due to the black-box nature of the models. In addition,
hey are heavily data-intensive in nature, requiring large amounts of data for engineering systems that are often quite expensive.

To circumvent these issues, more recently, a unified approach for NN-based constitutive modeling, known as Physics-Informed
eural Networks (PINNs) that integrate underlying physics from governing equations into data-driven machine learning frame-
ork (Raissi et al., 2019; Karniadakis et al., 2021). Such a construction of physically informed deep feed-forward neural networks

mproves the performance of a learning algorithm by incorporating governing physical laws, constitutive relations, and initial and
oundary conditions into various terms of the total loss function, and allows one to train massive neural networks with relatively
mall and sparse training datasets. Leveraging the automatic data-driven estimates of NN, their optimal parameters are then found
y minimizing the total loss functional over deep collocation sampling points (Raissi and Karniadakis, 2018; Karniadakis et al.,
021). Whilst the most popular neural network architecture used for PINNs is a vanilla feed-forward neural network, various other
rchitectures have also been explored in the literature (Lawal et al., 2022). In this context, PINNs have been extended to use
ultiple feed-forward neural networks (FFNNs) (Haghighat et al., 2021b; Moseley et al., 2021; Niu et al., 2023; Bose and Roy,
022, 2024), convolution neural networks (CNNs) (Gao et al., 2021; Fang, 2021), recurrent neural networks (RNNs) (Zhang et al.,
020b; Yucesan and Viana, 2021), physics-informed bayesian optimization approach (Khatamsaz et al., 2023), and Bayesian neural
etworks (BNNs) (Yang et al., 2021; Viana and Subramaniyan, 2021). In the regime of computational mechanics, PINNs have now
een applied to the solution and discovery for a variety of problems such as linear elasticity (Guo and Haghighat, 2020; Haghighat
t al., 2021b,a; Vahab et al., 2021; Roy et al., 2023b), hyperelasticity (Brodnik et al., 2023; Thakolkaran et al., 2022; Fuhg et al.,
022; Linden et al., 2023), continuum micromechanics (Henkes et al., 2022), von-Mises plasticity (Roy and Guha, 2023), elastic-
iscoplastic solids (Frankel et al., 2020; Goswami et al., 2022; Arora et al., 2022), inverse design (Jin et al., 2023; Liu et al., 2022a;
ang et al., 2023) etc.
However, the proper theoretical approach and corresponding computational development on the use of PINNs for building an
2

ccurate and robust deep learning-based framework in solving non-associative elastoplastic constitutive modeling has remained
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unattempted at the time of drafting this work. Noteworthy of mentioning, in our previous work (Roy and Guha, 2023), we
have initiated formulating a PINNs-based approach for solving elastoplastic constitutive modeling in general via an improved
multi-objective loss function. In the work, we illustrate promising prediction capabilities in constitutive response, nevertheless,
the applicability of our previous framework has only been limited to the application of von Mises perfectly plastic and isotropic
linear hardening models. We found that our PINNs perform exceptionally well in predicting the von Mises elastoplastic constitutive
response. However, using PINNs to solve the forward non-associative elastoplastic problems has proven to be very challenging,
particularly for the pressure-dependent Drucker–Prager type model considered herein. To this end, we further realized that, indeed,
a special theoretical treatment is essential to further generalize our theory for application in non-associative pressure-dependent
elastoplastic constitutive modeling. The extension of our previous theory requires significant theoretical development to thoughtfully
include loss contributions from the perspective of the non-associative flow rule and Drucker–Prager yield criterion into an improved
multi-objective loss function in a generic sense. In addition, it requires the inclusion of explicit total-form solutions of deviatoric and
hydrostatic parts into the physics-driven loss which is paramount in achieving the desired robustness and accuracy of the prediction.
These two parts essentially need to be effectively decoupled, and therefore, require careful addition to designing an efficient PINNs
framework.

To address these aforementioned issues, in this work, we present an accurate and efficient PINNs framework for solving
on-associative Drucker–Prager elastoplastic constitutive models for the first time to the best of the author’s knowledge. Based
n the fundamentals of PINNs, we present an improved multi-objective loss functional that can efficiently incorporate physical
nformation corresponding to the elastoplastic laws into the neural network. In the proposed loss function, physics-constrained
oss terms associated with the Drucker–Prager constitutive model including elastoplastic constitutive laws, Drucker–Prager yield
riterion, non-associative flow rule, Kuhn–Tucker consistency conditions, and various boundary conditions have been incorporated.
y incorporating the steady-state form of the deviatoric and hydrostatic part into the loss function, we have ensured the higher
ontent of physics included in the model corresponding to the pressure-dependent constitutive laws. In addition, various degrees
f data-driven physical knowledge fitting terms corresponding to elastoplastic field variables results in the construction of robust
nd accurate predictive capability of the neural network that demonstrates excellent agreement with ground truth high fidelity FEM
olution for all field variables. Moreover, we also emphasize the significance of various degrees in data-driven accuracy enhancement
tilizing the transfer learning-based strategy to further improve the efficiency and robustness of the predictive capability with less
raining data.

The resulting framework presented herein is accurate, robust, and highly physics-augmented for transferring known solutions
n solving for different loading conditions and material parameters which is not possible in traditional numerical algorithms. From
ur extensive study, we found that the proposed model allows for an accurate description of highly nonlinear pressure-dependent
lastoplastic relationships while taking into account the underlying physics and is easily trainable by using an efficient feed-
orward deep neural network. The present work highlights the importance of carefully including loss contributions from underlying
onstitutive laws into a customer-designed multi-objective loss function in a PINNs network that leverages physics-informed features
rom the data-driven solutions of the generic elastoplastic problems. By doing so, the proposed framework builds a solid foundation
or new promising avenues for future work in deep learning-based constitutive modeling approaches in the regime of solid mechanics.

The outline of the manuscript is as follows: generalized PINNs theory and formulation of multi-objective loss function for
onstitutive modeling have been discussed in Section 2. In Section 3, the overview of the non-associative Drucker–Prager constitutive
odel has been presented. In Section 4, our proposed PINNs theory for the non-associative Drucker Prager constitutive model has

een detailed. As proof of concept, the model has been applied for the solution of a benchmark problem of a plastically deformed
sotropic shallow stratum in Section 5. Whilst, Section 6 deals with the relevant findings and prospects of the current model, the
onclusions of the work are discussed in Section 7.

Regarding notations, bold-face characters denotes tensors; superposed dot represents time derivative or rate; superscript −1 stands
or inverse; the prefix 𝗍𝗋 indicates the trace; ⊗ denotes tensor product and following symbolic operations holds true: 𝒖 ∶ 𝒗 = 𝑢𝑖𝑗𝑣𝑖𝑗
nd (D ∶ 𝒖)𝑖𝑗 = D𝑖𝑗𝑘𝑙𝑢𝑘𝑙, with summation over repeated indices. The symbol ‖𝒖‖ =

√

𝒖 ∶ 𝒖 represents the norm of a second-order
symmetric tensor 𝒖. Moreover, the second-order and the fourth-order identity tensors are represented by 𝜹 and I, respectively.

2. Physics-Informed Neural Networks (PINNs)

Within the PINNs framework, the neural networks can be trained after properly formulating the loss function that is intended
to embed the underlying governing equations/ physics represented by the PDEs and associated various initial/boundary conditions
(.s/ .s) (Raissi et al., 2019; Roy et al., 2023b). Let us consider a non-linear PDE with differential operator ℱ imposed on the
variable 𝒖(𝑥, 𝑡) that satisfy the followings:

PDE ⇒ ℱ
[

�̃�(𝑥, 𝑡), 𝜕�̃�∕𝜕𝑡, 𝜕�̃�∕𝜕𝒙,…;𝜙
]

= 0; 𝒙 ∈ 𝛺, 𝒕 ∈ 𝛤𝑡 (1)

. ⇒ 𝒞
[

�̃�(𝑥, 𝑡), 𝜕�̃�∕𝜕𝑡,…; 𝜕�̃�𝑛∕𝜕𝑡𝑛
]

= 0; 𝒕 ∈ 𝛤𝑡 (2)

. ⇒ ℬ
[

�̃�(𝑥, 𝑡), 𝜕�̃�∕𝜕𝑥,…; 𝜕�̃�𝑛∕𝜕𝑥𝑛
]

= 0; 𝒙 ∈ 𝛤𝐵 (3)

where, 𝒙 ∈ R𝑛 and 𝒕 are the spatial coordinate and time, respectively; �̃�(𝑥, 𝑡) denotes the solution of the PDE in the domain 𝛺 that
satisfies the initial condition 𝒞

(

�̃�, 𝜕𝑡�̃�
)

= 0 in the boundary 𝛤𝑡 and boundary conditions ℬ
(

�̃�, 𝜕𝑥�̃�
)

= 0 in the boundary 𝛤𝐵 . ℱ may
̃ ̃
3

contains various differential terms (i.e. 𝜕𝑥𝒖, 𝜕𝑡𝒖, ⋯) with coefficients 𝜙 = [𝜙𝛼 , 𝜙𝛽 ,…𝜙𝛾 ].
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Following the implementation of PINNs theory (Roy et al., 2023b; Roy and Guha, 2023), let us consider a feed-forward neural
etwork (FFNN) defined by :

𝛩𝑛(𝛩𝑛−1) = ϝ𝑛
[

𝑾 𝑛−1 ⋅ 𝛩𝑛−1 + 𝒃𝑛−1
]

(4)

here 𝛩𝑛 and ϝ𝑛 represents nonlinear transformation and corresponding activation function for layer 𝑛 ∈ (0, 1,… , 𝐾). For 𝑝th-
hidden layer (HL-𝑝), 𝛩𝑝(�̂�𝑝) ∶= ϝ𝑝(𝑾 𝑝 ⋅ 𝒙𝑝 + 𝒃𝑝) where 𝑾 𝑝 and 𝒃𝑝 are the weights and biases associated with this transformation,
respectively. Thus, 𝑛 = 0 corresponds to the input layer (IL) of FFNN that takes the input 𝒙0. Let us assume, the solution of ℱ in
Eq. (1) is �̃�(𝑥, 𝑡) which is subjected to 𝒞

(

�̃�, 𝜕𝑡�̃�
)

= 0 and ℬ
(

�̃�, 𝜕𝑥�̃�
)

= 0 can be approximated as 𝜱NN
�̃� (𝒙, 𝜃�̃�) for an input to the neural

network 𝛩0(𝒙) ∶= 𝒙0 by constructing a feed-forward deep neural networks (Roy et al., 2023b; Roy and Guha, 2023), such that

𝜱NN
�̃� (𝒙, 𝜃�̃�) = 𝛩𝐾 ⊚𝛩𝐾−1 ⊚⋯⊚𝛩0(𝒙) (5)

where ⊚ denotes the general compositional construction of the NN; Following Eqs. (1) and (3), if 𝑾 𝑖 and 𝒃𝑖 are all collected in
𝜃�̃� =

⋃𝐾
𝑛=0 (𝑾 𝑛, 𝒃𝑛), the output layer (OL) 𝛩𝐾 contains the approximate solution, given by Roy et al. (2023b) :

�̃�(𝑥, 𝑡) ≊ 𝜱NN
�̃� (𝒙, 𝜃�̃�) = 𝛩𝑛 [𝒙, 𝜃] = [�̂�1, �̂�2,… , �̂�𝑚] (6)

oteworthy to mention, the spatiotemporal dependency of �̃�(𝑥, 𝑡) can be implicitly captured in neural network parameter 𝜃�̃� upon
physics-constrained training. In the hidden layers of the deep network, various activation functions such as hyperbolic-tangent,
sigmoid, and rectified linear unit (ReLU) can be used depending on the complexity of the problem. Whereas, for regression-type
problems considered herein, the activation is generally prescribed to be linear in the final layer.

2.1. Physics-constrained training in DNN

In order to incorporate the underlying governing equation/ physics as represented by PDE in Eq. (1), we can formulate the
following constrained optimization problem by imposing Eq. (1) as hard manner in 𝒙 ∈ 𝛺 ∈ R𝑛, such that Krishnapriyan et al.
(2021) :

min
𝜽�̃�

(𝒙;𝜽�̃�) s.t. ℱ [�̃�(𝑥, 𝑡),…;𝜙] = 0. (7)

where (𝒙;𝜽�̃�) is the multi-objective loss functional that can be formulated based on physics-constrained training embedding
governing PDE and associated .s and .s (Roy et al., 2023b). The loss functional (𝒙;𝜽�̃�) imposes the constraint which is the
residual of PDE that ensures the embedding of the physical knowledge from the main governing PDE. After completion of training,
𝑾 𝑘 ∈ R𝑛𝑘×𝑛𝑘+1 and 𝒃𝑘 ∈ R𝑛𝑘 of each layer are optimized. Subsequently, for given input (i.e., coordinates and material parameters)
𝛩0(𝒙), the output 𝛩𝑘+1(𝒙) such as elastoplastic field variables can be predicted from Eq. (5). Note, that compared to conventional
numerical simulation, the computational speed for predicting elastoplastic field variables from the trained PINNs model would be
exceptionally faster.

2.2. Data-driven loss

Without any prior physical information in the DNN framework, one can obtain the solution of elastoplastic problem �̃�(𝒙, 𝜰 ) as
𝜱NN

�̃� (𝒙,𝜰 ;𝜽𝐷�̃� ) from the traditional surrogate model, such that (Roy and Guha, 2023) :

�̃�(𝒙, 𝜰 ) ≈ �̃�𝐷(𝒙, 𝜰 ) ≜ 𝜱NN
�̃� (𝒙,𝜰 ;𝜽𝐷�̃� ) (8)

where 𝜰 is the elastoplastic intrinsic parameter that may depend on internal state variables, material parameters, various constitutive
relationships, temperature, strain gradient, strain rate, etc; �̃�𝐷(𝒙, 𝜰 ) is the elastoplastic solution field; 𝜱NN

�̃� (𝒙,𝜰 ;𝜽𝐷�̃� ) denotes the
DNN prediction from purely data-driven training. Generally, such an approach provides a set of (sub)optimal DNN parameters
�̆�𝐷�̃� ∶=

⋃𝑁
𝑘=0 (�̆� 𝐷

𝑘 , �̆�𝐷𝑘 ) that locally minimize the difference between �̃�𝐷(𝒙, 𝜰 ) and 𝜱NN
�̃� (𝒙,𝜰 ;𝜽𝐷�̃� ). In mathematical form, we can

express such an optimization problem as

𝐷(𝒙,𝜰 ;𝜽𝐷�̃� ) =
‖

‖

‖

‖

�̃�𝐷(𝒙, 𝜰 ) −𝜱NN
�̃� (𝒙,𝜰 ;𝜽𝐷�̃� )

‖

‖

‖

‖𝛺

�̆�𝐷�̃� = �̆� 𝐷, �̆�𝐷 = argmin
𝑾 , 𝒃

𝐷(𝒙,𝜰 ;𝜽𝐷�̃� )
(9)

here ‖⊚ ‖𝛺 denotes L2 norm. In Eq. (9), 𝐷(𝒙,𝜰 ;𝜽𝐷�̃� ) represents purely data-driven loss functional; �̆� 𝐷 and �̆�𝐷 are DNN weights
nd biases from data-driven network training.

.3. Physics-driven loss

The DNN prediction capability from a purely data-driven approach �̃�𝐷(𝒙, 𝜰 ), in general, requires a substantially large amount
f training data. However, such a requirement does not always guarantee the accuracy and robustness of the solution, particularly,
or inherently complex elastoplastic problems (Roy and Guha, 2023). Needless to say, during DNN training, purely data-driven
4

rameworks incur large computational requirements (Roy et al., 2023b). Therefore, to improve the accuracy of the solution with
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relatively less training data, we employed a prior physics-driven optimization procedure by formulating multi-objective physics-
driven loss functional 𝑃 (𝒙,𝜰 ;𝜽𝑃�̃� ) that enables the inclusion of known governing PDEs and ..s/ ..s. Note that due to the
quasi-static nature of the elastoplastic problem considered herein, the loss contribution from the  can be ignored. For the
accurate representation of the elastoplastic solution, such loss function can minimize the deviation of DNN prediction 𝜱NN

�̃� (𝒙,𝜰 ;𝜽𝑃�̃� )
from physics-guided solution field �̃�𝑃 (𝒙, 𝜰 ) over the domain of interests. Therefore, based on a constrained optimization theory,
physics-aware multi-objective loss functional can be constructed as,

𝑃 (𝒙,𝜰 ;𝜽𝑃�̃� , 𝜙𝐶 , 𝜙𝐸 , 𝜙𝐾𝑇 , 𝛽𝛤𝑡 , 𝛽𝛤𝐵 ) = 𝜙𝐶𝑃𝐶 (𝒙,𝜰 ;𝜽𝐶�̃� )
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟

Constitutive loss

+𝜙𝐸 𝑃𝐸 (𝒙,𝜰 ;𝜽𝐸�̃� )
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

PDE loss

+𝜙𝐾𝑇 𝑃𝐾𝑇 (𝒙,𝜰 ;𝜽𝐾𝑇�̃� )
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

KT loss

+ 𝛽𝛤𝑡
‖

‖

‖

‖

𝒞 (𝒙,𝜽𝒞 , 𝒖𝑝, 𝒕𝑝) − 𝒞 𝛺(𝒙, �̂�𝑝, �̂�𝑝)
‖

‖

‖

‖

𝑡=𝑡0

𝛤𝑡
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

..s loss

+ 𝛽𝛤𝐵
‖

‖

‖

‖

ℬ(𝒙,𝜽ℬ , 𝒖𝑝, 𝒕𝑝) − ℬ̄ 𝛤 (𝒙, �̄�𝑝, �̄�𝑝)
‖

‖

‖

‖

𝑡

𝛤
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

..s loss

(10)

here 𝑃𝐶 (𝒙,𝜰 ;𝜽𝐶�̃� ), 
𝑃
𝐸 (𝒙,𝜰 ;𝜽𝐸�̃� ), 

𝑃
𝐾𝑇 (𝒙,𝜰 ;𝜽𝐾𝑇�̃� ) denotes constitutive, PDE loss, Kuhn–Tucker (KT) inequality loss from underlying

lastoplastic model with corresponding weights 𝜙𝐶 , 𝜙𝐸 , and 𝜙𝐾𝑇 that regularizing the emphasis on each loss components,
espectively; 𝒖𝑝 and 𝒕𝑝 are the neural network predictions for displacement and applied traction; �̄� and �̄� denote the prescribed
isplacement and traction in 𝜕𝑢𝛤 and 𝜕𝜎𝛤 , respectively with 𝜕𝛤 = 𝜕𝑢𝛤 + 𝜕𝜎𝛤 ; �̂� and �̂� are the initial conditions at 𝑡 = 𝑡0 in 𝛺. Various
artial differentials in the proposed loss function in Eq. (10) can be accurately obtained using graph-based automatic differentiation
AD) (Baydin et al., 2018).

.4. Combined physics and data-driven loss:

Combining both data-driven loss 𝐷(𝒙,𝜰 ;𝜽𝐷�̃� ) from Eq. (9) and physics-driven loss 𝑃 (𝒙,𝜰 ;𝜽𝑃�̃� , 𝜙𝐶 , 𝜙𝐸 , 𝜙𝐾𝑇 𝛽𝛤𝑡 , 𝛽𝛤𝐵 ) from
Eq. (10), we can then construct an efficient multi-objective loss function leveraging physics-inform deep learning approach in a
semi-supervised manner for the solution of pressure-dependent elastoplastic problem considered herein.

(𝒙,𝜰 ;𝜽�̃�) = 𝑃 (𝒙,𝜰 ;𝜽𝑃�̃� , 𝜙𝐶 , 𝜙𝐸 , 𝜙𝐾𝑇 𝛽𝛤𝑡 , 𝛽𝛤𝐵 ) + 𝐷(𝒙,𝜰 ;𝜽𝐷�̃� ) (11)

In Fig. 1, the schematic of the proposed physics-infused DL framework for elastoplastic material modeling has been illustrated. In
the framework, by optimizing the loss function in Eq. (11), we can obtain optimal network parameters �̄��̃� as

�̄��̃� = (�̄� �̃�, �̄��̃�) = arg min
𝜽⊂R𝑁𝑡

( ̄𝑿,𝜰 ;𝑾 �̃�, 𝒃�̃�) (12)

where, 𝑁 𝑡 and 𝑁𝑐 denote the total number of trainable parameters and collocation points, respectively; �̄� ∈ R𝑁𝑐×𝑁 𝑡 training set
used for optimization; �̄��̃� ∶=

⋃𝑁
𝑖=0 (�̄� 𝑖

�̃�, �̄�𝑖�̃�) represents optimized network parameters from physics-informed neural network training.
Note, PINNs can exactly satisfy the elastoplastic equations for (𝒙,𝜰 ;𝜽�̃�) = 0.

3. Non-associative Drucker–Prager constitutive model :

In the present work, we have implemented a non-associative Drucker–Prager elastoplastic constitutive model (Drucker and
Prager, 1952) into PINNs framework. Let us consider 𝛺 ⊂ R𝑛 (1 ≤ 𝑛 ≤ 3) is the undeformed continuum configuration where the
displacement field be 𝒖 with respect to reference position 𝑿 ∈ 𝛺. The infinitesimal strain tensor 𝜺 can be defined by the symmetric
part of the displacement gradient, such that

𝜺 = ∇𝑠𝒖 ∶= 1
2
[

∇𝒖 + ∇(𝒖)𝖳
]

(13)

Whereas, the stress tensor can be expressed as 𝝈 ∶= 𝜎𝑖𝑗 𝒆𝒊 ⊗ 𝒆𝒋 . Let us consider 𝜕𝛤 = 𝜕𝑢𝛤 + 𝜕𝜎𝛤 and 𝜕𝑢𝛤 ∩ 𝜕𝜎𝛤 = ∅ where 𝜕𝑢𝛤 and
𝜎𝛤 denote the Dirichlet and Neumann boundaries, respectively that satisfy

𝒖 ∣𝜕𝑢𝛤 = �̄�; 𝝈 ∣𝜕𝜎𝛤 �̂� = �̄� (14)

here �̄� and �̄� represents the prescribed displacement and traction, respectively; �̂� is the unit normal to 𝜕𝜎𝛤 . If 𝒃 (𝑿, t) is the body
orce/ mass with mass density 𝜌, the equilibrium equations can then be written as

𝜕2𝒖
𝜕𝑡2

= 𝛁 ⋅ 𝝈 + 𝜌𝒃; 𝝈 = 𝝈𝖳 (15)

The total strain tensor 𝜺 in Eq. (13) can be expressed as the sum of an elastic 𝜺𝑒 and a plastic 𝜺𝑝 strain measures

𝜺 = 𝜺𝑒 + 𝜺𝑝 (16)
5
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Fig. 1. Schematic of the proposed PINNs framework that combines physics and data-driven training by designing multi-objective loss function (𝒙,𝜰 ;𝜽�̃�) consists
of physics-based loss 𝑃 (𝒙,𝜰 ;𝜽𝑃�̃� , 𝜙𝐶 , 𝜙𝐸 , 𝜙𝐾𝑇 , 𝛽𝛤𝑡 , 𝛽𝛤𝐵 ) and data-driven loss 𝐷(𝒙,𝜰 ;𝜽𝐷�̃� ) with independent variable 𝒙 = (𝑥, 𝑦) as input features.

For linear elastic material, through generalized Hooke’s law (Nemat-Nasser, 2004), the Cauchy stress tensor 𝝈 can be related to the
𝜺𝑒, given by :

𝝈 = C𝑒 ∶ 𝜺𝑒 = C𝑒 ∶ (𝜺 − 𝜺𝑝) (17)

where C𝑒 denotes the fourth-order elasticity tensor. For isotropic linear elasticity, we can then write

C𝑒 = 2𝐺T +𝐾 𝜹 ⊗ 𝜹 (18)

where 𝐾 = 𝐸∕3(1 − 2𝜇) and 𝐺 = 𝐸∕2(1 + 𝜇) are the bulk and shear moduli, respectively; 𝜈 and 𝐸 are Poisson’s ratio and Young’s
modulus, respectively; T = I − 1

3𝜹 ⊗ 𝜹 is the fourth-order deviatoric operator tensor. The stress state 𝝈 can be decomposed into
deviatoric stress 𝒔 = T ∶ 𝝈 and hydrostatic stress �̃�𝑚𝜹. We can express deviatoric stress tensor 𝒔 as :

𝒔 = 𝝈 − �̃�𝑚𝜹 (19)

where �̃�𝑚 = 1∕3 𝗍𝗋𝝈 is the hydrostatic pressure. Similarly, the strain tensor can be decomposed into spherical part associated with
change in volume (𝜀𝑣 = 𝜀𝑘𝑘) and a deviatoric part 𝒆 = T ∶ 𝜺 associated with a change in shape, given by

𝜺 = 𝒆 + 1
3
𝗍𝗋 𝜺𝜹 (20)

3.1. Drucker–Prager yield condition

In Drucker and Prager model (Drucker and Prager, 1952), the influence of hydrostatic stress on the shearing resistance has been
incorporated by including the first stress invariant (i.e. pressure-dependency) of the stress tensor. The yield surface 𝐹𝑦(𝝈, 𝜉) for the
Drucker–Prager criterion is given by :

𝐹𝑦(𝝈, 𝜎𝑌 , 𝜉) =
1
√

2
ℛ + 3𝛼�̃�𝑚 − 𝑘(𝜉) = 0 (21)

where 𝛼 is a material constant; 𝜎𝑌 is the yield stress; ℛ ∶= ‖𝒔‖ =
√

𝒔 ∶ 𝒔. The parameter 𝑘(𝜉) has been taken as a function of the
scalar plastic state variable 𝜉 defining the size of the yield surface. Additional material constants 𝛼 and 𝑘 can be related to frictional
and cohesive strengths the material, respectively. For purely cohesive material (i.e, 𝛼 = 0), Eq. (21) reduces to the von Mises’ yield
surface 𝐹𝑦(𝐽2) =

√

𝐽2 − 𝑘 = 0 where 𝐽2 ∶= 1
2 𝒔 ∶ 𝒔 = 1

2 𝑠𝑖𝑗𝑠𝑗𝑖. In principal stress space, it is a right circular cylinder. For 𝛼 > 0
corresponds to Drucker–Prager yield surface, as shown in Fig. 2-(a), describes a right-circular cone in the principal stress space
where the central axis lies in the line of hydrostatic stress with its apex in the tension octant. The projection of the Drucker–Prager
6
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Fig. 2. Schematic of (a) Drucker–Prager yield function plotted in principal stress space with (b) compressive and tensile meridians (outer and inner circles)
where Lode angle 𝜃 has been shown in the 𝜋 -plane compared to the cross-section of the Mohr–Coulomb criterion.

yield surface in the 𝜋 plan showing the tensile meridian (inner circle) and compressive meridian (outer circles) has been depicted
in Fig. 2-(b). For 𝐹𝑦(𝝈, 𝜉) < 0 in Eq. (21), the material undergoes elastic deformation. Whilst, the material would flow plastically
for 𝐹𝑦(𝝈, 𝜉) ≥ 0. For isotropic hardening material, the function 𝑘(𝜉) can be expressed as 𝑘(𝜉) = 𝑘0 +ℋ 𝜉 (Genna and Pandolfi, 1994)
where 𝑘0 is a constant material parameter that can be related to cohesive strength 𝑐 and the angle of internal friction 𝜑; ℋ is
hardening modulus. For 2-D plane strain condition, the Drucker–Prager criterion matches the Mohr–Coulomb criterion where the
material parameters 𝛼 and 𝑘 in Eq. (21) can be expressed in terms of 𝑐 and 𝜑 as follows (Chen, 1994):

𝛼 =
tan𝜑

√

(12 tan2 𝜑 + 9)
; 𝑘 =

3𝑐 cos𝜑
√

(12 tan2 𝜑 + 9)
(22)

𝑘 can be expressed in terms of yield stress as (Chen and Han, 2007; Szabó and Kossa, 2012) :

𝑘(�̄�𝑝) =
(

𝛼 + 1
√

3

)

𝜎𝑌 (�̄�𝑝) (23)

where �̄�𝑝 is the accumulated plastic strain, given by Chen and Han (2007) :

�̄�𝑝 =
√

2
3 ∫

𝑡

0
‖�̇�𝑝‖𝑑𝜏 (24)

3.2. Non-associative flow rule:

The direction of the plastic strain rate �̇�𝑝 can be defined according to the non-associative plastic flow rule, given by Szabó and
Kossa (2012)

�̇�𝑝 = 𝜆𝜃
𝜕 𝒢 (𝝈)
𝜕𝝈

, (25)

where 𝜆𝜃 ≥ 0 is the plastic multiplier; 𝒢 is the plastic potential function which can be commonly adopted as (Chen and Han, 2007)
:

𝒢 (𝝈) = 1
√

2
ℛ + 3𝛽 �̃�𝑚 (26)

where 𝛽 is an additional material parameter. From Eqs. (21) and (26), we can then define gradient of yield function  ∶=
𝜕 𝐹𝑦(𝝈, 𝜉)∕𝜕𝝈 and plastic potential function  ∶= 𝜕 𝒢 (𝝈)∕𝜕𝝈, respectively as

 =
𝜕 𝐹𝑦(𝝈, 𝜉)

𝜕𝝈
= 1

√

2ℛ
𝒔 + 𝛼𝜹;  =

𝜕 𝒢 (𝝈)
𝜕𝝈

= 1
√

2ℛ
𝒔 + 𝛽𝜹 (27)

Assuming scalar plastic state variable 𝜉 is defined by the path integral of the plastic multiplier as 𝜉 = ∫ 𝑡0 𝜆𝜃 𝑑𝑡. For linear isotropic
hardening behavior, we can then write

𝜎 (�̄�𝑝) = 𝜎 +ℋ �̄�𝑝 (28)
7
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𝜺

where ℋ is a constant hardening modulus. The (un)loading conditions can be expressed in the Kuhn–Tucker (KT) form as (de
Souza Neto et al., 2011; Simo and Hughes, 2006) :

𝜆𝜃 ≥ 0, 𝐹𝑦(𝝈, 𝜉) ≤ 0, 𝜆𝜃𝐹𝑦(𝝈, 𝜉) = 0 (29)

Using the plastic consistency condition �̇�𝑦(𝝈, 𝜉) = 0, the plastic multiplier 𝜆𝜃 can be expressed as (Szabó and Kossa, 2012; Kossa,
2012)

�̇�𝜃 =
1
ℎ
𝑸 ∶ C𝑒 ∶ �̇� ≡ 1

ℎ

(

2𝐺
√

2ℛ
𝒔 ∶ �̇� + 3𝛼𝐾 𝗍𝗋 �̇�

)

(30)

where ℎ and 𝑗 are the scalar parameters, given by Kossa (2012)

ℎ = 𝐺 + 9𝐾𝛼𝛽 + 𝑗; 𝑗 = ℋ
(

𝛼 + 1
√

3

)
√

1
3
+ 2𝛽2 (31)

The elastoplastic constitutive relation, combining Eqs. (16), (17), and (25) can be defined by

𝝈 = C𝑒𝑝 ∶ 𝜺 (32)

where C𝑒𝑝 is fourth-order elastoplastic continuum tangent modulus tensor, given by

C𝑒𝑝 = C𝑒 − 1
ℎ
C𝑒 ∶  ⊗  ∶ C𝑒 (33)

Substituting  and  from Eqs. (27) into Eq. (33), we obtain

C𝑒𝑝 = C𝑒 − 1
ℎ

(

2𝐺2

ℛ2
𝒔 ⊗ 𝒔 + 6𝐾𝐺𝛼

√

2ℛ
𝒔 ⊗ 𝜹 +

6𝐾𝐺𝛽
√

2ℛ
𝜹 ⊗ 𝒔 + 9𝑘2𝛼𝛽𝜹 ⊗ 𝜹

)

(34)

Finally, the elastoplastic constitutive relation in Eq. (32), can be separated into deviatoric and hydrostatic parts as follows

�̇� = 2𝐺�̇� − 2𝐺2

ℎℛ2

(

𝒔 ∶ �̇� + 3𝐾ℛ𝛼 𝗍𝗋 �̇�
√

2𝐺

)

(35)

̇̃𝜎𝑚 = 𝐾𝗍𝗋 �̇� −
3
√

2𝛽𝐾𝐺
ℎℛ

(

𝒔 ∶ �̇� + 3𝐾ℛ𝛼 𝗍𝗋 �̇�
√

2𝐺

)

(36)

In the present study, we assume a proportional and monotonic loading prevails in order to simplify our PINNs model development.
Therefore, incremental deviatoric and hydrostatic parts in Eqs. (35)–(36) can be expressed by a total form as follows

𝒔 = 2𝐺𝒆 − 2𝐺2

ℎℛ2

(

𝒔 ∶ 𝒆 + 3𝐾ℛ𝛼 𝗍𝗋 𝜺
√

2𝐺

)

(37)

�̃�𝑚 = 𝐾𝗍𝗋 𝜺 −
3
√

2𝛽𝐾𝐺
ℎℛ

(

𝒔 ∶ 𝒆 + 3𝐾ℛ𝛼 𝗍𝗋 𝜺
√

2𝐺

)

(38)

4. PINNs formulation for Drucker–Prager elastoplastic problem:

In the present work, we approximate elastoplastic field variables by multiple densely connected independent feed-forward deep
neural networks (NN𝑖 ∀ 𝑖 = 1, 𝑘) where each NN𝑖 provides single output (Roy and Guha, 2023). Such construction of network
architecture was found to be superior to the other formulation in terms of accuracy and the trainability of the network (Haghighat
et al., 2021b). The choice of separate networks is, in fact, similar to the choice that is made in classical numerical methods for the
solution of PDEs. Noteworthy to mention, the weights and biases of a neural network play a similar role to the degrees of freedom
in finite-element or meshfree methods, which are defined independently for each solution variable. Therefore, for plane-strain two-
dimensional elastoplastic problem considering the symmetry of stress and strain tensor, we can approximate 𝒖(𝒙), stress 𝝈(𝒙), strain
(𝒙), and plastic strain 𝜺𝑝(𝒙) tensors as :

𝒖(𝒙) ≃ 𝜱NN
𝒖 (𝒙, 𝜃𝒖) =

[

�̄�NN𝑥 (𝒙, 𝜃𝑢𝑥 )
�̃�NN𝑦 (𝒙, 𝜃𝑢𝑦 )

]

(39)

𝜺(𝒙) ≃ 𝜱NN
𝜺 (𝒙, 𝜃𝜺) =

[

�̄�NN𝑥𝑥 (𝒙, 𝜃𝜀𝑥𝑥 ) �̄�NN𝑥𝑦 (𝒙, 𝜃𝜀𝑥𝑦 )

�̄�NN𝑦𝑥 (𝒙, 𝜃𝜀𝑦𝑥 ) �̄�NN𝑥𝑦 (𝒙, 𝜃𝜀𝑦𝑦 )

]

(40)

𝜺𝑝(𝒙) ≃ 𝜱NN
𝜺𝑝 (𝒙, 𝜃𝜺𝑝 ) =

⎡

⎢

⎢

⎢

⎢

⎣

�̄�𝑝
NN
𝑥𝑥 (𝒙, 𝜃𝜀𝑝𝑥𝑥 ) �̄�𝑝

NN
𝑥𝑦 (𝒙, 𝜃𝜀𝑝𝑥𝑦 ) 0

�̄�𝑝
NN
𝑦𝑥 (𝒙, 𝜃𝜀𝑝𝑦𝑥 ) �̄�𝑝

NN
𝑦𝑦 (𝒙, 𝜃𝜀𝑝𝑦𝑦 ) 0

0 0 �̄�𝑝
NN
𝑧𝑧 (𝒙, 𝜃𝜀𝑝𝑧𝑧 )

⎤

⎥

⎥

⎥

⎥

⎦

(41)

𝝈(𝒙) ≃ 𝜱NN
𝝈 (𝒙, 𝜃𝝈 ) =

⎡

⎢

⎢

⎢

�̄�NN𝑥𝑥 (𝒙, 𝜃𝜎𝑥𝑥 ) �̄�NN𝑥𝑦 (𝒙, 𝜃𝜎𝑥𝑦 ) 0

�̄�NN𝑦𝑥 (𝒙, 𝜃𝜎𝑦𝑥 ) �̄�NN𝑦𝑦 (𝒙, 𝜃𝜎𝑦𝑦 ) 0
NN ̃

⎤

⎥

⎥

⎥

(42)
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Fig. 3. The schematic of PINNs network architecture consisting of multiple FFNN (NN𝑖 ∀ 𝑖 = 1, 𝑘) for each output elastoplastic field variables : displacements
(�̄�NN𝑥 , �̄�NN𝑦 ); total strain (�̄�NN𝑥𝑥 , �̄�NN𝑥𝑦 , �̄�NN𝑦𝑦 ); plastic strain (�̃�𝑝

𝒩

𝑥𝑥 , �̃�𝑝
𝒩

𝑥𝑦 , �̃�𝑝
𝒩

𝑦𝑦 , �̃�𝑝
𝒩

𝑧𝑧 ); and stress (�̃�NN𝑥𝑥 , �̃�NN𝑥𝑦 , �̃�NN𝑦𝑦 , �̃�NN𝑧𝑧 ) for input features 𝒙 = (𝑥, 𝑦).

where 𝜱NN
𝒖 (𝒙, 𝜃𝒖), 𝜱NN

𝜺 (𝒙, 𝜃𝜺), 𝜱NN
𝜺𝑝 (𝒙, 𝜃𝜺𝑝 ), and 𝜱NN

𝝈 (𝒙, 𝜃𝝈 ) are the NN approximation for 𝒖(𝒙), 𝜺(𝒙), 𝜺𝑝(𝒙), and 𝝈(𝒙), respectively. The
schematic of the PINNs network is shown in Fig. 3. Such construction of network architecture was found to be optimum in terms
of accuracy and the trainability of the network (Roy and Guha, 2023).

4.1. Multi-objective loss function for Drucker–Prager constitutive model

As previously mentioned, a purely data-driven approach for predicting elastoplastic field variables does not always guarantee the
accuracy and robustness of the solution. Therefore, to improve the accuracy of the prediction with relatively less training data, we
employed a prior physics-driven optimization procedure by formulating multi-objective loss functional (𝒙,𝜰 ;𝜽�̃�). To incorporate
physical information for the elastic–plastic problem, main governing equations that include Drucker Prager constitutive relations,
non-associative flow rule, Kuhn–Tucker conditions, and various boundary conditions have been imposed in generalized physics-based
loss 𝑃 (see Section 4.2) In addition, a data-driven approach for the various elastoplastic field variables has been incorporated in
data-driven loss 𝐷 (see Section 4.3) for the construction of the total loss function.

4.2. Physics-based loss:

The generalized multi-object physics-based loss functional 𝑃 for the solution of the Drucker–Prager Constitutive model can have
the following form:

𝑃 = 𝜙𝐶 𝑃𝐶 + 𝜙𝐸 𝑝𝐸 + 𝜙𝐸𝑃 𝑃𝐸𝑃 + 𝜙𝐾𝑇 𝑃𝐾𝑇 + 𝜙𝐵 𝑃𝐵 (43)

Following constitutive law in Eq. (17), constitutive loss 𝑝𝐶 can be formulated as

𝑃𝐶 = 1
ϝ𝛺𝑁

ϝ𝛺𝑁
∑

𝑚=1

‖

‖

‖

‖

𝜱NN
𝝈 (𝒙𝑚, 𝜃𝝈 ) −C𝑒 ∶

[

𝜱NN
𝜺 (𝒙𝑚, 𝜃𝜺) −𝜱NN

𝜺𝑝 (𝒙𝑚, 𝜃𝜺𝑝 )
] ‖

‖

‖

‖

(44)

where ϝ𝛺𝑁 ∶=
{

𝒙1∣𝛺 ,… ,𝒙𝑁𝛺
𝑐 ∣𝛺

}

are chosen collocation points over the domain 𝛺. In various boundaries,

ϝ𝜕𝑢𝛤 ∶= |

|

{

𝒙 ,… ,𝒙
}

|

| and ϝ𝜕𝜎𝛤 ∶= |

|

{

𝒙 ,… ,𝒙
}

|

| are the total number of collocation points along 𝜕 𝛤 and 𝜕 𝛤 ,
9

𝑁
|

1∣𝜕𝑢𝛤 𝜕𝑢𝛤 ∣𝜕𝑢𝛤
|

𝑁
|

1∣𝜕𝜎𝛤 𝜕𝜎𝛤 ∣𝜕𝜎𝛤
|

𝑢 𝜎



Journal of the Mechanics and Physics of Solids 185 (2024) 105570A.M. Roy et al.

F
c

w

respectively. For quasi-static condition (i.e., 𝜕2𝒖
𝜕𝑡2

= 0), we can define PDE loss 𝑃𝐸 correspond to the satisfaction of equilibrium
condition in Eq. (15) that can be expressed as :

𝑝𝐸 = 1
ϝ𝛺𝑁

ϝ𝛺𝑁
∑

𝑚=1

‖

‖

‖

‖

𝜱NN
𝝈 (𝒙𝑚, 𝜃𝝈 ) + 𝜌 𝒃(𝒙𝑚)

‖

‖

‖

‖

(45)

Note, in the absence of body force, 𝒃 = 0 should be prescribed. Next, we can write the loss term corresponding to elastoplastic
constitutive relations from Eqs. (37) and (38)

𝑃𝐸𝑃 = 𝑃𝒔 + 𝑃�̃�𝑚 (46)

The term 𝑃𝐸𝑃 can be separated into loss contributions from deviatoric 𝑃𝒔 and hydrostatic 𝑃�̃�𝑚 parts as :

𝑃𝒔 = 1
ϝ𝛺𝑁

ϝ𝛺𝑁
∑

𝑚=1

‖

‖

‖

‖

𝜱NN
𝒔 (𝒙𝑚, 𝜃𝝈 ) − 2𝐺𝜱NN

𝒆 + 2𝐺2

ℎℛ2

(

𝜱NN
𝒔 ∶ 𝜱NN

𝒆 +
3𝐾ℛ𝛼 𝗍𝗋𝜱NN

𝜺
√

2𝐺

)

‖

‖

‖

‖

(47)

𝑃�̃�𝑚 = 1
ϝ𝛺𝑁

ϝ𝛺𝑁
∑

𝑚=1

‖

‖

‖

‖

𝜱NN
�̃�𝑚

(𝒙𝑚, 𝜃𝝈 ) −𝐾𝗍𝗋𝜱NN
𝜺 +

3
√

2𝛽𝐾𝐺
ℎℛ

(

𝜱NN
𝒔 ∶ 𝜱NN

𝒆 +
3𝐾ℛ𝛼 𝗍𝗋𝜱NN

𝜺
√

2𝐺

)

‖

‖

‖

‖

(48)

or the Drucker–Prager type constitutive model, the inequalities in the Kuhn–Tucker (KT) complementarity conditions in Eq. (29)
an be associated in KT loss term 𝑃𝐾𝑇 , given by

𝑃𝐾𝑇 = 𝑃𝜆𝜃 + 𝑃𝐹𝑦 + 𝑃𝜆𝜃𝐹𝑦 (49)

here the terms 𝑃𝜆𝜃 , 
𝑃
𝐹𝑦

, and 𝑃𝜆𝜃𝐹𝑦 associated with the respective inequalities 𝜆𝜃 ≥ 0, 𝐹𝑦(𝝈, 𝜉) ≤ 0, 𝜆𝜃𝐹𝑦(𝝈, 𝜉) = 0 which are
then can be formulated as :

𝑃𝜆𝜃 = 1
ϝ𝛺𝑁

ϝ𝛺𝑁
∑

𝑚=1
𝛩𝜆𝜃

‖

‖

‖

‖

(

1 −
𝜆NN𝜃 (𝒙𝑚)

|𝜆NN𝜃 (𝒙𝑚)|

)

|𝜆NN𝜃 (𝒙𝑚)|
‖

‖

‖

‖

(50)

𝑃𝐹𝑦 =
1
ϝ𝛺𝑁

ϝ𝛺𝑁
∑

𝑚=1
𝛩𝐹𝑦

‖

‖

‖

‖

(

1 +
𝐹NN
𝑦 (𝒙𝑚, 𝜃𝝈 )

|𝐹NN
𝑦 (𝒙𝑚, 𝜃𝝈 )|

)

|𝐹NN
𝑦 (𝒙𝑚, 𝜃𝝈 )|

‖

‖

‖

‖

(51)

𝑃𝜆𝜃𝐹𝑦 =
1
ϝ𝛺𝑁

ϝ𝛺𝑁
∑

𝑚=1
𝛩𝜆𝜃𝐹𝑦

‖

‖

‖

‖

𝐾𝛾𝑓𝜆
NN
𝜃 (𝒙𝑚)𝐹NN

𝑦 (𝒙𝑚, 𝜃𝝈 )
‖

‖

‖

‖

(52)

where the penultimate weighting coefficients 𝛩𝜆𝜃 , 𝛩𝐹𝑦 , and 𝛩𝜆𝜃𝐹𝑦 ∈ R+ penalize the deviation of KT conditions by imposing positive
penalty in the loss function. Therefore, during constraint optimization, a larger deviation from KT inequality can be tackled by
prescribing relatively higher values of the penultimate weighting coefficients (Roy and Guha, 2023). Finally, the loss contribution
from the Dirichlet boundary 𝜕𝑢𝛤 and the Neumann boundary 𝜕𝜎𝛤 can be included in the total boundary loss 𝑃𝐵

𝑃𝐵 = 𝜕𝑢𝛤𝐵 + 𝜕𝜎𝛤𝐵 (53)

where 𝜕𝑢𝛤𝐵 and 𝜕𝜎𝛤𝐵 represents the loss components for the Dirichlet and Neumann boundary conditions in Eq. (14), respectively.
These loss terms can be expressed as

𝜕𝑢𝛤𝐵 = 1
ϝ𝜕𝑢𝛤𝑁

ϝ𝜕𝑢𝛤𝑁
∑

𝑖=1

‖

‖

‖

‖

𝜱NN
𝒖 (𝒙𝑖, 𝜃𝒖) − �̄�(𝒙𝑖)

‖

‖

‖

‖

(54)

𝜕𝜎𝛤𝐵 = 1
ϝ𝜕𝜎𝛤𝑁

ϝ𝜕𝜎𝛤𝑁
∑

𝑗=1

‖

‖

‖

‖

𝜱NN
𝝈 (𝒙𝑗 , 𝜃𝝈 )�̂� − �̄�(𝒙𝑗 )

‖

‖

‖

‖

(55)

where ϝ𝜕𝑢𝛤𝑁 ∶= |

|

|

{

𝒙1∣𝜕𝑢𝛤 ,… ,𝒙𝜕𝑢𝛤 ∣𝜕𝑢𝛤
}

|

|

|

and ϝ𝜕𝜎𝛤𝑁 ∶= |

|

|

{

𝒙1∣𝜕𝜎𝛤 ,… ,𝒙𝜕𝜎𝛤 ∣𝜕𝜎𝛤
}

|

|

|

are the total number of collocation points along the
boundaries 𝜕𝑢𝛤 and 𝜕𝜎𝛤 , respectively.

4.3. Data-driven loss:

Finally, the predictive capability of the NN can be further enhanced by incorporating data-driven loss 𝐷(𝒙,𝜰 ;𝜽𝐷�̃� ) from
contributions of various elastoplastic field variables into multi-objective loss function (see Section 2.3), such that

𝐷(𝒙,𝜰 ;𝜽𝐷) = 𝐷 + 𝐷 + 𝐷 + 𝐷 (56)
10
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where, for data-driven approach, 𝐷�̂� , 𝐷�̂� , 𝐷
𝜺𝑝

, and 𝐷�̂� are the loss contributions from displacement 𝒖(𝒙), total strain 𝜺(𝒙), plastic
train 𝜺𝑝(𝒙), and stress 𝝈(𝒙), respectively. We can express these terms as:

𝐷�̂� = 1
ϝ𝛺𝑁

ϝ𝛺𝑁
∑

𝑘=1

‖

‖

‖

‖

𝜱NN
𝒖 (𝒙, 𝜃𝒖) − �̂�𝐷(𝒙𝑘)

‖

‖

‖

‖

(57)

𝐷�̂� = 1
ϝ𝛺𝑁

ϝ𝛺𝑁
∑

𝑘=1

‖

‖

‖

‖

𝜱NN
𝜺 (𝒙, 𝜃𝜺) − �̂�𝐷(𝒙𝑘)

‖

‖

‖

‖

(58)

𝐷
𝜺𝑝

= 1
ϝ𝛺𝑁

ϝ𝛺𝑁
∑

𝑘=1

‖

‖

‖

‖

𝜱NN
𝜺𝑝 (𝒙, 𝜃𝜺𝑝 ) − 𝜺𝑝𝐷(𝒙𝑘)

‖

‖

‖

‖

(59)

𝐷�̂� = 1
ϝ𝛺𝑁

ϝ𝛺𝑁
∑

𝑘=1

‖

‖

‖

‖

𝜱NN
𝝈 (𝒙, 𝜃𝝈 ) − �̂�𝐷(𝒙𝑘)

‖

‖

‖

‖

(60)

where the terms �̂�𝐷(𝒙𝑘), �̂�𝐷(𝒙𝑘), 𝜺𝑝
𝐷(𝒙𝑘), and �̂�𝐷(𝒙𝑘) are the target elastoplastic field variable that can be obtained from either

analytical solution (if available), experimental data, or high-fidelity numerical simulation. In the current work, we are primarily
concerned about the forward problem where various elastoplastic field variables are predicted considering constant material
parameters. For our model, we have used a high-level Keras wrapper SciANN (Haghighat et al., 2021b; Haghighat and Juanes, 2021)
framework leveraging its high-level scientific computations capability with TensorFlow (Abadi et al., 2016) backend. Noteworthy
to mention, the loss function in Eq. (11) can also be used for inverse problems (i.e., finding parameters). However, building a robust
inverse framework for the elastoplastic problem needs special attention due to the inherent complexity of the pressure-dependent
elastoplastic constitutive model which would be scope for a separate study elsewhere in the future.

5. Benchmark problem: shallow stratum under vertical load

For our benchmark problem, we consider a plastically deformed 10 m wide and 5 m high isotropic shallow stratum of soil
under prescribed compressive pressure along the midsection of the free top edge 2AE= 5 m. Due to the symmetry in the loading
condition, the right half of the domain has been modeled prescribing symmetry boundary condition (i.e., roller support 𝑢𝑥 = 0) at
the right vertical boundary BC as shown in Fig. 4-(a). A fixed constraint 𝒖 = 0 on the lower horizontal boundary has been applied
assuming the stratum is supported by a perfectly rigid base. In the problem, top edge AE has been subjected to homogeneous
compressive pressure along 𝑦-axis 𝑝𝑦 = 0.3 MPa. Part of the top edge EB is traction free 𝑡𝑗 = 𝜎𝑖𝑗𝑛𝑖 = 𝜎𝑦𝑦 = 0. Under the state
f the plane-strain condition, we design the material response of the stratum considering Drucker–Prager elastoplastic constitutive
odel with the following isotropic material properties: mass density 𝜌= 2700 kg/m3; Young’s modulus of elasticity 𝐸 = 207 MPa;
oisson’s ratio 𝜈 = 0.3; cohesion 𝑐 = 69 MPa; and angle of internal friction 𝜑 = 20◦. For ground truth solution, high fidelity FEM
imulations (COMSOL, 2022) have been performed utilizing free triangular mesh that consists of 78,402 domain and 1,874 boundary
lements. Refined mesh has been used nearby to the edge AE to accurately capture sharp change in elastoplastic field responses.

5.1. PINNs solution for elastoplastic field variables:

Initially, we have trained our baseline PINNs model on synthetic data considering Lagrange 𝐶0 free triangular discretization
schemes. Unless otherwise stated, loss coefficients described in Eq. (43) prescribed as 𝜙𝐶 = 1, 𝜙𝐸 = 1.5, 𝜙𝐸𝑃 = 2, 𝜙𝐾𝑇 = 𝜙𝐵 = 1
or optimal solutions of the elastoplastic problem considered herein. Additionally, the penultimate weighting coefficients 𝛩𝜆𝜃 = 2.5,
𝐹𝑦 = 2, and 𝛩𝜆𝜃𝐹𝑦 = 1.5 has been set to penalize the deviation of KT conditions in the loss function. During training, the model
as been run for 5,000 epochs with shuffling, and patience of 100 with an initial learning rate of 𝜂 = 0.001, batch size of 32 has
een prescribed for optimal accuracy and faster convergence. To ensure the better trainability of the NN, a standard normalization
ethod has been applied where inputs have been scaled to obtain a range of either [−1, 1] or [0, 1] depending on activation function

used (Kim et al., 2022; Li et al., 2022). We further explore the accuracy of the model’s predictive capability for different combinations
of network architecture by varying the total number of hidden layers ℒ𝑛 and the number of neurons in each layer 𝜓𝑛 (see Section 5.3).
In addition, we have further explored the accuracy and robustness of the framework that has been trained on various degrees of
data-driven estimate of elastoplastic solution (see Section 5.4)

For the baseline model, we prescribe 𝜓𝑛 = 60 and ℒ𝑛 = 5 that has been trained in (200×200) grid of ϝ𝑁 = 40,000. Subsequently,
we train our model considering two different activation functions 𝗌𝗂𝗀𝗆𝗈𝗂𝖽 and 𝗍𝖺𝗇𝗁. The high-fidelity FEM solutions evaluated in
Gauss points for various elastoplastic field variables are shown in Figs. 4–5. The corresponding PINNs prediction and the degree
of accuracy in terms of absolute errors have been shown in Figs. 4–5 for these two activation function. In general, the comparison
illustrates excellent agreement with FEM solutions for most of the field variables. Relatively small error values between ground truth
and the model’s prediction for all field variables further elucidate the efficacy and robustness of the proposed model. Noteworthy
to mention, the prediction result from our framework has no sign of visible artifacts in the distribution of field variables indicating
a high degree of robustness. Between two different activation functions, 𝗍𝖺𝗇𝗁 activation yields the best performance by inducing
better smoothness in output distribution and exhibiting small absolute error in the model prediction compared to 𝗌𝗂𝗀𝗆𝗈𝗂𝖽. This
can be attributed to its better inherent adaptability in the non-linear complex nature of underlying constitutive law. However, for
11
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.

Fig. 4. (First row; left to right) FEM solutions : 𝑢𝑥, 𝑢𝑦 (in mm) and 𝜎𝑥𝑥, 𝜎𝑦𝑦, 𝜎𝑧𝑧, and 𝜎𝑥𝑦 (in MPa); (second and fourth rows) corresponding PINNs predictions:
�̄�NN𝑥 , �̄�NN𝑦 , �̄�NN𝑥𝑥 , �̄�NN𝑦𝑦 , �̄�NN𝑧𝑧 , and �̄�NN𝑥𝑦 ; (Third and fifth rows) absolute error between FEM and PINNs : |𝑢𝑥 − �̄�NN𝑥 |, |𝑢𝑦 − �̄�NN𝑦 |, |𝜎𝑥𝑥 − �̄�NN𝑥𝑥 |, |𝜎𝑦𝑦 − �̄�NN𝑦𝑦 |, |𝜎𝑧𝑧 − �̄�NN𝑧𝑧 |, and
|𝜎𝑥𝑦 − �̄�NN𝑥𝑦 | for 𝑁𝑐 = 40,000 and [𝜓𝑛 = 60,ℒ𝑛 = 5].

Table 1
Final normalized loss components (in 10−04) and corresponding training time T𝜉 (in 𝑚𝑖𝑛) for various combinations of network architectures and activation functions

[ℒ𝑛 , 𝜓𝑛] AF 𝑃𝐶 𝑃𝐸 𝑃𝐸𝑃 𝑃𝐾𝑇 𝑃 𝐷  T𝜉
[5, 60] 𝗌𝗂𝗀 323.11 278.19 656.28 2.63 1973.19 99.45 2072.64 10.9
[5, 60] 𝗍𝖺𝗇𝗁 271.28 302.71 434.31 4.92 1803.21 112.71 1915.92 11.8
[5, 80] 𝗌𝗂𝗀 256.71 199.88 270.69 1.77 1561.77 71.83 1633.61 17.8
[5, 80] 𝗍𝖺𝗇𝗁 176.92 313.18 473.15 3.01 1398.61 87.98 1486.59 21.2
[8, 60] 𝗌𝗂𝗀 87.47 278.19 456.28 26.32 × 10−1 973.19 83.45 1056.64 26.7
[8, 60] 𝗍𝖺𝗇𝗁 75.12 245.82 406.17 76.32 × 10−1 890.20 95.21 985.41 31.7
[8, 80] 𝗌𝗂𝗀 78.48 198.17 492.29 96.18 × 10−1 756.17 55.39 811.56 33.3
[8, 80] 𝗍𝖺𝗇𝗁 58.36 98.78 522.31 58.49 × 10−1 456.69 89.35 546.04 39.6
[10, 60] 𝗌𝗂𝗀 13.22 78.28 416.45 84.29 × 10−2 273.78 13.01 286.79 61.6
[10, 60] 𝗍𝖺𝗇𝗁 11.37 101.22 320.17 35.22 × 10−3 217.11 2.56 219.67 71.2
[10, 80] 𝗌𝗂𝗀 9.17 88.58 101.61 7.56 × 10−2 198.48 6.97 205.45 95.7
[10, 80] 𝗍𝖺𝗇𝗁 8.86 13.67 56.11 18.35 × 10−2 121.46 3.49 124.95 102.7

the majority of the field variables, there is a relatively large error in PINNs prediction vicinity of stress localization, in particular,
nearby to the top edge AE and midsection of DC. For example, we have noticed a relatively large deviation of PINNs prediction
for the field variables such as deformation fields �̄�NN𝑥 , �̄�NN𝑦 and stress components �̄�NN𝑦𝑦 , �̄�NN𝑧𝑧 around the applied pressure as shown
in Fig. 4. Such error also propagates to the solutions of strain and plastic strain components, in particular, �̄�NN𝑥𝑥 , �̄�NN𝑥𝑦 , �̄�𝑝

NN
𝑥𝑥 , and �̄�𝑝

NN
𝑧𝑧

which can be seen in Fig. 5. In addition, we observe the non-smooth solution and localized error around these areas due to the sharp
feature changes. However, such deviations do not sufficiently influence the far-field solution which is reflected in the result. Overall,
our PINNs approximation attains satisfactory performance with accurate prediction away from the prescribed pressure. From our
initial study, we could conclude that, perhaps, the baseline model may not be sufficiently deep enough to accurately capture the
complex behavior of the Drucker–Prager constitutive response. Therefore, we conduct an extensive ablation study to explore optimal
network configurations in terms of the accuracy and trainability of the model in Section 5.3. Noteworthy to mention, the increasing
degree of data-driven training reduces the error and, therefore, significantly improves the performance of the predictive capability
of the framework (see Section 5.4). Overall, the prediction from our baseline model is in good agreement with the ground truth
high-fidelity FEM solutions both qualitatively and quantitatively.
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Fig. 5. (First row; left to right) FEM solutions : total strains 𝜀𝑥𝑥, 𝜀𝑦𝑦, and 𝜀𝑥𝑦; plastic strains 𝜀𝑝𝑥𝑥, 𝜀𝑝𝑦𝑦, 𝜀𝑝𝑧𝑧, and 𝜀𝑝𝑥𝑦; (second and fourth rows) corresponding
PINNs predictions: �̄�NN𝑥𝑥 , �̄�NN𝑦𝑦 , �̄�NN𝑥𝑦 , �̄�𝑝

NN

𝑥𝑥 , �̄�𝑝
NN

𝑦𝑦 , �̄�𝑝
NN

𝑧𝑧 , and �̄�𝑝
NN

𝑥𝑦 ; (Third and fifth rows) Absolute error between FEM and PINNs: |𝜀𝑥𝑥 − �̄�NN𝑥𝑥 |, |𝜀𝑦𝑦 − �̄�NN𝑦𝑦 |, |𝜀𝑥𝑦 − �̄�NN𝑥𝑦 |,
|𝜀𝑝𝑥𝑥 − �̄�

𝑝NN
𝑥𝑥 |, |𝜀𝑝𝑦𝑦 − �̄�𝑝

NN

𝑦𝑦 |, |𝜀𝑝𝑧𝑧 − �̄�𝑝
NN

𝑧𝑧 |, and |𝜀𝑝𝑥𝑦 − �̄�
𝑝NN
𝑥𝑦 | for ϝ𝑁 = 40,000 and [𝜓𝑛 = 60,ℒ𝑛 = 5].

5.2. Optimal network architecture

Noteworthy to mention, PINNs predictions for solving constitutive laws can be quite sensitive to network architectures,
particularly, the total number of neurons, depth of the hidden layers, and activation function used (Roy et al., 2023b; Roy and
Guha, 2023). To this end, we perform an extensive ablation study on the various combinations of 𝜓𝑛 and ℒ𝑛 to identify the
optimum model architecture for improving the accuracy of the solution. For a fair comparison, we trained each variant of the
model in (200 × 200) grid. Both 𝗍𝖺𝗇𝗁 and 𝗌𝗂𝗀𝗆𝗈𝗂𝖽 activation functions are considered for the experiments. The performance of the
model has been compared in terms of various normalized loss components and training time T𝜉 (in 𝑚𝑖𝑛) at the end of training as
listed in Table 1. In general, we observe 𝗍𝖺𝗇𝗁 perform better than 𝗌𝗂𝗀𝗆𝗈𝗂𝖽 in terms of final loss which is consistent with our analysis
in Section 5.2. However, it increases the training time for a particular model. From the experiments, one can see relatively shallow
network architectures [𝜓𝑛 = 60,ℒ𝑛 = 5] induce a larger error, and thus, may not be suitable for accurate prediction. This is due to
the fact that relatively fewer network parameters may not be fully sufficient to capture the complex and highly non-linear nature
of the elastoplastic solution space considered herein. However, with increasing ℒ𝑛 = 8, we observe significant reduction in both
𝑃𝐶 and 𝑃𝐸𝑃 . It is worth mentioning that, the minimization of these two critical loss components indicates the improvement of
the predictive accuracy of the model. Relatively higher depth of the network ℒ𝑛 = 10 with increasing 𝜓𝑛 = 60, there is further
improvement of model performance by minimizing overall loss, in particular, constitutive loss, KT consistency loss, and data-driven
loss as shown in Table 1. Interestingly, fixing the same depth of the NN with increasing 𝜓𝑛 = 80, the accuracy of the model in terms
of overall loss slightly degrades which can be attributed to over-fitting (Bilbao and Bilbao, 2017; Jabbar and Khan, 2015). From
the overall comparison, we found that [𝜓𝑛 = 10,ℒ𝑛 = 60] with 𝗍𝖺𝗇𝗁 activation provides the best performance. However, training
time in such a deep architecture is much higher compared to a shallow network due to a significantly larger number of network
parameters. Thus, from the computational perspective, deep PINNs architectures lack efficacy in training where the elastoplastic
FEM solution can be obtained in much shorter time frame. In addition, the epoch evolution of two critical loss components 𝑃𝐶 and
𝑃𝐸𝑃 has been compared for some selected network architectures as shown in Fig. 6.

As seen in Table 1, the total loss values for all these cases in the range below 10−3 to 10−4 within 3,000 epochs which
are negligible. Therefore, if these models are trained sufficiently long, chosen activation functions are quite adaptable for the
elastoplastic PINNs formulation considered herein. The comparison demonstrates the efficiency of a relatively deep network with
moderately faster training in the proposed PINN framework. Comparing the loss evolution, the convergence characteristics of 𝗍𝖺𝗇𝗁
is better with fewer fluctuations and rapid decrease in loss values for both 𝑃𝐶 and 𝑃𝐸𝑃 as shown in Fig. 6. Notably, 𝗍𝖺𝗇𝗁 illustrates
better adaptability in the constitutive loss with an improved convergence rate. While 𝗍𝖺𝗇𝗁 provides better performance in terms of
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Fig. 6. Evolution of normalized (a) constitutive loss 𝑃𝐶 ; (b) elastoplastic constitutive loss 𝑃𝐸𝑃 for network architectures - (i) [𝜓𝑛 = 80,ℒ𝑛 = 5]; (ii)
[𝜓𝑛 = 60,ℒ𝑛 = 8]; and (iii) [𝜓𝑛 = 60,ℒ𝑛 = 10].

Table 2
Degree of data-driven estimate on final loss components (in 10−05) and training time utilizing 𝗍𝖺𝗇𝗁 activation function.

Grid [ℒ𝑛 , 𝜓𝑛] 𝑃𝐶 𝑃𝐸 𝑃𝐸𝑃 𝑃𝐾𝑇 𝑃 𝐷  T𝜉
200 × 200 [5, 60] 271.28 302.71 434.31 4.92 1803.21 112.71 1915.92 11.8

[5, 80] 176.92 313.18 473.15 3.01 1398.61 87.98 1486.59 21.2
[10, 60] 11.37 101.22 320.17 35.22 × 10−3 217.11 2.56 219.67 71.2
[10, 80] 8.86 13.67 56.11 18.35 × 10−2 121.46 3.49 124.95 102.7

225 × 225 [5, 60] 221.17 284.13 389.21 3.31 1571.19 89.89 1661.08 32.9
[5, 80] 113.12 278.93 323.17 1.19 1098.61 77.29 1175.91 43.2
[10, 60] 8.01 113.3 226.39 23.17 × 10−3 176.35 1.09 177.44 125.8
[10, 80] 4.21 9.28 43.38 11.49 × 10−2 101.21 2.48 103.69 135.2

250 × 250 [5, 60] 177.34 198.68 297.19 2.19 1378.89 72.18 1451.07 32.9
[5, 80] 95.67 156.97 216.87 1.29 879.22 56.13 935.35 43.2
[10, 60] 4.33 89.67 145.22 9.87 × 10−3 137.21 0.78 137.99 125.8
[10, 80] 1.77 6.94 21.88 05.37 × 10−2 56.85 0.89 57.74 167.2

function for better adaptability. It can be concluded that although 𝗍𝖺𝗇𝗁 is relatively better in terms of accuracy, however, 𝗌𝗂𝗀𝗆𝗈𝗂𝖽
may be an optimal choice for performance in terms of both accuracy and training time for our PINNs framework. However, in the
subsequent sections, we used 𝗍𝖺𝗇𝗁 to solely focus on the accuracy of the model prediction.

5.3. Degree of data-driven training on prediction accuracy :

In this section, we further perform an in-depth study on the influence of the degree of data-driven training on the prediction
accuracy of our model depicted in Figs. 7–8. As previously mentioned in Section 5.2, we found that the baseline model is not
quite accurate in capturing the solution field in the zone of stress concentration and induces a relatively large error with localized
artifacts. To mitigate such issues, we consider various degrees of data-driven training where the range of relatively shallow to deep
PINNs architecture has been utilized to identify the optimum PINNs architecture that can enhance the predictive quality of our
framework. To this end, we have utilized three sets of synthetic FEM data with varying degrees of grids (200× 200), (225× 225), and
(250 × 250) considering Lagrange 0 free triangular elements. In addition, four different network architectures including relatively
shallow [ℒ𝑛 = 5, 𝜓𝑛 = 60], [ℒ𝑛 = 5, 𝜓𝑛 = 80] and relatively deep [ℒ𝑛 = 10, 𝜓𝑛 = 60], [ℒ𝑛 = 10, 𝜓𝑛 = 80] have been trained on
these datasets with 𝗍𝖺𝗇𝗁 activation function. The final values of different normalized loss components and training time have been
reported in Table 2. As expected, with a higher degree of the data-driven estimate, in general, , 𝑃𝐶 , and 𝑃𝐸 reduces irrespective
of network architecture indicating accuracy improvement of the framework as shown in Fig. 9. Noteworthy to mention, with a
higher degree of data-driven training, relatively deep architecture [ℒ𝑛 = 10, 𝜓𝑛 = 60] improves the predictive capability compared
to shallow network, particularly, by reducing 𝑃𝐸 , 𝑃𝐾𝑇 , and data-driven loss 𝐷 indicating better adaptability. However, such a
strategy can drastically increase the computational overhead due to significantly longer training time.

To analyze the accuracy of various degrees of data-driven estimate in the vicinity of localized solution fields, the absolute error
for different field variables has been shown in Figs. 7–8. For fair comparison, relatively deep architecture [𝜓𝑛 = 60,ℒ𝑛 = 10] has
been considered. Evidently, the results indicate that training on a relatively large grid improves the predictive quality by minimizing
relative error, particularly in the zone of localized solution where sharp feature change incur. The small error values for all field
14
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Fig. 7. Influence of degree of data-driven estimation on the accuracy of PINNs predictions-(first row; left to right) FEM solutions: 𝑢𝑥, 𝑢𝑦 (in mm) and 𝜎𝑥𝑥, 𝜎𝑦𝑦,
𝜎𝑧𝑧, and 𝜎𝑥𝑦 (in MPa) ; (second to fourth rows) absolute error between FEM and PINNs: |𝑢𝑥 − �̄�NN𝑥 |, |𝑢𝑦 − �̄�NN𝑦 |, |𝜎𝑥𝑥 − �̄�NN𝑥𝑥 |, |𝜎𝑦𝑦 − �̄�NN𝑦𝑦 |, |𝜎𝑧𝑧 − �̄�NN𝑧𝑧 |, and |𝜎𝑥𝑦 − �̄�NN𝑥𝑦 |

for grid sizes (200 × 200), (225 × 225), and (250 × 250) with [𝜓𝑛 = 100,ℒ𝑛 = 5].

Fig. 8. Influence of degree of data-driven estimation on the accuracy of PINNs predictions-(first row; left to right) FEM solutions: total strains 𝜀𝑥𝑥, 𝜀𝑦𝑦, and 𝜀𝑥𝑦;
plastic strains 𝜀𝑝𝑥𝑥, 𝜀𝑝𝑦𝑦, 𝜀𝑝𝑧𝑧, and 𝜀𝑝𝑥𝑦; (second to fourth rows) absolute error between FEM and PINNs: |𝜀𝑥𝑥 − �̄�NN𝑥𝑥 |, |𝜀𝑦𝑦 − �̄�NN𝑦𝑦 |, |𝜀𝑥𝑦 − �̄�NN𝑥𝑦 |, |𝜀

𝑝
𝑥𝑥 − �̄�

𝑝NN
𝑥𝑥 |, |𝜀𝑝𝑦𝑦 − �̄�𝑝

NN

𝑦𝑦 |,
|𝜀𝑝𝑧𝑧 − �̄�

𝑝NN
𝑧𝑧 |, and |𝜀𝑝𝑥𝑦 − �̄�

𝑝NN
𝑥𝑦 | for grid sizes (200 × 200), (225 × 225), and (250 × 250) with [𝜓𝑛 = 100,ℒ𝑛 = 5].

variables further emphasize the effectiveness of increasing data-driven estimates in order to enhance the efficacy and robustness of
the proposed framework. The result illustrates that increasing the training grid improves the accuracy of the solution significantly,
particularly, in the solution space which exhibits sharp, or very localized, features. Thus, for highly localized problems, our strategy
can be effective for predicting an accurate and robust elastoplastic solution. Overall, the increasing grid considering relatively deep
networks improves the accuracy significantly, however, there is a bottleneck in terms of computational overhead and prolonged
training time. Such an obstacle could be resolved utilizing known knowledge (i.e. pre-trained weights) that can be utilized to
accelerate the training process with a higher degree of data-driven estimate that can converge faster. Such a strategy has been
explored in Section 5.4. Overall, with increasing ϝ𝑁 , PINNs prediction improves significantly by minimizing the least absolute error
distribution in the zone of localized solution space.
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.

Fig. 9. Evolution of normalized (a) constitutive loss 𝑃𝐶 ; (b) elastoplastic constitutive loss 𝑃𝐸𝑃 for network architectures (i) [𝜓𝑛 = 100,ℒ𝑛 = 5] (ii)
[𝜓𝑛 = 100,ℒ𝑛 = 5], and (iii) [𝜓𝑛 = 100,ℒ𝑛 = 5].

Table 3
Grid size, number of epochs for training, final values of various normalized loss components (in 10−05), and training time for different transfer learning models

Model ϝ𝑁 Epochs 𝑃𝐶 𝑃𝐸 𝑃𝐸𝑃 𝑃𝐾𝑇 𝑃 𝐷 T𝜉
BL 40,000 5,000 3.19 1.16 × 10−1 7.23 × 10−3 10.43 0.94 11.37 15.2
PT-1 32,400 2,000 0.18 4.39 × 10−2 8.53 × 10−4 3.13 0.08 3.21 6.4
PT-2 22,500 2,000 0.01 7.29 × 10−3 1.69 × 10−4 0.56 0.01 0.57 3.2
PT-3 14,400 2,000 0.01 7.29 × 10−3 1.69 × 10−4 0.56 0.01 0.57 3.2

5.4. Transfer learning approach for computational enhancement :

Finally, we have utilized the transfer learning (TL) approach (Tan et al., 2018) in order to predict the solution of the elastoplastic
problem for different prescribed displacements and material parameters with pre-trained weights obtained from the baseline models
(Zhuang et al., 2020). Such an approach could be beneficial in terms of improvement of accuracy in the model prediction capability
and computational acceleration in terms of the trainability of the model. Initially, the baseline model (BL) with optimal network
parameter [𝜓𝑛 = 100,ℒ𝑛 = 5] has been trained with ϝ𝑁 = 40,000 considering homogeneous compressive pressure 𝑝𝑦 = 0.3 MPa,
cohesion 𝑐 = 69 MPa, and angle of internal friction 𝜑 = 20◦ as shown in Figs. 7–8. Then, utilizing the pre-trained weights from
BL, our first transfer learning model (PT-1) has been trained for relatively less ϝ𝑁 = 32,400 for increasing 𝑝𝑦 = 0.5 MPa. However,
material parameters 𝑐 and 𝜑 are kept unchanged (see Fig. 10). We then use the pre-trained weights of PT-1 to train the second
model PT-2 with ϝ𝑁 = 22,500 for the same 𝑝𝑦 =0.5 MPa with a different set of material parameters 𝑐 = 73 MPa and 𝜑 = 22◦.
Finally, we trained our third model PT-3 considering even less ϝ𝑁 = 14,400 for the case 𝑝𝑦 = 0.7 MPa, 𝑐 = 75 MPa, and 𝜑 = 25◦.
All three pre-trained models have been trained for 2,000 epochs. For different sets of applied pressure and material parameters,
the comparison between the ground truth solution and transfer learning-based PINNs prediction has been shown in Figs. 10–11.
With the negligible value of absolute error, particularly, in the vicinity of stress localization, such an approach predicts an accurate
representation of all elastoplastic field variables. In addition, the epoch evolution of constitutive loss 𝑃𝐶 and elastoplastic constitutive
loss 𝑃𝐸𝑃 have been plotted in Fig. 12. From the comparison, one can see that transfer learning-based models induce much less
fluctuation in the loss profile due to initialization with pre-trained weights. Thus, such a model can converge significantly faster, and
hence, reduces the time required to train our relatively deep network architecture. The acceleration in training can be observed in
Figs. 12 -(a, b) when the convergence of two important loss components 𝑃𝐶 and 𝑃𝐸𝑃 converges within 2,000 epochs corresponding
to relatively low ϝ𝑁 compared to the BL model for relatively high ϝ𝑁 = 40,000. In addition, the superior speed-up can also be
reflected in Table 3, where T𝜉 corresponding to the transfer learning-based model reduces significantly compared to BL. Thus, such
a strategy can significantly enhance computational acceleration. Following the transfer learning strategy, we observe improved
prediction accuracy compared to the conventional PINNs approach for the spatial distribution of elastoplastic solution. Moreover,
with significantly fewer grid data points, the transfer learning-based PINNs model demonstrates better adaptability and trainability
by demonstrating rapid convergence in critical loss components. Therefore, during network retraining, we demonstrate a possibility
for vastly accelerated convergence with improved accuracy of prediction via transfer-learning-based models for the elastoplastic
constitutive model considered herein.
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Fig. 10. Transfer learning enhanced PINNs prediction for various elastoplastic field variables corresponding to set of prescribed pressure and material parameters:
(a) PT-1 for 𝑝𝑦 = 0.5 MPa, 𝑐 = 69 MPa, 𝜑 = 20◦; (a) PT-2 for 𝑝𝑦 = 0.5 MPa, 𝑐 = 73 MPa, 𝜑 = 22◦; (a) PT-3 for 𝑝𝑦 = 0.7 MPa, 𝑐 = 75 MPa, 𝜑 = 25◦.

6. Discussions

In this work, we present a novel deep neural network-based generalized constitutive modeling framework for solving the
pressure-dependent non-associative Drucker–Prager elastoplastic problem. In the approach, the physical information corresponding
to elastoplastic constitutive theory has been infused into the neural network by developing an improved multi-objective loss function
where elastoplastic constitutive relations, Drucker–Prager yield criterion, non-associative flow rule, Kuhn–Tucker consistency
conditions, and various boundary conditions have been incorporated as physics-driven loss. Furthermore, a high-fidelity FEM
solution has been supplemented into the data-driven loss function for more accurate and robust prediction. The efficacy of the
proposed model has been numerically validated for a benchmark problem where a plastically deformed isotropic shallow stratum
has been subjected to compressive pressure under plain strain conditions. To this end, we extensively studied various combinations
of network architecture and activation to optimize the performance of the model in terms of accuracy and trainability. We further
17
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Fig. 11. Transfer learning enhanced PINNs prediction for various elastoplastic field variables corresponding to set of prescribed pressure and material parameters:
(a) PT-1 for 𝑝𝑦 = 0.5 MPa, 𝑐 = 69 MPa, 𝜑 = 20◦; (a) PT-2 for 𝑝𝑦 = 0.5 MPa, 𝑐 = 73 MPa, 𝜑 = 22◦; (a) PT-3 for 𝑝𝑦 = 0.7 MPa, 𝑐 = 75 MPa, 𝜑 = 25◦.

improve the predictive power of our model by considering various degrees of data-driven estimate during training. The comparison
reveals that our optimal model prediction is in excellent agreement with the numerical solution for all elastoplastic field variables.
Moreover, we have demonstrated the possibility of predicting solutions for the different applied stress and material parameters
via a transfer learning approach which not only improves the accuracy of the model but is also, much faster to train due to the
requirement of significantly less training data. Therefore, our model sheds light on building a framework that is quite flexible,
yet robust and highly physics-augmented for the transferability of known solutions for other problems which is not possible in
traditional numerical algorithms. From our extensive study, we found that the proposed model allows one to accurately describe
highly nonlinear pressure-dependent Drucker–Prager elastoplastic constitutive response while taking into account the underlying
physics and is trainable by using an efficient feed-forward deep neural network.

However, the strength and robustness of the predictive capability of the model can be further tested for noisy elastoplastic
data. In addition, for highly non-linear deformation states, extensive model characterization is necessary in terms of extrapolation
capability. As previously mentioned, compared to the FEM algorithm, our PINNs approach is not particularly lucrative in terms
of computational speed gain due to the longer training time requirement for forward elastoplasticity problems considered herein.
However, for an inverse problem that deals with finding parameters (Jagtap et al., 2022a; Chen et al., 2020; Shukla et al., 2021a),
18
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Fig. 12. Evolution of normalized (a) constitutive loss 𝑃𝐶 ; (b) elastoplastic constitutive loss 𝑃𝐸𝑃 from baseline model-(i) BL; various pre-trained models - (ii)
PT-1; (iii) PT-2; (iv) PT-3.

our proposed framework can be employed efficiently. In the context of the inverse design in the regime of continuum mechanics,
the goal is to formulate a loss function that is dependent on material parameters, and therefore, optimize the set of material
parameters for specific solution fields (Chen and Gu, 2021; Amini et al., 2023). Since our PINNs model can resolve complicated
non-linear elastoplastic solution fields, the predictive capability of the current model can be further enhanced by proper formulation
of loss function for the inverse design (Patel et al., 2019; Zhang et al., 2020b). To further generalize our framework for the
highly nonlinear elastoplastic problem, additional constitutive laws can be included that might require various state-of-the-art
PINNs techniques (Jagtap et al., 2022a). For example, parallel cPINN (Jagtap et al., 2020c), extended PINNs (XPINNs) (Jagtap and
Karniadakis, 2021), parallel-PINNs (Shukla et al., 2021b), causal sweeping strategies for PINNs (Penwarden et al., 2023), augmented
PINNs (APINNs) (Hu et al., 2023), deep Kronecker neural networks (Jagtap et al., 2022b) could be employed by leveraging their
applicability to large, multi-scale problems. Notably, XPINNs could be a powerful extension to the cPINN that can significantly
improve the predictive efficiency for highly non-linear problems. Whereas, for multi-scale problems, parallel PINNs allow one to
update weights simultaneously for multi-network architectures which can be an effective approach to increase the accuracy and
robustness of the NN approximation capability. In addition, implementation of adaptive activation functions (Jagtap and Karniadakis,
2022) such as scaleable hyper-parameter technique (Jagtap et al., 2020b), Kronecker neural networks (KNNs) (Jagtap et al., 2022b),
and locally adaptive activation functions (Jagtap et al., 2020a) could be an effective strategy for improving solution accuracy as well
optimize learning capabilities and convergence characteristics. Moreover, multilayer extreme learning machines (ML-ELM) (Zhang
et al., 2020a) can be utilized by leveraging its efficient random feature mapping mechanism for faster training. Furthermore, second-
order optimization techniques (Tan and Lim, 2019) can be implemented to optimize weighting coefficients of multi-objective loss
functional for better trainability of the model.

Elaborate studies on the aforementioned topics can be the future scope of current work to characterize the accuracy gains and
computational speed compared to traditional numerical algorithms. Nevertheless, the present framework can be applied to various
constitutive modeling approaches such as soil plasticity (Chen and Baladi, 1985; Bousshine et al., 2001), hyperelasticity (Linden
et al., 2023), crystal plasticity (Roy et al., 2023a, 2024), strain-gradient plasticity (Guha et al., 2013, 2014), micromechanics (Henkes
et al., 2022), electro-elasticity (Klein et al., 2022), composite modeling (Roy, 2021c), supersonic flow problems (Jagtap et al.,
2022a), chemical kinetics (Goswami et al., 2024), and various others (Fuhg and Bouklas, 2022; Rosenkranz et al., 2023). Moreover,
an extension to the three-dimensional time-dependent general case for finite strains can be formulated considering anisotropic
behavior (Guo et al., 2023; As’ ad et al., 2022). Furthermore, the present model can be employed to predict microstructure evolution
in the phase-field (PF) approach including various solid–solid phase transitions (PTs) (Levitas et al., 2013; Levitas and Roy, 2015;
Roy, 2020b,a), solid–solid PT via intermediate melting (Levitas and Roy, 2016; Roy, 2021a,f,e,d,b) as well as texture/ precipitate
evolution in polycrystalline material (Solomon et al., 2019; Roy et al., 2023a).

7. Conclusions

In summary, the present work proposed an efficient and robust data-driven physics-infused DL framework for the solving
Drucker–Prager elastoplastic constitutive model which can be extended in various applications in solid mechanics. In the framework,
we designed an improved multi-objective loss function that incorporates physics related to elastoplastic constitutive theory with a
data-driven estimation of various elastoplastic variables from a high-fidelity numerical solution that leads to reliable (i.e., physically
sensible) model predictions. The applicability and efficacy of our physics-augmented neural network constitutive model have been
illustrated in the benchmark problem that is in excellent agreement with the reference FEM solution. The current work illustrated the
19
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capability and flexibility of NN for an accurate description of complex inelastic behavior that has the potential to replace the classical
numerical solver and incorporate inverse design (i.e., parameters identification from data) in an automated fashion. Furthermore,
when applied to unknown load paths with the pre-trained model, the excellent extrapolation capability can lead to accelerated, yet
accurate solutions for all elastoplastic field variables. By incorporating the steady-state form of the deviatoric and hydrostatic part
into the loss function, we have ensured the higher content of physics corresponding to the pressure-dependent constitutive included
in the model. The present work highlights the importance of carefully formulating loss contributions from underlying constitutive
laws into a customer-designed multi-objective loss function in a PINNs network that leverages physics-informed features from the
data-driven solutions of the generic elastoplastic problems. By doing so, the proposed framework builds a solid foundation for new
promising avenues for future work in deep learning-based constitutive modeling approaches in the regime of solid mechanics. The
full potential of the proposed model is yet to be explored, leaving room for further investigations such as parameter identification
and inverse problems.
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