Physics 505 Electricity and Magnetism Fall 2003
Prof. G. Raithel

Problem Set 9

Maximal score: 25 Points

1. Jackson, Problem 5.22 6 Points

Hints given: Consider the result of the previous homework problem 5.19 and the discussion in Sec. 5.14 of

Jackson to construct the magnetic field by an image method.

When calculating the force, note that Eq. 5.151 cannot be used, because the medium is nonlinear. Use a

simpler equation for the energy of an object of fixed magnetization in an external B-field.

Magnetic field. Consider two identical rods with identical, constant magnetization M = zMj, length L and
an arbitrary cross section in the xy-plane, one extending from z = —L to z = —0, and the other from z = +0
to z = L. By symmetry, the magnetic-field lines of the arrangement intersect the plane z = 0 at a right
angle. To see this, consider two identical magnetic dipoles, equivalent to volume elements of the magnetized
rods located at (2/,y’,2’) and (2,9, —2'). At any location (z,y,z = 0), the z-components of the B-fields
of these dipoles add up, while the z- and y-components cancel. Following the discussion in Sec. 5.14, the
boundary condition for the B-field outside a highly permeable medium with surface z = 0 is that B, = 0 at
all locations (z,y,z = 0). This is exactly what the described arrangement of two rods also provides. Thus,

in the volume of interest z > 0 the B-fields of the following cases are indistinguishable:

1) p = oo in the volume z < 0, 4 = pg in the volume z > 0, and one magnetized rod extending from z =0
toz = L.

2) p = po everywhere and two magnetized rods, as described.
Force Method 1

Due to the absence of free currents, the H-field of the image problem follows from H = —V®,;. The
magnetic potential @, follows from magnetic surface charge densities oy = My on the end faces at z = L
and z = —0, and o)y = —M on the end faces at z = —L and z = 4+0. For long, thin rods, one can neglect
the effect of the magnetic charges at +L, leaving only the charges at z = £0. The magnetic potential is
then analogous to the electric potential inside a plate capacitor, with o /€y replaced by oas. Similarly, the
H-field is analogous to the E-field. Assuming an infinitesimally small gap 0 < z < zy between the image rod

and the real rod, it is

B iMO , 0<Z<ZO and (‘(E,y)gA
H(z,y,2) = { 0 , otherwise

There, A stands for the surface area of the end faces in the xy-plane. Since B = po(H + M),



_ [ zpoMy , Vz and (z,y)€ A
B(a:,ym;)—{ 0 , otherwise

Since an increase of zg by dzg implies an increase of the magnetic-field volume by the gap volume Adzg, the

magnetostatic energy W (zo) satisfies

po Mg
2

1
dW(Z()) = dZOAm = dZOA

Note that the position of the image rod remains fixed and does not vary as a function of z5. Then,

2
F = —QdL(ZO) = —iA'UOMO ,q.e.d.
dZO 2

The result is also valid for the real problem, because the real rod cannot distinguish between being attracted
by another real rod or by its image rod; note the similarity of this argument with image problems in
electrostatics. The significance of the —sign in the result is that the force pulls the rod towards the permeable

medium (as expected).

Force Method 2: We consider a rod with a circular cross section with radius a; everything else as before.

Explicit expressions for the magnetic field in the volume of interest can then be imported from Problem
5.19. To obtain the force, consider the potential energy W (zp) of the real rod in an external field presented

by the image rod.

W) = [ Mx) - Bilx)d’ = ~My /V Buitods =My [ + { / y Bz,i<x>dxdy} &z,

where B;(x) is the field of the image rod at locations x in the real rod, and V; is the volume of the real rod.
The position of the image rod is held fixed. For a long, thin rod, B,;(x) ~ B,(0,0, z), and

20

zo+L zo+L
Wi(z0) = —Mo/ B, (0,0, 2) {/ dmdy} dz = —MOA/ B,i(0,0,2)dz
xy 20

where A is the rod cross section. Thus, the adhesion force is

o AWCa)

= MyA|[B,;:(0,0,L) — B,;(0,0,0)]
dZo

20:0

By Problem 5.19, and by shifting the origin to the z = 0-end of the image rod, it is

/L()M() Z+L _ z
2 \/a2+(z+L)2 va? + 22

Bz,i(O, 0, Z)

and



 poMZA oL L L

F, = — — +0
2 Va2 +4IL2 Va2 +I12 a2+ L2
Fora < L
MZA
F, = —MOTO q.e.d.

The result also holds for long, thin shapes with arbitrary cross sections, because one can consider them as

superpositions of sub-portions that have cylindrical cross sections.



2. 7 Points

An infinitely long cylindrical region with radius a¢ and constant permeability p > pg carries a volume current

density

32(p.9) = 2o cos 11 (22)

(J1 is a Bessel function and x15 one of its roots; notation as usual).

a) Based on the discussion in Sec. 5.14 of the textbook, specify a Poisson-like equation with Dirichlet

boundary conditions suitable to find the vector potential in the region p < a.
b) Find an eigenfunction expansion for the corresponding two-dimensional Green’s function G(p, p’, ¢, ¢').
¢) Using the previous result, calculate the vector potential.

d) Find the magnetic field in the region p < a.

a): The vector potential can be chosen such that it only has a z-component A, (p, ¢). The equation to solve

and the appropriate boundary condition then are:

AA,(p,d) = —pj.(p, d) Boundary condition : A,(a,6) =0

b): Eigenfunctions and eigenvalues. We separate ¥(p, ¢) = R(p)®(¢) to obtain Bessel’s differential equation
for R(p):

(A+N(p,0) = 0
2
p d d ) 1 & B
(mmmf@R@“*p)+<ﬂ@mw“@) 0 @

A single-valued vector potential requires

1 d?
et =

with integer m; the solution is ®(¢) = exp(imd).

The radial equation then is

%d%pdipR(ﬂ) + </\ - mj)] R(p)=0

The solutions that are regular at p = 0 are .J,,,(v/Ap). To match the boundary condition R(a) = 0, we set



Va = Tomn

From Eq. 3.95 it follows that the normalized eigenfunctions are

1
Umn(0,0) = = imi1 (mn) T (Z2% ) explima) (2)

. 2
the eigenvalues are \,,,,, = (“ET") . Note Z|m|n = Tmn-

Using Eq. 3.160, the eigenfunction expansion of the Green’s function is

exp(im(6 = &) Jim| (“220) Ty (222

xx ) =drm Z Zﬁx

m=—ocon=1 mn |m‘+1(xmn)

¢): In analogy with the solution of the Poisson equation with Dirichlet boundary conditions, it is

0
A (pv / G pa¢a 7¢ )]z(p7 ¢)P dP d¢ - 7/ AZ(aa(bl)aip, G(p,¢7 a¢ )| ’—a ¢/

ov

Since the potential is zero on the boundary, the surface term vanishes, and

Tm

) exp(ime) Jjm| (—”p) /Vexp(—imqﬁ') Jim| (%p’) cos ¢’ Jl( 12 p)p'dp'dd’

A P, _/1*.70 Z ZTHE

m=—oo0 n=1 mn J|m‘+1(xmn

The integral equals

([t oot o) ([ s (220) 5200
= 7(Om1 +0m,-1) </Oa Ji (%np/) Ji( 12P/)P'dﬂl>

a27r

= T(dm’l +5m¢71)§n,2J22(‘r12)

which, when inserted into the previous equation, yields

.
Apd) = I B(wia) [expli6) 1 (220) + exp(-i0) /oy (229
A(p,¢) = ax’;jo J1 (7 )cossb (3)

As a test, one may insert the solution into the equation AA,(p, ¢) = —uj.(p, @) and verify its validity. It is
also, as required, A, (a,¢) = 0.



Note: (Unnormalized) eigenfunctions equivalent to Eq. 2 are

Tm

Vonnt (0,0) = Jon (“2%p) sin(me)  and una(p,6) = Jon (“2p) cos(mo)

where m = 0,1,2,.. and n = 1,2,... It may thus be noted that the specified current distribution is an

eigenfunction of A. Insertion of A, (p,d) = arh122(p, ®) then quickly leads to the result:

AA.(p,d) = —uj:(p;9)
aliiaa(p,¢) = —pjo cos ¢J1(%) = —p JoP122

2
a(%) Y122(p, ¢) = pioAvia(p, P)

2
. a
a = HJo <x12)

Adpd) = (SHR) B oo @

P

d): Since A only has a z-component, it is

B(p.o) = VxA
p 00 dp
2 - . 1 ) R ,
[ ()] ¢ [ ()]} 0

For p = a, this field only has a ¢-component and therefore is parallel to the surface, as required by the

boundary condition inside highly permeable media.

Note: In the geometry considered, the B-lines are parallel to contour lines of A,. Also, the density of
contour lines of A, is proportional to |B(p,®)|. Thus, field line plots are most easily obtained by plotting

contour lines of A,:
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Figure 1: Left: Current density (black=0, blue=out of page, red = into page). Right: Magnetic-field lines.



3. Jackson, Problem 6.1 6 Points

a): Under absence of sources other than the specified “flash” on the z-axis at time ¢’ = 0, the retarded

solution is

Y(x,t) = ¢¥T(x,t) // f(x'\t) o E; ])d?’x’dt
V(x ) = / /t/:_ )6(t’)Wd3x’dt

dz’

B 5(t—\/z2+y2+(z—z’)2/c)
B / Va2 +y2 + (2 — 2/)2

Case /22 + y2 > ct: The argument of the §-function is always zero, and

w(x7t < 7‘/’%2—’—‘@2) =0

Cc

This corresponds to the case that no part of signal flash has arrived yet.

Case /22 + y? < ct:

— dz

o(z'
d VIR VP + (=22
4

VA2 P+ (2—20)2 .
— VEREHETRE 0 e, 29 =2+ /P2 — 2% — y2. Thus,

where the sum goes over the solutions of ¢ r

¢(X7t>7V332+y2) — Z/

c

Va2 +y2 + (2 — 2/)2

Z/=Z()

bixt) = Y
= \/x2+y2+(z_20)2 N

z0 Ol Y—gp——

z'=z9

Since the sum has two identical terms, it is

\/x2+y2)_ 2c
c N

Summary of cases: Using p = y/22 + y? and O(x) := { (; ’ i i 8 , it is

Y(x,t >

2c
T O(ct —p) , qed.

¢(Xa t) =



b):

') ;o R
¢(X’f) = /V/t:7 f(xl7t,)Wd3$/dt/

1/J(X,t) = /V/too 5(x')5(t/)6(t/_[é_§])d3$/dt'

_ / {/ 5(t—\/3;2-‘r(y—y/)2—i—(z—z’)?/C)dZ/}dy/

VI =yl =)

Cc

2
/y’ Vet —a?—(y—y

B C) (ct -V + (y— y’)2) dy’

where the last line follows from part a) by substituting y with y — ¢’

Case ct < |z]:
v d—aP(y—y)? <0
= v : @(ctf x2+(y—y’)2):0
Yt <zl/e) = 0
Case ct > |z]:
2c
x,t>|z|/c) = Olct— a2+ (y—y)?)dy
bt > [a]/c) Ty ( (v=v)?) dy

/y+\/02t2w2 %
Y

'=y—+/c2t2—x? \/(22752 —x2 - (y — y’)2
BT iy

G=vTT a7 /22 — 12 — 2

J VA2
= [—20 sin~! ()]
Vet2 — 22 ) | o

= 2mc

Summary of cases:

P(x,t) =2mcO(ct — |z|) , qed.



4. Jackson, Problem 6.2a+b 6 Points

a): We consider

_ o~
/V 53 <x' —r(t— |XCX|)) d3z’

for a particle with trajectory r(t). We define

[x — x|

)

y(x)=x"—r(t-
c

with zeros x{, defined by y’(x{) = 0. The observation coordinates x and ¢ are fixed parameters of the
calculation. It is
o

Ix —xq

) = [r(t)]ret

X, =r(t—
=t 2

Then,

-1

— ! /
/‘/53 (x' —r(t— |ch)> A /‘/53(x’ —x() ’gz’(, , d*z’
*o

The elements of the Jacobi matrix are

8y§-
oz}

’

0 |x —x’
- W(x;_rj(t_ : |))
B dr; 0 |x — x'|
R I Gl
dr; 1 (x; —af)
= by— |22 W)
dt | ... \c |x—x| X

= bij — [v;(t)]eq |:(1(xi_ri(t))>:|rct

¢ [x—r(t)

/
XO X

)

= 0ij — % [Uj(t) Rz'(xat)}

= (Sij — Uy k‘l 5

ret

where we use the usual notation for retarded quantities and, in the last line, define some abbreviations for

the following. The Jacobi determinant then is

dy’ 1—vik1  —wvok —v3ky
? = —’Ulk‘g 1-— ’U2k2 —’ngg =1-v-k
x xp —v1ks —v9ks 1 — v3ks3
_ ll () -R(x, t>]
B c
ret
B d A [ x- r(t)
where  [v(t)],., = thr(t)] , and [R(x7 t)} " Lxr(t)d L (7)



Thus,

—x' 1 1
/ 53 (X’ —r(t— [x —x )) 3z’ = [ - = - ,qed.
1% ¢ 1- LCR " K
re

Note that the result is a function of the observation coordinates x and ¢ and of the (known) particle trajectory.
b): Electric field:

We insert p(x',t') = ¢0*(x’ — r(¥')) and j(x',t') = qv(t')§3(x' — r(t')) into Eq. 6.55:

E(x,t) = 477160 / {]];q [63(x" — r(t/mret + % %q(s?»(x/ _ r(t’))] » — % |:aat/qv(t’)53(x/ _ r(t’)):| ret} B’
= 477160 / {Jl;q [53(x/ _ 1[-(15’))het + %% [q53(xl _ r(t/))]ret _ %% [qv(t/)(si’)(x/ _ r(t/))]ret} B

where we have used Eq. 6.57 of the textbook. Since before integration R = R(x, x’), before integration it is
%R = 0. Thus, functions of R can be dragged through %—operators. Further, due to the time independence

of R, it is also allowed to take functions of R from outside [#],., to the inside. Example:

ret

Fax - r<t’>>]

ret

Thus, for the E-field we can write

Bt = 47360 {/

0 R .
+ & E(SS(X/ — r(t'))‘| d3 !
ret
a |: 1 N S3 (! / 3./
- = — vt (x —r(t))| d’z
ot 2R rot

By the result of part a), the [*d®z’ can be executed by multiplying with [1/x] ., and replacing the x’ in
R = x —x’ with the location [r(t’)],., of the particle at the retarded time. Also, v(t') is the particle velocity

at the retarded time:

R
KR?

R
kR

0

cot

s[5} aea

Note that after the [ *d®z’, the independent variables of R have changed from (x,x’) to (x,t). In the final

q
E(x,t) = Tres {

ret ret

result, all quantities inside the [*] . can be written as functions of (x,t). Any explicit calculation will require

ret

knowledge of the particle trajectory r(t).

11



Magnetic field:

From Egs. 6.56 and 6.57 in the textbook, the time-independence of R before integration, and by virtue of
part a) it follows that

B(x,t) = % { lé?’(x’ —r(t)v(t') x % t + %63()(’ —r(t")v(t') x % t} d3z’
re re
_ 4k R g 3ol () ’ E 3.0
= I {lVXﬁRQ t+8t 0°(x r(t))v(t)xcR t d’x
. qo J |V X R 0 JvX R od
 dr KkR? . cot | kR . e

Comments on the electric-field result also apply to the magnetic field.
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