Instructor: Jianming Qian
Due date: October 4, 2001

Physics 505: Solutions to Assignment #4

Problem 3.1
The problem is azimuth symmetric and therefore the general solution is
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The coeflicients Ay and By are to be determined by the following boundary conditions:
O(r = a,0) = Vh(g —0);  ®(r=05,0)=Vh(0 - g)

where h(z) is a step function, i.e., h(x) =1 if > 0 and h(z) =0 if x < 0. Applying boundary condition at r = a:
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Multiplying both sides with Py (cos 0)sin @ and integrating over 0:
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Applying the boundary condition at » = b leads to a similar equation:
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Solving for Ay and By:
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Therefore
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The limiting case of b — co:

Problem 3.4
Using integrals and identities:

sin(3a) = —4sin® @ + 3sin

This problem is not ¢ symmetric. The general solution is therefore
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Since there is no point charge inside the sphere, the potential has to be finite. Therefore, By, = 0:
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However, the potential is invariant under ¢ — ¢ + 27/n transformation, i.e.:
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(a) The coeflicients Agy, are to be determined by the potential at the surface:

®(r =a,0,¢) =V (—1)? for —j<¢< (j+1) where j =0,1,2,...,2n — 1
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In order for the above integral to be non-vanishing, m/n must be an odd number. In this case,
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Furthermore, the associated Legendre function P}*(x) is even if £ +m =even and odd if £ +m =odd. Consequently,
Agp’s are non-vanishing only if ¢ and m are either both odd or both even numbers. Therefore,

f=even if n=even; £=odd if n=odd
Since m/n is odd, m = (2k + 1)n, k= 0,£1,£2,.... The potential inside the sphere is
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The first non-vanishing Ag,,’s are A, ,, and A,, _,:
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(b) For n = 1, the non-vanishing As,’s up to £ =3 are A1, A1, 1,431, A3 _1,A33, 43 _3:
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The potential expansion (up to the term £ = 3) becomes:
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Combining the above three terms, we have
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Translating to Cartesian coordinates (z = rsinfl cos ¢, y = rsin@sin ¢, and z = r cos 0):
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Translating back to Spherical coordinates in the rotated system (z = rsinfcos ¢, y = rsinfsin ¢, and z = r cos §):
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agrees with Eq. (3.36).

Problem 3.7
(a) The problem is ¢—symmetric. The potential for an arbitrary point (r,0,¢) is
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where r; and r_ are distances from the point to the charge at 2 = +a and 2z = —a respectively:
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To find the limiting form of the potential as @ — 0, we expand r; and r_ as:
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Using these expansions, the potential can be written as
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In the limit of @ — 0 while keeping ga? constant:
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(b) With the grounded sphere, the potential at (r,0,¢) are superpositions of those of the three charges and their
imagine charges. Denoting @, ®_ and ®( the potentials of charges at z = +a, —a,0 and of their respective imagine
charges, we have
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For r < a, @4 and ®_ can be expanded in terms of r/a or ar/b:
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Adding @, , & and ®; together:
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For r > a, ®, and ®_ have to be expanded in terms of a/r or ar/b:
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The total potential for r > a:
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In the limit of a — 0:
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Problem 3.9
Useful integrals:
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This is a problem of solving Laplace’s equation V2® = 0 with the following boundary conditions:
Dp.dz=0)=0, B(p,¢z=L)=0, B(p=1b62)=V(62)
Assuming the solution has the form:
D(p,6,2) ~ R(P)QS)Z(2)
and plugging into the Laplace’s equation, one gets:
Q&) ~ Acos(vg) + Bsin(vg), Z(z) ~ Ccos(kz)+ Dsin(kz), R(p)~ ELL(kp)+ FK,(kp)
where A, B,C, D, FE, F are constants. Applying generation consideration and boundary conditions:
e Q(¢p+2m)=Q(¢) = v=m, m=0,1,2,...

e Finite potential at p=0 = F =0,



ed=0atz2=0 = C=0;
ed=0atz=L = kL=nm n=0,12,..
Therefore, the complete general solution of the potential is
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The coefficients A,,,, and B,,, are to be determined from the boundary condition at p = b:
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This is a double Fourier transform of V (¢, z). Multiplying sin(m'¢) and integrating over ¢:

2 oo 0o o0
nmw nmw nmw nmw
d = Im —b) sin(— Amn 6m’m = Im’ —b) sin(— Am’n
/0 oV (¢, 2) sin(m'¢) mEZOnEZO ( T ) sin( T 2) (m ) WnEZO ( 7 ) sin( 7 2)
Multiplying sin("i7T z) and integrating over z:
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As usual, By, is to be replaced by By, /2.



