











































































































Let C be a combinatorial
category

Ex
e FI the category of finite sets

and injections

e VII finite dime vector spaces L

and linear injections

e VICI finite dime vector spaces 1L and

split injections

e FSP the opposite of the category

of finite sets and surjections

Def A E module over a commutative
ring k

is a functor M E Mod K

M V x c C

Mt Mx My f f X y ee














































































































DIE M is finitely generated if there is

a Infite list of elts mi e Mx that

generate My tyee under the action of

transition
maps

and linear combos

Mf f y Xi E E

In our examples every C module M

has an underlying sequence of representations

M D Gm tu EIN where
n

Gn is the automorphism group of the nth object

of E G Auth














































































































Question If M is a finitely generated

C module what does that imply about

the sequence of representations Mn ne IN

FImodulesinchai
Church Ellenberg Farb Sam Snowden

A finitely generated FI module is

representationable

Ft Ft EY
Many other results for VI VIC FIG

FID positive
characteristic etc














































































































ResultsonDimensions

Let k be a field Use imMn
neµ to

build a function

Def The Hilbert series of M is

h
y ft

dimMath
4N

Often hmlt is rational

hµ t Htt
gift

for fig polynomials

g taking a specific form

EI
oa e FI CE F S Csl C E F N

hµ ft is rational w denominator 1 f d

dim Mn is eventually polynomial

e VI
q

Nagpal in nondescribing characteristic














































































































hµ ft is rational w denominator It of t
j

dim Mw is eventually g polynomial

G FSP Sam Snowden

hµ ft is rational w denominator a power of
d 1
IT Il j t
j o

In general Sam Snowden Gribnertheory

is the most general method for proving rationalityThins

Drawbacki Breaks symmetry so only tells us about the

dimension sequence

Goalfor today Introduce a construction

that helps to unify these results and that

is able to prove equivariant versions














































































































Acoincidence

Theni Arnold The Poincare polynomial of

Contd f x I e Ed x et x if it

d t

is IT
It j t

O

Goresky Macpherson interpret this result in terms

of posets poset homology














































































































Mob.us
ktnswaiyfinite

Let P be a poset we can consider
A J

P as a category

objects pep
morphisms 7 morphism p q it peg

DeS Let P have a top element 7 t P

TheMobius function µ P Z is the

unique function satisfying

µ p
1 if off

p7q o otherwise

1 more properly ftp.T
Ex AT

1 q 1 7

Ill
2














































































































Tmi Hall Mp Hi IT p sp p

Def When P is graded
we let

r p be the length of a maximal chai

chain p pos pi s Prep T

y
on characteristic

The Whitney polynomial of P is

Wpltl peep Mpl t

when it exists














































































































De Given de e the overcategory Eld
is the category with

Objects fix d xtc

Morphisms x x

f ft
d

In Rep Stability often eld is

equivalent to a graded poset

Exampies
e FI

FIH poset of subsets

of X containment

X X S
Whiteypoly l t E ttt

S EX














































































































VIEq
VIq w poset of subspace

of W

Whitney
dimW 1 Codify foodimV
IT a of't E g t
f O VEW

E FSP

FSYxn.LYpgY z poset of set partitions of X
refinement

whitheypolye

X l

IT a jt E rcpi y Hi
j 0 pasetpartition

of X

E VIC

VI4w z poset of subspace t splittings

introduced by Charney

Whitneypoly
7














































































































Main Construction Let e be one

of the categories above de IN e

Let Hd P

Build a complex Kalm t Me Modle

d I HP Np
Edm Of E M to M
o pep y rlpl d d

rfp

Where iM M i

Propi If Kalman is exact Ammo

hm It is rational w denominator Wplt

PI Write Wplt
o ttt In degree

m ntd we have kg Mlm
C














































































































Mn Mn Mn r Mn

Et't c dimMn i O t n O

thi Ci din Mai th e Wpft halt
n

is a polynomial f t hµHI Dn

Exactnesscategorifiesrationality

Proto Thm T Let C FI VI
q
orFS

Let M be a f g l module

Then I d s EIN such that Kd ML is

exact V noo

hµft has denom

Wpft














































































































Construction fchaincomplees
Let got be a monoidal category Suppose

that Ud is equivalent to a poset

Ot e x Cfd e

induce a functor

Res9 Mod e Mod exeld

Choose a functor

F Mod d ChlMook
Then applying F in the second factor

we get
to Besot Mode Ch ode

FORTIN et Fl Ma

what is F














































































































Posethomology wlcoetiets after Badawski

Let P be a poset with topelement 7
Let M be a P module

Defi Bp M is the following Bar complex

In homological degrees

Bp M Of M
S Ps

T p 7psEP

Felicia Bp M BplMls
0

Oil P Ps m

0 if i O

I pii Piti 713in it t St

T Psi Mpsp m if i s














































































































simplicial

Bp M is closely related to the orderncomplex

NP whose simplices are chains of ett of

P

Def When P is graded and the order complex

NlpT is Npt 3 connected t pep

then Kp M is the subcomplex

Kp Mls E Mps

n T p 7ps rlpD s
H
S I

Kerl E EN o
5 0

By definition

Kp Mls ftp.i.Hszl VlpiTl M
p p s














































































































HathseoreT
z

pep rip
Mp

Prof Kp M BpM induces an isomorphism

on homology

PI Use the spectral sequence for therank filtration18

1143Example

f TT
12 3 1312 23 1Fs Is Pb
yg f nasithe
123

f chains

3

Bpg
Muy M1213 MBK Mall Mlb

to
µ123














































































































cnn.mu no fI
Kpp M Mpp Mm.AM Mm

ME

Wayst thinkaboutBppKp

Bp.IM computes To SITI M k

where SLI is the P representation
ototto
load

when K is a field this is the same as

Ext M SAH
t

P

Bp M cone ho
im.pMp Ma

p p

so it measure the difference between Mplpsp

and Mp














































































































Kp M is a Kosal complex
in the sense of Kosal duality theory

By taking F Bea or Keld

we obtain functors

Bd Kd Mod e Ch Mode

Kd is defined for FI VIL VIC FS

FIR














































































































Examplesj For a monoidal cat e Ot

let E M denote Res LM M o

For e FI Kd M is

Edgy qdtpyod qd2pyot.tt µ

the complex obtained by iterating

cone M EM d times

For e VI KWCH is

M T.y.netw
M

yOtgy5M0xsteinlwH

StirlingFor e FSP kdlM is
f fetina

Edm I'M
1

gdjy














































































































For o

Mode GrMod x.y

and Kd

Kd M is the Kosal complex

Xy Ig
M d M d H Mld 2














































































































Oneinterpretationoted when

E is an EI category we can define

E module homology H C f de ed

Then HilBdt equals
fine.no

E facto
Resot Hit Id

Mode Mod e Mod e

Case of FS modules














































































































Background jP
Proved Noetherian by Sam Snowden and

used to prove the Lannes Schwarz Artinian conjecture

Applications

Kazhdan Lusztig polynomials of braid matroids Proudfoot
Young

Homology of the moduli space of stable curves MgI IT
and Kontsevich mapping spaces T Petersen

Resonance
arrangements Proudfoot Ramos

Anatogyconnection Joint w Sam Snowden

FI modules QCD modules

FS modules

g
modules for g the

wilt lie algebra of formal vector fields
on unitdisc

In general they are not well understood














































































































Exampleofantmodule

Consider

My I set partitions of
into 2 blocks fun

ordered

Then M is an FSB module via pullback

of set partitions p
f Y lamb

Ial
In fact M is generated in degree S2

Tr o of partitions fixed by o

o X X

It o has a cycle of odd length then must

fix each block

Tr o 2
114 dolt

2














































































































where

Xi r of o cycles of o

If all of the cycles of o have even length

then

Trfr 2
214 14

to

2
214 tXylol t

2 2

preserving
blolks swapping blocks

Can iterate Kelly by
taking total complex

Thm ft Let M be an FS module which

is a submodule of one generated in degree d

Then IselN such that

hi les EIN di d

ke o Kei Ken M is exact














































































































key ingredient is Sam Snowden Grabner theory

Taking
Frobenius characters this translates into a system

of linear differential equations for HM

Det An FTP module is of class Cd s

if the hypothesis t conclusion of the

previous theorem apply to it

To describe the character of a class dos

module we need the following functions














































































































Character Exponentials 177
FT a

17Def Let A 2
a Ibe an integer partition

Symmetric
function

A II dad Pack m

Ex A 12 Axe II In 2

B 2 BX IT OH IT 2

0 unless 7 n odd h even

allcyobof are even

The example above had character function

A B
2














































































































Def
Lef v Tm 2M be another integer partition

X n
symmetric

fouotio

141A't lxnkqnaaajkezi.HE.hn

EI If A 0 II ftp.kl o
nH mn

is nonzero iff o eSn has cycle type V














































































































Characters

Thmi IT Let M be an FTP module of

class p Then the character of M is of the

form

Fa E a 41 AH

for AtEd rank v t d C
ya

E

of rows in Young

finite dimensionality
diagra of

u

T

Ttm I There is a finite dimensional space

of class functions Ugs containing the

character functions of FSP modules of class 19J

dim Ud dg
S 1 intpartitions of i














































































































Multiplicity polynomiality DF
Thin T Let nd n mama

Then for M an FTP module of class Gsl

Mutt
p Martial is eventually

quasipolynomial

of period Ed and degree Edso














































































































Questions

For which categories does
Magootorsion

finitely generated Kd M exact

ergo VIq in describing characteristic

How does the class of an FS module

behave in short exact sequences

What is the representation theory of FS

Can the complexes Kd M be used analogously

to M EM for FI modules














































































































Thanks

Thanks Andrew Jenny














































































































Idea of proof for FSP modules

Use OS FSP where

059 is the category of totally ordered sets

and ordered surjections

f X y s.t is min f titleminffID

Reduce to OSP submoods of KOS n

Girty reduce to 059
subsets of Ost T














































































































Sam Snowden showed
using Higman

lemma that these are classified

by certain DFAs

E If F la b and

aba describes the surjection 33 T
is a

21 2 b

31 7 a

then aba generates the 0590 subset

accepted by

toe ofb

Associate Pld'T sets to DFA's














































































































and prove that they yield exact complexes

I w AI E Ploy

partitions p f w factors through p
Wfp accepted by A

Prove that the Pldt set
associated to Ilw A is exact














































































































Arnold

dim Hf contact ti IIT lit

Goresky Macphersons

Contre G E Q is a hyperplane
complement

w associated poset the lattice of set partitions




