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Abstract

We give two fundamental solutions for the motion of a point vortex near a flexible

wall, up to first order in wall deflection, using computational methods. For a point

vortex near an infinite horizontal wall, the deformation of the wall intensifies the

flow at the wall near the vortex, and increases the speed of the vortex. Near a

circular wall there is a strong mutual amplification of the deflection of the wall and

the pressure force induced by the deflection, as the point vortex approaches the

wall. The total force on the wall diverges as the inverse cube of the distance to

the point vortex, and the induced speed of the point vortex diverges as the inverse

fourth power of distance to the wall.
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1 Introduction

The interaction of vortices with solid walls is a classical problem in hydro-

dynamics [1], with recent applications in problems of biological and techno-

logical interest. Doligalksi et al. [2] review studies of flows past aircraft and

submarines where vorticity shed from upstream structures (i.e. airframes and

helicopter blades) collides with downstream surfaces, causing boundary layer

separation and leading to dramatic changes in unsteady forces. Rockwell’s re-

view [3] gives many additional examples including vortices impinging on small

bodies, leading edges, and oscillating bodies, in the presence of three dimen-

sional effects and nonuniform background flows. Many important vortex-body

interactions occur in biological flows, both internal (heart flows [4]) and exter-

nal (insect flight [5–7] and fish swimming and schooling [8,9]). Many of these

biological structures undergo large deformations under forces induced by vor-

tices. The goal of the present work is to obtain two of the most basic solutions

for vortices interacting with deformable walls. These solutions can be regarded

as a starting point for a wider class of interactions of vortices with flexible walls

which incorporate boundary layer interactions, different vorticity distributions

such as dipoles, and more complex geometries. Interactions of vorticity with

passive flexible flag-like structures has also been studied experimentally [10],

theoretically, and computationally [11–14].

We consider a two-dimensional flow consisting of a single point vortex trans-

lating along a flexible wall which is either an infinite line or a circle in the

undeformed state. We solve the problem in the asymptotic limit of small de-

formations. For large deformations, boundary layer separation is likely, which

would inject additional vorticity into the outer flow. The leading order wall de-
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formation can be determined from the unperturbed flow, which can be solved

using classical methods such as the method of images [1]. To understand how

the wall deformation alters the motion of the vortex and the force on the wall,

we use a more general formulation in terms of bound vortex sheets. We find

that the wall deformation increases the speed of the vortex as it travels along

the wall, and increases the force on the wall near the vortex. The total force

on the wall is either unchanged (for the infinite wall) or increased (for the cir-

cular boundary) by the wall’s deformation. As the distance between the point

vortex and the circular wall is decreased, the first-order correction to the flow

grows rapidly, due to a mutual amplification of the body’s deformation and

the fluid forces on the wall.

2 Point Vortex Near a Flexible Wall

We first give the equations for the motion of a single point vortex immersed

in an inviscid fluid above an infinite flexible wall. The position ζ of the wall

in the complex plane is given by its vertical deflection h from the horizontal

axis, ζ(x, t) = x + ih(x, t) (see figure 1a). In what follows, we assume h(x, t)

is small compared to the length scale of the problem, which is the distance of

the point vortex from the wall, d. Then we retain terms up to linear order in

h and ∂xh and drop terms which are O(h2, ∂xh
2). Some of the details of this

expansion are given in [15,16]. The method given here can also be used for

more general ζ(x, t).

The boundary condition that the flow does not penetrate the wall can be sat-

isfied by placing a vortex sheet at the wall, which induces a normal velocity

along the wall. The vortex sheet also induces a tangential velocity along the
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Fig. 1. a, A schematic diagram of a point vortex in steady translation along an

infinite flexible wall which is vertically deformed by a distance h(x) due to fluid

pressure forces. The height of the vortex above the wall’s height at x = ±∞ is

d. The point vortex induces a flow normal to the wall which is superposed with

a vortex sheet along the wall (shown schematically by five small point vortices of

differing strength) to match the wall’s velocity normal to itself. Thus the flow does

not penetrate the wall. The vortex sheet induces the velocity Uv at the point vortex.

b, The motion of a point vortex outside of a flexible circular wall, with radial location

as a function of azimuthal angle given by r(φ).

wall, which is equal to the strength of the vortex sheet [17]. The flow every-

where above the wall is then the superposition of the potential flows induced

by the vortex sheet and the point vortex. The circulation of the point vortex

is Γ. We assume that at a given time t, the point vortex is located at id on the

imaginary axis. The no-penetration condition equates the flow velocity normal

to the wall (induced by the vortex sheet and the point vortex) to the velocity

of the wall normal to itself.

The flow velocity induced by the point vortex normal to the wall is

vn(x, t) = Re

(

eiθ(x,t)

2π

Γ

ζ(x, t) − id

)

. (1)
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Here θ(x, t) denotes the tangent angle to the wall, and θ(x) = ∂xh + O(∂xh
2).

The velocity normal to the wall induced by the vortex sheet, of strength γ, is

a principal value integral:

vn,b(x, t) = Re

(

eiθ

2π
P
∫ +∞

−∞

γ(x′, t)dx′

ζ(x, t) − ζ(x′, t)

)

. (2)

Here and subsequently, the integral involving γ is with respect to arc length

along the wall (ds), but since ds = dx(1 + O(∂xh
2)), for the linear order

solution it is sufficient to replace ds with dx. The no-penetration condition is

vn,b(x, t) + vn(x, t) = ν(x, t), (3)

where ν(x) is the component of the wall’s velocity normal to itself. The point

vortex moves at the velocity Uv induced at its location by the vortex sheet

(but has no self-induced velocity [17]):

Uv = −
1

2πi

∫ +∞

−∞

γ(x′)dx′

−id − x′ + ih(x′)
. (4)

In general, a vortex sheet is associated with a jump in fluid pressure across

the vortex sheet, which is found by taking the difference of the tangential

components of the Euler equation for the fluid velocity on either side of the

wall [17,18]:

∂x[p] = ∂tγ + ∂x((µ − τ)γ). (5)

Here τ(x, t) is the component of the wall’s velocity tangent to itself, and µ(x, t)

is the average of the tangential flow speeds on the two sides of the wall. The

present case of an infinite wall is equivalent to a fluid with zero flow, and zero

pressure (equal to the pressure at infinity), inside the wall. In this case µ(x, t)

is half the tangential component of the flow velocity on the outside of the wall.
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Up to linear order in h, ∂xh,

τ(x, t) = 0, ν(x, t) = ∂th(x, t). (6)

Also,

µ(x, t) = Im

(

eiθ

2π

Γ

x + ih(x, t) − id

)

. (7)

The shape of the wall is determined by a force balance with the pressure jump:

Lh = [p], (8)

where L is a differential operator (in the simplest case, a multiple of the

identity operator), which gives the elastic response of the wall to fluid pressure.

We search for solutions in which the point vortex translates steadily with a

horizontal velocity Uv, and the flow and the shape of the wall are traveling

waves with speed Uv (functions of x − Uvt). In this case ∂t = −Uv∂x and (5)

simplifies to

[p] = (µ − Uv)γ (9)

and

ν(x, t) = −Uv∂xh(x, t). (10)

It is natural to search for such traveling wave solutions, because they are con-

sistent with certain symmetries of the equations. In particular, by equations

(3), (4), (8)–in which L involves only even derivatives of x, as in the exam-

ples below–(9), and (10), the following properties are mutually consistent: the

vortex velocity Uv is real; h, [p], µ, and γ are even functions of x; ν is an odd

function of x.

We now give L for some simple flexible boundaries. A simple flexible boundary

which yields a finite solution at x = ±∞ is an elastic beam on an elastic
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foundation. An early use (circa 1880) of such a model was for a metal rail

supported on crossties [19]. Such models are common in biomechanics with

applications to stents [20], connective soft tissues in joints [21], the spinal

column [22], and human skin [23]. The addition of an elastic foundation to a

constant-tension membrane, described by

−T∂xxh + kh = −[p], (11)

also yields a finite solution at x = ±∞. We pursue the membrane on an elastic

foundation as a particular example, though the results are similar for the beam

on an elastic foundation. In (11) we neglect the inertia of the wall relative to

that of the fluid, which is a good approximation when the wall density is not

much greater than that of the fluid [15].

We nondimensionalize lengths by d, velocities by Γ/d, and pressures by ρfΓ
2/d2.

For simplicity we take T = k, so that the surface tension force is comparable

to the underlying substrate deformability near the point vortex. The problem

can now be solved in successive orders of 1/k:

(h, γ, [p], . . .) = (h0, γ0, [p]0, . . .) +
1

k
(h1, γ1, [p]1, . . .) + O

(

1

k2

)

. (12)

The solution to the flow at each order determines the wall shape at the next

order, which determines the flow at this same order, and so on:

h0 → [p]0 → h1 → [p]1 → . . . . (13)

We may determine the solution up to first order, which is consistent with our

neglect of terms which are O(h2, ∂xh
2) in the equations.

At zeroth order, we have the classical problem of a point vortex translating
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over a flat wall: h0 = 0. The dimensionless flow quantities are

γ0(x) = −
1

π

1

x2 + 1
(14)

µ0(x) = Re
(

1

2πi

1

x − i

)

=
1

2π

1

x2 + 1
(15)

Uv0 =
1

4π
. (16)

[p]0 =
1

4π2

x2 − 1

(x2 + 1)2
. (17)

The zeroth order problem can also be solved using an image vortex instead

of a vortex sheet. Milne-Thompson used the image method with the unsteady

Bernoulli equation to give the same result for the pressure jump [1]. However,

when the wall is not flat but is instead deformed by fluid pressure, the method

of images no longer suffices to determine the flow (i.e. [p]1), so we use the vortex

sheet method.

The zeroth order pressure, shown by the black line in figure 2a, corresponds

to an upward suction (or negative pressure) on the wall at a point directly

under the point vortex at x = 0, y = i, and a downward pressure farther away

(for |x| > 1). The net pressure force on the wall is

F =
∫ +∞

−∞

[p]dx, (18)

and the substitution x = tan φ shows that there is no net force on the wall at

zeroth order: F0 = 0.

Inserting the zeroth-order pressure [p]0 into (11) gives h1, shown as the green

line in figure 2a. h1 can be written in terms of the exponential integral function

Ei. The wall is pulled upwards by the point vortex at leading order. The wall

deflection decays to zero at ±∞, because the pressure jump decays to zero

at ±∞. We now determine how this bump in the wall shape affects the flow
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Fig. 2. A comparison of zeroth and first order terms in the solution for the point

vortex translating near an infinite flexible wall which is a constant tension membrane

over a deformable substrate: k(−∂xxh + h) = −[p].

at first order. It is possible to expand equations (3), (4), (9), (10), and (11)

in powers of h, ∂xh, but an analytical solution is not simple to find because

the kernel of the integral in the kinematic equation (3) for γ1 involves h1 in

a nontrivial way. Hence we solve the system of equations numerically. We use

the map x = tan φ to map −∞ < x < ∞ to −π/2 < φ < π/2. We write (3)

as a system of equations for values of γ on a uniform grid in φ,

φ′

j = −
π

2
+
(

j −
1

2

)

π

n
, j = 1 . . . n, (19)

and evaluate the integral in (3) at the staggered grid:

φj = −
π

2
+ j

π

n
, j = 1 . . . n − 1. (20)

Using staggered grids allows us to avoid the singularity in (2) (via (3)), simi-
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larly to vortex panel methods [24]. There is one more equation than unknown

in this system, which corresponds to an undetermined degree of freedom in

γ. The situation is typical for the solution of the Laplace equation with Neu-

mann boundary conditions in a half plane (or in a region outside of a disk, in

which case the free parameter can be regarded as the circulation around the

disk [25]). For example, in the zeroth order problem with a flat boundary, a

constant added to γ adds a uniform horizontal flow without altering the flow

normal to the boundary.

The undetermined degree of freedom in γ may be fixed by setting the integral

of γ on the boundary (and hence the total circulation in the flow), or its

value as x → ±∞. For the zeroth order solution represented by (14), the

boundary condition is that the flow velocity (and thus γ) is zero at infinity.

We retain this boundary condition for the first order solution, which fixes the

undetermined degree of freedom in γ. We write the discretized equations (3),

(4), (9), (10), and (11) as a nonlinear system of equations for h(φ′

j) and Uv,

and solve them using Broyden’s method [26]. Given a guess for h(φ′

j) and Uv,

we solve for γ using (3) and [p] using (9). The equations for h(φ′

j) and Uv

are (11) at each φ′

j and (4), and there is thus one equation for each unknown

of the discretized system. To obtain the first-order solution, we subtract the

zeroth-order solution from the nonlinear solution, and take k sufficiently large

that the result has converged (and thus second- and higher-order terms are

negligible). In figure 3 we show the convergence of the computed first order

solutions for two quantities, the pressure on the wall adjacent to the point

vortex (p1(0)) and the point vortex speed (Uv1), as k becomes large. At the

largest k shown, 7 digits of p1(0) have converged, and 6 digits of Uv1 have

converged, with respect to further increase of k.
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Fig. 3. Convergence of first order terms in numerical solutions for the point vortex

translating over an infinite flexible wall as k becomes large. We plot our estimate of

the first order solutions, given as the difference between the numerical solution and

the zeroth order solution, scaled by k, for the pressure on the wall adjacent to the

point vortex (p1(0) ≈ k(p(0)−p0(0))) and the point vortex speed (Uv1 ≈ k(Uv−Uv0).

In figure 2b and c we plot the values of γ1 and [p]1 together with the zeroth-

order solutions. The first-order solutions add constructively to the zeroth-order

solutions, and are considerably smaller in amplitude. From panel (a) it may

be seen that h ≈ h1/k ≪ 1 even for k somewhat smaller than 1, and the

power series may still converge in this case if the functions h1, h2, . . . decay

sufficiently rapidly with index. In the present case we take the leading order

solution h1 for the upward bump as an approximation to the wall shape in

the fully-coupled solution. The first-order terms in the force on the boundary

and the speed of the vortex are:

F1 ≈ 0; Uv1 = 7.8 × 10−4. (21)
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The first-order force is zero up to the tolerance of the solver (about 10−12).

The upward bump h1 serves to bring the oppositely-signed vorticity on the

wall closer to the point vortex, which increases the speed induced at the point

vortex.

We note that the elastic foundation term in (11) is essential to give a finite

wall deflection at x = ±∞. If we consider the case in which the wall is an

elastic beam with bending modulus B, the shape of the wall is the solution

to:

B∂xxxxh = −[p]. (22)

Assuming B is large, and expanding h as

h = h0 +
1

B
h1 +

1

B2
h2 + . . . , (23)

we have the first order equation

∂xxxxh1 = −[p]0. (24)

Integrating (17) four times using analytic integration software (Mathematica

7), we find

h1 = a0 + a1x + a2x
2 + a3x

3

+
1

4π2B

(

3x2

4
+ x arctan x +

1

4
(x2 − 1) log(1 + x2)

)

(25)

which diverges at infinity for any choice of the constants a0, . . . , a3. The reason

is the relatively slow decay of [p]0, ∼ x−2 at ±∞. When the wall is a constant

tension membrane given by T∂xxh = [p], a similar analysis shows that the

shape diverges logarithmically at ±∞.

We note also that the tensile term in (11) plays an important role, by smooth-

ing the solution. When T ≪ k, the wall deflection includes oscillations with a
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characteristic wavelength given by
√

T/k. Without the tensile term, the nu-

merical equations become ill-conditioned at moderate k, indicating that the

solution may cease to exist as k decreases further.

3 Point Vortex Near a Flexible Circular Wall

We next consider the same problem in a simple finite geometry: a point vortex

next to a flexible circular wall (see figure 1b), with cylindrical coordinates

(r, φ). We now nondimensionalize lengths by the radius of the circle, leaving

the position of the point vortex a > 1 as an additional dimensionless parameter

not present for the infinite wall. The vortex sheet method or the method of

images may again be used to find the zeroth order flow:

γ0(φ)=
1

π

1 − a cos φ

1 − 2a cos φ + a2
; µ0(φ) =

γ0(φ)

2
; Uv0 = −

1

2πa(a2 − 1)
(26)

p0 =
γ2

0(φ)

2
−

γ0(φ)

2πa(a2 − 1)
; F0 =

1

2π(a2 + a3)
. (27)

The free constant in γ has been set to make the circulation around the circle

zero, as if the flow were started from rest with no vorticity shed from the

circle. Now there is a net attractive force on the wall from the point vortex at

zeroth order.

We now allow the wall shape, given by r(φ), to deform according to linear

elasticity:

k(r(φ) − 1) = [p](φ). (28)

A surface tension or bending rigidity may easily be added without alterating

the qualitative features of the results. As before, we expand solutions in powers

of 1/k.
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For the circular wall, the numerical method is similar to that for the infinite

wall, except that the grids are different:

φ′

j =
2πj

n
+

π

n
, j = 0, . . . , n − 1, (29)

φj =
2πj

n
, j = 0, . . .

n

2
− 1,

n

2
+ 1, . . . , n − 1, (30)

where φ is the azimuthal angle on the circle. The kinematic equation is omitted

at φ = π (where it is automatically satisfied under the symmetries of the

traveling wave motion), and replaced with the circulation constraint:

∫ 2π

0
γ(φ)dφ = 0. (31)
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Fig. 4. A comparison of zeroth and first order terms in the solution for the point

vortex located at a = 1.5, translating near a flexible circular wall which deforms

according to linear elasticity: k(r(φ)− 1) = [p](φ). The first order radial position is

thus the same as the zeroth order pressure.

Figure 4 shows the solution for a = 1.5. Again the solutions show sharp peaks
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on the wall adjacent to the vortex. In this case, the traveling wave solution

corresponds to the point vortex moving in uniform circular motion (constant

speed and constant radial position equal to a). The first-order flow solution is

an intensification of the peak in pressure and vorticity near the point vortex.

The first-order solution is significantly larger in magnitude for the circular

wall for a < 2 than for the infinite wall. When a is decreased towards 1, the

shapes of the solutions in figure 4 remain similar, but the amplitudes of the

peaks diverge. In particular, the first order solutions grow much more rapidly

than the zeroth order solutions as a decreases towards one, and decay more

rapidly as a increases.
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Fig. 5. For a point vortex moving near a deformable circular wall, and as functions

of the vortex radial position a, the zeroth and first order terms in the total force on

the circular wall F = F0 + 1
k
F1 + . . . and the vortex speed Uv = Uv0 + 1

k
Uv1 + . . ..

In figure 5 we give the zeroth and first order terms in the total force on the

boundary F and the vortex speed Uv. The first order solutions diverge as

F1 ∼
1

(a − 1)3
, Uv1 ∼

1

(a − 1)4
, (32)

as a tends to 1. This rapid divergence may be understood in terms of a mutual
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amplification of the increase of the pressure on the wall and its increasing

deflection.

R a
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a) b)

Fig. 6. A diagram showing the mutual amplification of suction force on the wall and

its deflection. For the undeflected wall in (a), the dark blue arrows show the flows

induced by the point vortex at two points on the wall, and the light blue arrows

show the components of the blue arrows normal to the wall. For the deflected wall

in (b), the red arrow shows the flows induced by the point vortex at the same two

points on the wall, and the orange arrows show the components of the red arrows

normal to the wall.

Figure 6 shows the physical mechanism underlying the mutual amplification.

In (a), the wall is an undeflected circle. The dark blue arrows show the flows

induced by the point vortex at two points on the wall, and the light blue

arrows show the components of the blue arrows normal to the wall. In (b),

the wall is deflected by pressure forces, and the flow velocities induced by

the point vortex at the wall are red arrows, and their normal components are
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orange arrows. The points are closer to the wall in (b) than in (a), so the red

arrows in (b) are larger than the dark blue arrows in (a). Also, the slope of

the wall in (b) is such that the flow is more nearly normal to the wall than in

(a) (the red arrows are more closely aligned with the orange arrows than are

the dark blue arrows with the light blue arrows). Hence the deflection of the

wall increases the flow normal to it near the point vortex. This increases the

strength of the vortex sheet on the wall needed to balance the normal flow

through equation (3). The deflection of the wall also increases the tangential

velocity induced by the point vortex along the wall (µ), and the velocity

induced by the vortex sheet at the point vortex, Uv. The increases in γ, µ, and

Uv increase the pressure force on the wall through equation (9), which further

increases the deflection of the wall through equation (28). There is however

one source of negative feedback in the cycle: the increased speed of the point

vortex increases the normal velocity of the wall through the circular analog

to equation (10), which decreases the strength of γ needed to satisfy the no-

penetration condition (3). However, this effect only partially counteracts the

mutual amplification of the wall deflection and the pressure on the wall.

4 Conclusion

We have considered fundamental steady solutions of a point vortex near a flexi-

ble boundary. The zeroth-order flow and first-order deflection of the boundary

can be solved by the method of images, but a computational vortex sheet

method is needed to solve for the flow at first order. The first-order pertur-

bation to the flow is a reinforcement of the zeroth-order flow for the infinite

horizontal wall. For the circular wall, the first-order perturbation grows rapidly
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as the vortex approaches the wall, due to a strong feedback between the de-

formation of the wall and the pressure it experiences.

An application of the present work is to collisions of vortices with the flexible

fins and bodies of individual fish and fish schools during swimming. Such body-

vortex interactions have been shown to alter the swimming motions of fish,

perhaps to take advantage of the suction force from the vortex [9,27,8,16,14].

In passive elastic systems, forces from vortices can alter the stability and

dynamics of the passive body [10,13].

The free motion of a cylinder in the neighborhood of point vortices has been

considered in [28]. A natural extension of the present work is to allow the

cylinder to move freely and deform under the forcing of the point vortex.

Another modification is to solve the problem with other potential flows, such as

a background flow which can occur when the body is driven through the fluid

by a propulsive force, or vortex dipoles which can represent body wakes. Other

flow-body interactions, less relevant to vortices, occur with flexible bodies in

Stokes flow [29,30].
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